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Dedicated to the memory of my parents





Preface

This book is about metric spaces of nonpositive curvature in the sense of Busemann,
that is, metric spaces whose distance function is convex. We have also included
a systematic introduction to the theory of geodesics and related matters in metric
spaces, as well as a detailed presentation of a few facets of convexity theory that are
useful in the study of nonpositive curvature.

We have tried to start from first principles and to give full proofs, but there are two
exceptions, which occur several times in examples that are spread through the book.
These exceptions are the following:

• we give without proof some classical well-known facts about hyperbolic
spaces Hn;

• we refer to some elements of the theory of Teichmüller space.

The material that we present in connection with these spaces is used as an il-
lustration for the general concepts that are developed. It can be asserted without
exaggeration that Teichmüller space is the most beautiful space ever, and the metric
theory of that space, in particular its convexity properties, is most interesting.

This book can be divided into three parts. Part I (Chapters 1 to 4) contains basic
material on metric spaces, Part II (Chapters 5 to 7) concerns convexity in vector spaces
and Part III (Chapters 8 to 12) concerns convexity in metric spaces and related matters.

Each chapter contains an introduction in which we describe its content. At the
end of each chapter we have included a few notes, some of them historical and others
indicating some further developments. In both cases, there is no pretention for com-
pleteness. The only reason for which a note is included is that the author of this book
thinks that it is interesting information.

Acknowledgements. This text grew up from notes I wrote for graduate courses I gave
at the Universities of Strasbourg and of Florence. The reader will easily realize that
its content owes a lot to the work of Herbert Busemann. The course in Italy was
supported by the Istituto Nazionale di Alta Matematica (Roma). I would like to thank
Raffaella Lefkou and Vincenzo Ancona who invited me to give that course.
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Introduction: Some historical markers

The aim of this introduction is threefold. First, we give a brief account of a paper
by Jacques Hadamard which is at the genesis of many works on global properties of
surfaces of nonpositive Gaussian curvature. Then, we make a brief account of several
different notions of nonpositive curvature in metric spaces, each of which generalizes
in its own manner the notion of nonpositive Gaussian curvature for surfaces or of
nonpositive sectional curvature for Riemannian manifolds. In particular, we mention
important works by Menger, Busemann and Alexandrov in this domain. Finally, we
review some of the connections between convexity theory and the theory of nonpositive
curvature, which constitute the main theme that we develop in this book.

The work of Hadamard

The theory of spaces of nonpositive curvature has a long and interesting history, and
it is good to look at its sources. We start with a brief review of the pioneering paper
by Hadamard, “Les surfaces à courbures opposées et leurs lignes géodésiques” [62].
This paper, which was written at the end of the nineteenth century, can be considered
as the foundational paper for the study of global properties of nonpositively curved
spaces.

Hadamard was one of the first mathematicians (and may have been the first) who
strongly emphasized the importance of topological methods in the study of spaces of
nonpositive curvature. In the introduction to the paper cited above, he writes : “The
only theory which has to be studied profoundly, as a basis to the current work, is the
Analysis situs, which, as one can expect after reading the work of Poincaré, plays an
essential role in everything that will follow.”

Let us look more closely at the content of that paper.
Hadamard considers a surfaceS equipped with a Riemannian metric of nonpositive

curvature. The surface is smoothly embedded in R3, the Riemannian metric is induced
from that inclusion and the set of points at which the curvature is zero is finite.

Hadamard starts by noting that this surface is necessarily unbounded since if one
of the coordinates assumes a maximum or a minimum, then, in a neighborhood of
that point, the surface would be situated at one side of its tangent plane and therefore
the curvature would be positive. He then proves that such a surface can always be
decomposed into the union of a compact region and of a collection of infinite sheets (we
are translating the term “nappes infinies” used by Hadamard). Each infinite sheet is
homeomorphic to a cylinder, and is connected to the compact region along a boundary
curve. Hadamard constructs examples of surfaces with nonpositive curvature having
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an arbitrary number of infinite sheets. He classifies the infinite sheets into two types:
the flared infinite sheets (“nappes infinies évasée”), which we call “funnels”, and the
unflared infinite sheets. An unflared infinite sheet is characterized by the fact that one
can continuously push to infinity a homotopically non-trivial closed curve on such a
sheet while keeping its length bounded from above. To each unflared infinite sheet,
Hadamard associates an asymptotic direction. The simple closed curves that connect
the funnels to the compact region can be taken to be closed geodesics that are pairwise
disjoint.

Let us now suppose that the fundamental group ofS is finitely generated (Hadamard
says that S has “finite connectivity”). For such a surface, Hadamard describes a
finite collection of homotopically non-trivial and pairwise non-homotopic simple
closed curves C1, . . . , Cn such that any non-trivial homotopy class of closed curves
on the surface can be uniquely represented by a finite word written in the letters
C1, . . . , Cn, C

−1
1 , . . . , C−1

n . Hadamard pushes forward this analysis to make it in-
clude not only representations of closed curves, but also representations of long seg-
ments of open infinite curves. In fact, with these elements, Hadamard initiates the
approximation of long segments of bi-infinite geodesic lines by closed geodesics, and
therefore he also initiates the theory of symbolic representation of bi-infinite geodesics
on the surface, that is, the theory of representation of elements of the geodesic flow as-
sociated to S by bi-infinite words in the finite alphabet {C1, . . . , Cn, C

−1
1 , . . . , C−1

n }.
We note in passing that the theory of symbolic dynamics for the geodesic flow associ-
ated to a nonpositively curved surface was thoroughly developed about twenty years
later by Marston Morse, and that Morse, in his paper [113], refers to Hadamard as
his source of inspiration. Hadamard calls a closed curve a “contour”, and the curves
C1, . . . , Cn the “elementary contours”. There are two sorts of closed curves in the col-
lection C1, . . . , Cn which Hadamard considers: the curves that are the boundaries of
the infinite sheets, and those that correspond to the genus of the surface. (These curves
come in pairs and they correspond to the “holes” of the compact part of the surface
S, as Hadamard calls them.) He notices that there is (up to circular permutation) one
and only one relation in the representation he obtains that allows us to consider any of
these contours as a product of the elementary contours, and therefore, by eliminating
one of the contours, he obtains a symbolic representation that is unique up to circular
permutation.

In the same paper, Hadamard proves that in each homotopy class of paths on S
with fixed endpoints, there is a unique geodesic.1 He also obtains an analogous result
for the free homotopy classes of closed curves on S that are neither homotopic to a
point nor to the core curve of a flared infinite sheet.

Hadamard then makes the fundamental observation that the distance function from
a fixed point in S to a point that moves along a global geodesic in this surface is convex.
This observation is at the basis of the definition of nonpositive curvature in the sense

1Here, the word geodesic is used, as in Riemannian geometry, in the sense of local geodesic. We warn
the reader that this is not the definition that we are adopting in the rest of these notes, where a geodesic is
a distance-minimizing map between its endpoints (and therefore it is a global geodesic).
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of Busemann, which is the main topic of this book.
Next, Hadamard introduces the notion of asymptotic geodesic rays, and he con-

structs such rays as follows. Given a geodesic ray, he considers a sequence of geodesic
segments joining a fixed point on the surface to a sequence of points on that ray that
tends to infinity. He proves that this sequence of geodesic segments converges to a
geodesic ray, which he calls asymptotic to the initial ray. He studies the asymptotic-
ity relation and introduces through an analogous construction the notion of (local)
geodesics that are asymptotic to a given closed geodesic.

Using an argument that is based on the convexity of the distance function from a
point in a funnel to the closed geodesic that connects this funnel to the compact region
in S, Hadamard proves that a geodesic that penetrates a funnel cannot get out of it.2

Finally, in the case where all the infinite sheets of S are funnels, Hadamard in-
vestigates the distribution of geodesics that stay in the compact part of the surface.
These geodesics are the flowlines of the geodesic flow associated with the compact
nonpositively curved surface with geodesic boundary, obtained from the surface S by
deleting the funnels. For a given point x in S, Hadamard considers the set of initial
directions of geodesic rays that start at x and stay in that compact surface. He proves
that this is a perfect set with empty interior, whereas the set of directions of geodesic
rays that tend to infinity is open.

We already mentioned that the setting of the paper [62] by Hadamard is that of a
differentiable surface S embedded in R3, such that at each point of S, the Gaussian
curvature is negative except for a finite set of points where it is zero. A theory of
metric spaces with nonpositive curvature, that is, a theory that does not make any
differentiability assumption and whose methods use the distance function alone, with-
out the local coordinates provided by an embedding in Euclidean space or by another
Riemannian metric structure, was developed several decades after the paper [62]. It
is good to remember, in this respect, that the theory of metric spaces itself was de-
veloped long after the theory of spaces equipped with differentiable structures. For
instance, Gauss’s treatise on the differential geometry of surfaces [51], in which he
defines (Gaussian) curvature and proves that this curvature depends only on the intrin-
sic geometry of the surface and not on its embedding in R3, was published in 1827,3

whereas the axioms for metric spaces were set down by Fréchet, some 90 years later.
Of course, the setting of surfaces embedded in R3 has the advantage of providing

visual characteristics for the sign of the curvature. For instance, it is well-known that
for such a surface, we have the following:

• if the Gaussian curvature at some point is> 0, then the surface, in the neighbor-
hood of that point, is situated on one side of the tangent plane;

• if the Gaussian curvature at some point is < 0, then the surface, at that point,
crosses its tangent plane.

2Hadamard already obtained a similar result in [60].
3We recall that the surfaces considered by Gauss were always embedded in R3. It is only 30 years after

Gauss’s paper was written that Riemann introduced the concept of spaces equipped with (Riemannian)
metrics with no embedding in R3 involved in the definition.
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We also recall that if the Gaussian curvature at some point is 0, then any one of
the above configurations can occur.

Hadamard indicated in the note [61] how to extend some of the results he proved
for surfaces to higher dimensions. The development of these ideas in the general
setting of Riemannian manifolds of nonpositive curvature has been carried out by Elie
Cartan, in particular in his famous “Leçons sur la géométrie des espaces de Riemann”
[36].4

The works of Menger and Wald

A few years after the introduction by Fréchet of the axioms for metric spaces, Karl
Menger initiated a theory of geodesics in these spaces. A geodesic in a metric space is
a path whose length is equal to the distance between its endpoints. Menger generalized
several results of classical geometry to this new setting and he introduced new methods
that did not make any use of local coordinates or of differentials, but only of equalities
involving the distance function, and of the triangle inequality. Menger wrote several
important papers involving this new notion of geodesic, and he also introduced a notion
of “discrete geodesic”, which is based on his definition of betweenness: a point z in a
metric space is said to lie between two distinct points x and y if z is distinct from x

and from y and if we have

d(x, y) = d(x, z)+ d(z, y).

In a complete metric space, the existence of a geodesic joining any two points is
equivalent to the existence, for any distinct points, of a point that lies between them.
We refer the reader to the commented edition of Menger’s papers in the volume
[108], published on the one hundredth anniversary of Menger’s birth. We shall have
several opportunities to mention Menger’s work in the following chapters, but here,
we mention an important notion that he introduced, which we shall not consider
further in this book. This notion contains an idea that is at the basis of the various
definitions of curvature that make sense in general metric spaces. The idea is to
construct “comparison configurations” for sets of points (say of finite cardinality) in
a given metric space X. The comparison configurations are built in a model space,
which is generally one of the complete simply connected surfaces Mκ of constant
Gaussian curvature κ , that is, either the Euclidean plane (of curvature κ = 0), or a
sphere of curvature κ > 0, or a hyperbolic plane of curvature κ < 0. The comparison
configuration for a given subset F ⊂ X is a subset F� of Mκ , equipped with a map
from F to F�, which is generally taken to be distance-preserving and which is called
a “comparison map”. Then, one can define notions like curvature at a given point x
inX by requiring the ad hoc property for the comparison configurations associated to
certain classes of subsets contained in a neighborhood of x. Of course, a comparison

4Note that the later editions of Cartan’s book [36] contains additional material, in particular the devel-
opment of the work of Hadamard to higher dimensions.
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configuration does not always exist, but in the case where F is of cardinality 3, one
can always construct a comparison configuration F� of F in any one of the surfaces
Mκ with κ ≤ 0. In fact, the axioms for a metric spaceX are equivalent to the fact that
one can construct a comparison configuration in the Euclidean plane for any triple of
points in X.5 Let us now consider an example.

Given three pairwise distinct points a, b and c in the Euclidean plane M0, either
they lie on a unique circle (the circumscribed circle), or they lie on a Euclidean straight
line. It is useful to consider here such a line as being a circle of radius ∞, in order
to avoid taking subcases. Now for any triple of pairwise distinct points in a metric
space X, Menger defined its “curvature” as being equal to 1/R, where R is the radius
of a circle in the Euclidean plane which is circumscribed to a comparison configuration
associated to that triple. With this definition, the three points in X are aligned (that
is, they satisfy a degenerate triangle inequality) if and only if their curvature is zero.
Given an arc (or, say, a one-dimensional object) A contained in X, Menger says that
the curvature of A at a point a ∈ A is equal to κ if for any triple of pairwise distinct
points in A that are sufficiently close to a, the curvature of this triple is close to κ .

With this definition, Menger introduced the notion ofcurvature for one-dimensional
objects in an arbitrary metric space, and he posed the problem of the definition of cur-
vature for higher-dimensional objects.

Now, we must mention the work of Abraham Wald, a student of Menger, who
introduced a notion of two-dimensional curvature in an arbitrary metric space.6 The
definition again uses a limiting process, but now it involves quadruples of points in
that space. The problem is that in general, a quadruple of points in a metric space does
not necessarily possess a comparison configuration in the Euclidean plane. However,
Wald starts by proving that if the metric space X is a differentiable surface, then, for
every point x in X, there exists a real number κ(x) satisfying the following property:

(�) for each ε > 0, there exists a neighborhood V (x) of x such that for every
quadruple of points Q in V (x), there is an associated real number κ(Q) satisfying
|κ(x) − κ(Q)| < ε such that the quadruple of points Q possesses a comparison
configuration in the model surface Mκ(Q).

Wald then proves that the quantity κ(x) is equal to the Gaussian curvature of the
surface at the given point x.

Now let X be a metric space that is “Menger convex”, that is, a metric space X in
which for every pair of distinct points x and y, there exists a point z that lies between
them. Suppose furthermore that the Wald two-dimensional curvature exists at each
point of X. In other words, suppose that one can associate to each point x in X a real
number κ(x) satisfying property (�) that is stated above. Under these assumptions,
Wald shows that the space X has the structure of a differentiable surface embedded
in R3 that induces the same length structure as that of the original metric on X. In

5We also mention that an early version of the idea of a comparison map is already contained in the very
definition of the Gauss map.

6 Wald gave this 2-dimensional curvature the name “surface curvature”, and Menger refers to it as “Wald
curvature”.
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other words, the lengths of an arbitrary curve in X, on the one hand measured using
the original metric and on the other hand measured using this differentiable surface
structure, coincide. Furthermore, at each point a in X, the quantity κ(a) is equal to
the Gaussian curvature induced by the differentiable embedding of the surface in R3.
With this result, Wald solved a problem that had been posed by Menger in [105], which
asked for a metric characterization of Gauss surfaces among Menger convex metric
spaces. We refer the reader to the Comptes Rendus Note [141] by Wald, presented by
Elie Cartan, which describes this work.

We note in passing that for extra-mathematical reasons, Wald stopped working on
this subject soon after he published the solution to Menger’s problem, and his research
interests switched to statistics and econometry. The story is interesting and it is told
by Menger in [109]. It seems that there was no direct continuation to Wald’s work.

Now, after the notion of curvature in metric spaces, we pass to the notion of
nonpositive curvature.

The works of Busemann and Alexandrov

For the development of the theory of nonpositively curved metric spaces, we shall
consider works that have been carried out in two different directions: the works
of H. Busemann and the works of A. D. Alexandrov and his collaborators. Both
Busemann and Alexandrov started their works in the 1940s, and the two approaches
gave rise to rich and fruitful developments, with no real interaction between the two.
The ramifications of these two theories continue to grow today, especially since the
rekindling of interest that was given to nonpositive curvature by M. Gromov in the
1970s.

Let us briefly describe the basic underlying ideas of these works. First we need to
recall a few definitions. Consider a metric space X in which each point x possesses a
neighborhood U such that any two points in U can be joined by a geodesic path in U .
A metric space X with such a property is said to be a locally geodesic space. We say
that such a neighborhood U is a geodesically convex neighborhood of x. A geodesic
segment [a, b] in X is, by definition, the image of a geodesic path in X joining a
and b.7 A triangle in U is the union of three geodesic segments [a, b], [a, c] and
[b, c] contained in U . The segments [a, b], [a, c] and [b, c] are called the sides of this
triangle.

We start by presenting Busemann’s definition of nonpositive curvature, which has
the advantage of being the simplest to describe, and on which we shall focus in these
notes.

We say that the space X has nonpositive curvature in the sense of Busemann if
every point x inX possesses a geodesically convex neighborhood U such that for any

7From now on, we use the term “geodesic” in the sense of “global geodesic”, that is, a path whose length
is equal to the distance between its endpoints.
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geodesic triangle with sides [a, b], [a, c] and [b, c] contained in U , we have

dist(m,m′) ≤ (1/2)dist(b, c),

where m and m′ are respectively the midpoints of [a, b] and [a, c]. This property
can be stated in terms of a convexity property of the distance function, defined on the
product of any two geodesic segments [a, b] × [a, c] inX equipped with their natural
(barycentric) coordinates. We shall develop this point of view in later chapters.

A nonpositively curved space in the sense of Busemann is sometimes referred to as
a “locally convex metric space”, or “local Busemann metric space”. The terminology
“nonpositively curved space”, in this sense, is due to Busemann.8

A complete Riemannian manifold of nonpositive sectional curvature is an example
of a metric space of nonpositive curvature in the sense of Busemann.

The most important writings of Busemann on this subject are certainly the paper
[26] and the book [28].

Now we consider the point of view of A. D. Alexandrov.
Before giving the definition of nonpositive curvature in the sense of Alexandrov,

we must recall the notion of angle which two geodesic segments (or more generally
two paths) in a metric space, that start at a common point, make at that point.

The notion of angle in a metric space has been introduced by Alexandrov as a
generalization of the notion of angle in a surface. The first papers by A. D. Alexandrov
deal with the intrinsic geometry of surfaces, and the notion of angle is certainly the most
important notion in that theory, after the notion of distance and that of length of a path.9

In fact, Alexandrov introduced several notions of angle, and these notions coincide
provided some reasonable hypotheses on the ambient metric spaces are satisfied. For
our needs, it suffices to consider the notion of upper angle that two geodesic segments
with a common initial point make at that point.

Let X be a locally geodesic metric space, let U be a geodesically convex open
subset of X and let us consider a geodesic triangle � in U , with sides [a, b], [a, c]
and [b, c]. Let us define the upper angle α of the triangle � at the vertex a. For
every point x on the segment [a, b] and for every point y on the segment [a, c], we
consider a triangle �x,y in X with sides [a, x], [a, y] and [x, y], where [a, x] and
[a, y] are subsegments of [a, b] and [a, c] respectively and where [x, y] is a geodesic
segment joining the points x and y. Let ��x,ybe an associated comparison triangle in
the Euclidean plane and let αx,y be the angle of��x,y at the vertex that corresponds to
the vertex a of�x,y . Then, the upper angle of the triangle� at the vertex a is defined
as

α = lim sup
x,y→a

αx,y .

8Busemann has some additional hypotheses on the metric spaces that he considers. One such hypothesis
is the uniqueness of the prolongation of geodesics. There are interesting examples of spaces that do not
satisfy this hypothesis and for which the results that we are interested in are valid, and for that reason we
have tried to avoid this hypothesis in this book. We recall the precise definition of the spaces considered
by Busemann (which he calls G-spaces) in the Notes on Chapter 2 below.

9One of the basic papers of Alexandrov on that theory is [2]. We also refer the reader to [3] and [4].
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The angular excess of the triangle � is then defined as

δ(�) = α + β + γ − π,

where α, β and γ are the upper angles of � at the vertices a, b and c.
Finally, the space X is said to be nonpositively curved in the sense of Alexandrov

if every point in X possesses a geodesically convex neighborhood U such that the
angular excess of any triangle in U is ≤ 0.

Let us note that in the case where the space X is a differentiable surface, the
angular excess δ(�) is the classical total curvature, that is, the integral of the Gaus-
sian curvature over the region R ⊂ S which is bounded by the triangle �. Indeed,
the Gauss-Bonnet theorem applied to a disk D with piecewise geodesic boundary
embedded in a differentiable surface S ⊂ R3 says that

τ + ω = 2πχ,

where ω = ∫
D
dS is the total curvature of the disk D, that is, the integral of the

Gaussian curvature with respect to the area element of that disk. In the special case
considered, χ is the Euler characteristic of the disk, which is equal to 1, and τ is the
sum of the rotations of the boundary of the disk at the vertices. At a vertex whose
angle is α, the rotation is equal to π − α. This gives

ω = 2π − (π − α)− (π − β)− (π − γ ) = δ(�).

Thus, the notion of nonpositive curvature in the sense of Alexandrov generalizes the
classical notion of nonpositive curvature for differentiable surfaces.

Complete Riemannian manifolds with nonpositive sectional curvature are also
examples of nonpositively curved metric spaces in the sense of Alexandrov.

It should be noted that a metric space which is nonpositively curved in the sense
of Alexandrov is also nonpositively curved in the sense of Busemann, but that the
converse is not true. For instance, any finite-dimensional normed vector space whose
unit ball is strictly convex is nonpositively curved in the sense of Busemann, but if
the norm of such a space is not associated to an inner product, then this space is not
nonpositively curved in the sense of Alexandrov. Alexandrov mentions this example
in [3], p. 197.

Let us note finally that the techniques that are used by Alexandrov in all his works
rely heavily on the notion of angle in a metric space, whereas the techniques of
Busemann seldom use this notion.

Convexity

To end this introduction, we would like to make a few comments on convexity theory
in relation with nonpositive curvature, but before that, we mention a particular link
between the study of convex polyhedra and that of the differential geometry of surfaces.
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In his historical report [46], Werner Fenchel traces back the origin of Alexandrov’s
work on the intrinsic geometry of convex surfaces to some early work on convex
polyhedra. He first recalls Cauchy’s rigidity result of 1812 stating that if two com-
binatorially equivalent convex polyhedra in R3 have congruent corresponding faces,
then the polyhedra are themselves congruent.10 Fenchel then reports that Cauchy, in a
note he made for the French Academy of Sciences, wrongly announced that this result
on polyhedra immediately implies that there is no closed convex surface that admits
isometric deformations, a result that had already been claimed, also with a false proof,
by Newton, around the year 1770.11 Still, the problem was posed, and the relation
between the rigidity of convex polyhedra and the rigidity of convex surfaces was clear:
by replacing the condition on the isometry between the faces by a local (infinitesimal)
condition, one is naturally led to the problem of finding local conditions on two closed
convex surfaces under which these surfaces are isometric. The list of mathematicians
who worked on this problem includes the names of J. H. Jellett, H. Liebmann, H.
Weyl, S. Cohn-Vossen, A. D. Alexandrov, A. V. Pogorelov and others. We refer the
reader to the paper by Fenchel for this fascinating story.

Of course, there are also relations between convexity and nonnegative curvature.
We mention as an example and without further comment the following result ofAlexan-
drov and Pogorelov: ifX is a length metric space homeomorphic to the 2-sphere, then
X has nonnegative curvature if and only ifX is isometric to a convex surface S in R3,
and in this case the surface S is unique up to rigid motions of R3.

We turn back to the relation between convexity theory and the theory of spaces
of nonpositive curvature. First of all, as we have already said, it had already been
realized by Hadamard that the convexity of the distance function in a nonpositively
curved space is responsible for many of the global properties of that space. We also
mentioned that this idea has been extensively explored by Busemann, who defined
nonpositive curvature precisely by a convexity property of the distance function, and
who showed, using this new definition, that most of the important properties of a
nonpositively curved Riemannian manifolds are valid in a setting which is much wider
than that of Riemannian geometry. Secondly, many of the basic results in convexity
theory have the flavour of nonpositive curvature, and we mention as an important
class of examples the “local-implies-global” properties, such as the fact that a locally
convex function is globally convex, or the fact that a local geodesic in a Busemann
space (i.e. in a simply connected metric space that is nonpositively curved in the sense
of Busemann) is a global geodesic, and there are many others.

The aim of the chapters that follow is to describe these facts in some detail.

10Cauchy, in his paper Sur les polygones et les polyèdres, cf. [37], traces back this work on polyhedra to
Euclid. He says that this rigidity statement is contained in Definition 9, of Book XI of the Elements.

11Cauchy’s arguments were corrected later on by H. Lebesgue among others.



Chapter 1

Lengths of paths in metric spaces

Introduction

The axioms defining a metric space concern the notion of distance between two points.
By using a limiting process, these axioms lead to the notion of length of a path. The
function that associates its length to each path is at the basis of a one-dimensional
theory of integration in metric spaces that are “connected by rectifiable paths”, that is,
metric spaces in which any two points can be joined by a path of finite length.

The definition of the length of a path (even in the case where the path is a plane
curve) has been a delicate question for a long period of time, in particular because
it involves a limiting process. The Ancient Greeks had already worked on it. For
instance, Archimedes knew how to compute the lengths of a spiral, of a circle and of
other conics. Of course, he had no precise definition for the length of a path, but he
was close to such a definition (see the historical remarks by Guiseppe Peano in [121]).

The basis of the modern theory of paths in metric spaces and their lengths was
developed at the beginning of the 20th century, in fact, at the same time as the theory
of metric spaces itself. Several major mathematicians contributed to this subject, and
we can mention the names of Jordan, Fréchet, Lebesgue and Menger.

This chapter contains basic material on paths and their lengths. The results that
we present are classical. Some of these results are straightforward, but we state them
as propositions because of their frequent use. References for this material include the
books by Choquet and Blumenthal ([39] and [18]) and Chapter 1 of Busemann [28].
We have included a few historical notes at the end of the chapter.

The outline of this chapter is the following:
In Section 1, we establish a few elementary properties of lengths of paths in a

metric space. We study change of parameter and concatenation of paths and we give a
characterization of the length function defined on the set of paths as being the smallest
function that is additive under concatenation and whose value on any path is bounded
below by the distance between its endpoints.

Section 2 concerns paths that are parametrized by arclength and paths that are
parametrized proportionally to arclength.

Section 3 is a brief discussion of the classical case of C1-paths in Euclidean space
Rn. The length of a C1-path γ : [a, b] → Rn is given by L(γ ) = ∫ b

a
‖γ ′(t)‖ dt , a

formula that is well-known from calculus.
In Section 4, we consider the set C([a, b], X) of paths in a metric space X whose

domain is a fixed interval [a, b], and we equip this set with the topology of uniform
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convergence. The function “length of a path”, defined on C([a, b], X), is not con-
tinuous in general, but it is lower semi-continuous. This function is a useful tool in
geometry. Using Ascoli’s theorem, we derive some properties of limits of sequences
of paths and their lengths.

1.1 The length of a path

LetX be a metric space. We denote by d(x, y) the distance between two points x and
y of X. We shall also use the notations d(x, y) = |x − y|X, d(x, y) = |x − y|d , or,
more simply, d(x, y) = |x − y| if there is no possible ambiguity.

A path in X is a continuous map γ : [a, b] → X, where a and b are two arbitrary
real numbers satisfying a ≤ b. If γ (a) = x and γ (b) = y, then we say that x and y
are the endpoints of γ , and that γ joins the points x and y.

A subdivision of a compact interval [a, b] is a finite subset σ of [a, b] containing
a and b. If n = card(σ ), we say that n is the length of the subdivision σ . An element
of σ is called a vertex of this subdivision. If σ is a subdivision of length n + 1, we
obtain, by taking the vertices in increasing order, a finite sequence (ti)i=0,...,n of real
numbers satisfying a = t0 < t1 < · · · < tn = b. In all that follows, the notation
σ = (ti)i=0,...,n means that σ is a subdivision, that the ti’s are the vertices of σ , that
they are ordered increasingly and that they are pairwise distinct. (This makes sense
only if a 	= b.)

To avoid cumbersome remarks, we shall tacitly assume, in all that follows, that
we have a < b whenever this hypothesis is necessary to make things meaningful.

Definition 1.1.1 (The length of a path). The length of a path γ : [a, b] → X is the
quantity

LX(γ ) = L(γ ) = sup
σ

n−1∑
i=0

|γ (ti)− γ (ti+1)| ,

where the supremum is taken over the set of subdivisions σ = (ti)i=0,...,n of [a, b]. A
path is said to be rectifiable if its length is finite.

We have, in the general case, 0 ≤ L(γ ) ≤ ∞. By considering the subdivision
σ = {a, b} of [a, b], we obtain immediately the inequality

(1.1.1.1) |x − y| ≤ L(γ ),

where x = γ (a) and y = γ (b) are the endpoints of γ . Thus, the length of a path is
bounded below by the distance between its endpoints.

Let γ : [a, b] → X be a path in X and let σ = (ti)i=0,...,n be a subdivision of
[a, b]. The total variation of γ with respect to σ is defined as

Vσ (γ ) =
n−1∑
i=0

|γ (ti)− γ (ti+1)|.
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Thus, we can write the following formula for the length of an arbitrary path
γ : [a, b] → X:

(1.1.1.2) L(γ ) = sup
σ
Vσ (γ ),

where the supremum is taken over the set of subdivisions σ of [a, b].
Proposition 1.1.2. The length of a path γ : [a, b] → X is zero if and only if γ is a
constant path, that is, if and only if there exists x0 in X such that γ (t) = x0 for all t
in [a, b].

Proof. If γ is a constant path, then Vσ (γ ) = 0 for any subdivision σ of [a, b], which
implies L(γ ) = 0. Conversely, suppose that L(γ ) = 0. Let t be a point in ]a, b[ and
let us consider the subdivision σ = {a, t, b}. We have

Vσ (γ ) = |γ (a)− γ (t)| + |γ (t)− γ (b)| ≤ L(γ ) = 0.

Thus, we have |γ (a)−γ (t)| = 0, that is, γ (t) = γ (a) for all t in ]a, b[, which implies
that the path γ is constant. 
�

Example 1.1.3 (Discrete metric space). Let X be a discrete metric space, that is, a
metric space in which every point is isolated. It is not hard to see that any path in X
is constant and the length of such a path is zero.

We note that we can equip an arbitrary setE with a canonical structure of a discrete
metric space, by setting

|x − y| =
{

0 if x = y,

1 if x 	= y.

Definition 1.1.4 (Affine paths in a vector space). Let E be a vector space. For all x
and y in E, the affine path joining x and y is the path γ : [0, 1] → E defined by
γ (t) = (1 − t)x + ty. We note that an affine path is indeed a path, that is, it is
continuous, for any metric that we shall consider on E (in fact, we shall only consider
metrics that are associated to norms).

Proposition 1.1.5 (The length of an affine path in a normed vector space). Let E be
a normed vector space and let γ : [0, 1] → E be an affine path joining two points x
and y in E. Then we have L(γ ) = ‖x − y‖.

Proof. For all t1 and t2 satisfying 0 ≤ t1 ≤ t2 ≤ 1, we have

|γ (t1)− γ (t2)| = ‖(1 − t1)x + t1y − (1 − t2)x − t2y‖
= ‖(t2 − t1)x + (t1 − t2)y‖
= (t2 − t1)‖x − y‖.
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Thus, if σ = (ti)i=0,...,n is an arbitrary subdivision of [0, 1], we have

Vσ (γ ) =
n−1∑
i=0

|γ (ti)− γ (ti+1)| =
n−1∑
i=0

(ti+1 − ti )‖x − y‖ = ‖x − y‖.

Taking the infimum of Vσ (γ ) over all subdivisions σ , we obtain L(γ ) = ‖x − y‖. 
�

Example 1.1.6 (Non-rectifiable path in R). We consider the set R of real numbers,
equipped with its usual metric (where the distance between two points is equal to the
absolute value of the difference). Let us prove that the path γ : [0, 1] → R defined by

γ (t) =
{

0 if t = 0,

t sin(1/t) otherwise

is not rectifiable. To see this, we consider, for all n ≥ 1, the following subdivision of
[0, 1]:

σn =
{

2

π(2i + 1)
, i = 0, . . . , n

}
∪ {0, 1}.

Then we have, for all n ≥ 2,

Vσn(γ ) =
∣∣∣∣0 − 2

π(2n+ 1)
sin

π(2n+ 1

2

∣∣∣∣
+
n−1∑
i=0

∣∣∣∣ 2

π(2i + 1)
sin

π(2i + 1)

2
− 2

π(2i + 3)
sin

π(2i + 3)

2

∣∣∣∣
+
∣∣∣∣ 2

π
sin

π

2
− 1

∣∣∣∣
≥
n−1∑
i=0

(
2

π(2i + 1)
+ 2

π(2i + 3)

)

= 2

π
+ 2

π(2n+ 1)
+ 2

π

n−1∑
i=0

1

2i + 1
.

Since
∑n−1
i=0 1/(2i + 1) is the n-th partial sum of a divergent series, we have

Vσn(γ ) → ∞ as n → ∞, which shows, by (1.1.1.2), that L(γ ) = ∞.

Observe that the path γ of Example 1.1.6 is a uniform limit of a sequence of
rectifiable paths γn : [0, 1] → R, where for all n ≥ 1, γn is defined by

γn(t) =
{

0 if 0 ≤ t ≤ 1/(nπ) ,

γ (t) if 1/(nπ) ≤ t ≤ 1.

Thus, the uniform limit of a sequence of rectifiable paths is not necessarily recti-
fiable.
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Definition 1.1.7 (Change of parameter). Let γ : [a, b] → X and γ ′ : [c, d] → X be
two paths in X. We say that γ ′ is obtained from γ by a change of parameter if there
exists a map ψ : [c, d] → [a, b] that is monotonic (in the weak sense), surjective and
that satisfies γ ′ = γ � ψ . The map ψ is called the change of parameter.

Remarks. (i) We do not require that the map ψ be a homeomorphism.

(ii) A monotonic and surjective map between two intervals of R is necessarily
continuous. Thus, ψ is continuous.

Proposition 1.1.8 (Length is invariant under change of parameter). Letγ ′ : [c, d] →
X be a path obtained from a path γ : [a, b] → X by a change of parameter. Then
L(γ ) = L(γ ′).

Proof. First, let us show that L(γ ′) ≥ L(γ ). Let ψ : [c, d] → [a, b] be the change of
parameter. To any subdivision σ = (ti)i=0,...,n of [a, b], we associate a subdivision
σ ′ = (t ′i )i=0,...,n of [c, d] by choosing for each i = 0, . . . , n an arbitrary point t ′i in the

setψ−1(ti). We haveVσ ′(γ ′) = Vσ (γ ). Taking the supremum over all subdivisions σ ′
of [c, d], we obtain L(γ ′) ≥ Vσ (γ ). Now taking the supremum over all subdivisions
σ of [a, b], we obtain L(γ ′) ≥ L(γ ).

For the converse inequality, let us consider a subdivision σ of [c, d]. Its im-
age ψ(σ) = σ ′ is a subdivision of [a, b] satisfying Vσ (γ ′) = Vσ ′(γ ), since ψ
is monotonic. Taking the supremum over all subdivisions σ ′ of [c, d], we obtain
Vσ (γ

′) ≤ L(γ ), which implies, by taking the supremum over all subdivisions σ of
[a, b], that L(γ ′) ≤ L(γ ). Thus, we have L(γ ) = L(γ ′). This proves Proposi-
tion 1.1.8. 
�

Lemma 1.1.9. Let γ : [a, b] → X be a path and let σ and σ ′ be two subdivisions of
[a, b] satisfying σ ⊂ σ ′. Then Vσ (γ ) ≤ Vσ ′(γ ).

Proof. This is a consequence of the triangle inequality. 
�

Let σ = (ti)i=0,...,n be a subdivision of [a, b]. We call the modulus of σ the
quantity

|σ | = sup
i=0,...n−1

(ti+1 − ti ).

Proposition 1.1.10. For every path γ : [a, b] → X, we have:

L(γ ) = lim| σ |→0
Vσ (γ ).

Proof. Let M be an arbitrary real number satisfying M < L(γ ). (Note that we did
not assume that the path γ is rectifiable, and therefore, L(γ ) can be equal to ∞.) To
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prove the proposition, it suffices to prove that there exists a real number η > 0 such
that for any subdivision σ of [a, b] satisfying |σ | < η, we have

(1.1.10.1) M ≤ Vσ (γ ) ≤ L(γ ).

It follows from the definition ofL(γ ) that the right-hand side inequality in (1.1.10.1)
is always satisfied. We prove the left-hand side inequality. Let ε = (L(γ ) −M)/2,
let M ′ = M + ε and let τ = (ti)i=0,...,n be a subdivision of [a, b] satisfying

(1.1.10.2) M + ε < Vτ (γ ).

Since the map γ : [a, b] → X is uniformly continuous, we can find a real number
η satisfying

0 < η <
1

4
inf

i=0,...,n−1
(ti+1 − ti )

and such that for every u and v in [a, b] satisfying |u− v| ≤ η, we have

|γ (u)− γ (v)| ≤ ε

2(n− 1)
.

We fix such a real number η and we let σ be a subdivision of [a, b] satisfying
|σ | < η. For all i = 1, . . . , n − 1, let t ′i (respectively t ′′i ) be the vertex of σ that is
closest to ti and that satisfies t ′i ≤ ti (respectively ti < t ′′i ). The inequality |σ | < η

implies that for all i = 1, . . . , n− 1, we have the following sequence of inequalities:

ti < t ′′i < t ′i+1 ≤ ti+1.

Now let us consider the subdivision σ ∪ τ of [a, b]. We have:

Vσ∪τ (γ )− Vσ (γ ) =
n−1∑
i=1

(|γ (ti)− γ (t ′i )| + |γ (ti)− γ (t ′′i )| − |γ (t ′i )− γ (t ′′i )|
)

≤
n−1∑
i=1

(|γ (ti)− γ (t ′i )| + |γ (ti)− γ (t ′′i )|
)

≤ 2(n− 1)× ε

2(n− 1)
.

Hence, we obtain
Vσ∪τ (γ ) ≤ Vσ (γ )+ ε.

Since τ ⊂ σ ∪ τ , we have, by Lemma 1.1.9,

Vτ (γ ) ≤ Vσ∪τ (γ ).

The last two inequalities give

(1.1.10.3) Vτ (γ ) ≤ Vσ (γ )+ ε.
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Inequalities (1.1.10.2) and (1.1.10.3) imply M ≤ Vσ (γ ), which is inequality
(1.1.10.1). This proves Proposition 1.1.10. 
�

Proposition 1.1.10 is familiar in the case of Euclidean space. It allows us to see the
length of a curve in this space as the limit of the perimeters of an arbitrary sequence
of polygonal curves that are obtained by joining by Euclidean segments consecutive
points of the image of such a curve, provided the lengths of the sides of this sequence
of polygons tend uniformly to 0.

Example 1.1.11 (Koch’s curve). Koch’s curve (cf. [92]; see Figure 1.2) is an example
of a non-rectifiable path in R2. This path γ is the uniform limit of a sequence of paths
γn : [0, 1] → R2 (n ≥ 0), defined inductively as follows. The path γ0 is defined by
γ0(t) = (t, 0) for all t in [0, 1] and for every n ≥ 0, the map γn is linear on each
interval of the subdivision σn = {i/4n, i = 0, 1, . . . , 4n} of [0, 1]. For each n ≥ 0,
the path γn+1 is obtained from γn by first cutting each interval I of the subdivision
σn associated to γn into 3 pieces of equal lengths, and then modifying the path γn on
each of these pieces in a piecewise-linear manner so that the image by γn+1 of this
interval I has the form shown in Figure 1.1. In other words, using the notations of that
figure, if the image of the interval I by the map γn is the union of the three segments
OA, AC and CD, then the image of the same interval I by γn+1 is the union of the
four segments OA, AB, BC and CD. For all n ≥ 0, we have L(γn+1) = 4/3L(γn).
Figure 1.2, represents the images of γn for i = 0, 1, 2 and 3. To see that the path γ is
non-rectifiable, we consider, for every n ≥ 0, the subdivision

σn = {i/4n, i = 0, 1, . . . , 4n}.
Then Vσn(γ ) = Vσn(γn) = (4/3)n. Thus, we have

L(γ ) ≥ lim
n→∞Vσn(γ ) = ∞.

It is easy to see, by a similar reasoning applied to subpaths of γ that no subpath of γ
is rectifiable (Koch’s curve is an example of a “self-similar” curve).

O A

B

C D

Figure 1.1. The building block of Koch’s curve.

If γ : I → X is an arbitrary path and if I0 is a closed sub-interval of I , we obtain,
by restriction of γ to I0, a path γ| I0 : I0 → X. Let us note a direct consequence of
Proposition 1.1.10:
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Proposition 1.1.12 (Additivity of length). Let γ : [a, b] → X be a path. For all c in
[a, b], we have

L(γ ) = L(γ| [a,c])+ L(γ| [c,b]).

Proof. We choose a sequence of subdivisions (σn)n≥0 of [a, b] such that c ∈ σn for all
n ≥ 0 and such that |σn| → 0 as n → ∞. For all n ≥ 0, let σ ′

n = σn ∩ [a, c] and let
σ ′′
n = σn ∩ [c, b]. The set σ ′

n (respectively σ ′′
n ) is a subdivision of [a, c] (respectively

of [c, b]). We have
Vσn(γ ) = Vσ ′

n
(γ| [a,c])+ Vσ ′′

n
(γ| [c,b])

and limn→∞ |σ ′
n| = limn→∞ |σ ′′

n | = 0. Using Proposition 1.1.10, we obtain:

L(γ ) = lim
n→∞Vσn(γ )

= lim
n→∞

(
Vσ ′

n
(γ| [a,c])+ Vσ ′′

n
(γ| [c,b])

)
= L(γ| [a,c])+ L(γ| [c,b]),

which proves Proposition 1.1.12. 
�

Figure 1.2. Koch’s curve.

For every path γ : [a, b] → X and for every t in [a, b], we denote by γt the path
γ| [a,t]. Then we have the following

Proposition 1.1.13. For every rectifiable path γ : [a, b] → X, the map t �→ L(γt )

defined on [a, b] is increasing and continuous.

Proof. The fact that this map is increasing follows from the additivity of length
(Proposition 1.1.12). Let us show that it is continuous. We fix a real number ε > 0.
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Using respectively Proposition 1.1.8 (Length is invariant under change of parameter)
and the uniform continuity of γ , we can find a positive real number η satisfying the
following two properties:

• For every subdivision σ of [a, b] satisfying |σ | ≤ η, we have

(1.1.13.1) L(γ )− Vσ (γ ) ≤ ε;
• for every u and v in [a, b] satisfying |v − u| ≤ η, we have

(1.1.13.2) |γ (u)− γ (v)| ≤ ε.

Now let u and v be two points in [a, b] satisfying 0 ≤ u − v ≤ η and let σ be a
subdivision of [a, b] satisfying |σ | ≤ η and σ ∩[u, v] = {u, v}. We set σ1 = σ ∩[a, u]
and σ2 = σ ∩ [v, b]. Then we have

L(γ| [a,u])+L(γ| [u,v])+L(γ| [v,b]) = L(γ )

≤ Vσ (γ )+ε (by 1.1.13.1)

= Vσ1(γ|[a,u])+ |γ (u)− γ (v)|+Vσ2(γ|[v,b])+ε
≤ L(γ| [a,u])+ ε + L(γ| [v,b])+ ε (by 1.1.13.2).

Thus, we obtain L(γ| [u,v]) ≤ 2ε. From this fact and the additivity of length, we
conclude easily the proof of Proposition 1.1.13. 
�

Definition 1.1.14 (Concatenation of paths). Let a, b and c be real numbers satis-
fying a ≤ c ≤ b. If γ1 : [a, c] → X and γ2 : [c, d] → X are two paths satisfy-
ing γ1(c) = γ2(c) then we can define the path γ1 ∗ γ2 : [a, b] → X by setting

γ1 ∗ γ2(t) =
{
γ1(t) if a ≤ t ≤ c,

γ2(t) if c ≤ t ≤ b.

This path γ1 ∗ γ2 is called the concatenation of γ1 and γ2.

By the additivity of length (Proposition 1.1.12), we have

L(γ1 ∗ γ2) = L(γ1)+ L(γ2).

Conversely, the function “length of a path” can be characterized by some of the
properties that we established:

Proposition 1.1.15 (Characterization of the length function). LetC be the set of paths
in X and let L : C → [0,∞] be the map that assigns to each path its length. Then L
is the smallest map L : C → [0,∞] satisfying the following two properties:

(i) for every path γ : [a, b] → X, we have L(γ ) ≥ |γ (a)− γ (b)|;
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(ii) if a path γ is the concatenation of two paths γ1 and γ2, then

L(γ ) = L(γ1)+ L(γ2).

Proof. If L : C → [0,∞[ satisfies (i) and (ii) and if σ = (ti)i=0,...,n is an arbitrary
subdivision of [a, b], then we have

L(γ ) ≥
n−1∑
i=0

L(γ|[ti ,ti+1]| ≥
n−1∑
i=0

|γ (ti)− γ (ti+1)| ≥ Vσ (γ ),

which implies that L(γ ) ≥ L(γ ). Since the map L satisfies properties (i) and (ii), the
proof of Proposition 1.1.15 follows. 
�

1.2 Arclength as parameter

Proposition 1.2.1. Let γ : [a, b] → X be a rectifiable path. For each u in [0, L(γ )],
there exists a unique point x in X and a point t in [a, b] such that x = γ (t), where
L
(
γt
) = u. Furthermore, the set of such points t associated to u is a closed sub-

interval of [a, b], and the map γ is constant on this sub-interval.

Proof. Since the map t �→ L(γt ) is continuous (Proposition 1.1.13), we can use the
mean value theorem to obtain, for every u satisfying 0 ≤ u ≤ L(γ ), a real number t
satisfying L(γt ) = u. Now if t and t ′ are two real numbers satisfying a ≤ t ≤ t ′ ≤ b

and L(γt ) = L(γt ′), then, by Proposition 1.1.12 (Additivity of length), we have

L(γ|[t,t ′]) = L(γt ′)− L(γt ) = 0.

Thus, we obtain L(γ| [t,t ′]) = 0, which, by Proposition 1.1.2, implies that γ is
constant on the interval [t, t ′]. This also proves that the set of real numbers t associated
to u is a sub-interval of [a, b]. By the continuity of the map t �→ L(γt ), this sub-
interval is closed. 
�

Proposition 1.2.2. Let γ : [a, b] → X be a rectifiable path. Consider the map
λ : [0, L(γ )] → X defined by λ(u) = γ (t), where γ (t) is the unique point of X
provided by Proposition 1.2.1, satisfying L(γt ) = u. Then the map λ is 1-Lipschitz.
In particular, λ is continuous and therefore it is a path. Furthermore, γ is the
path obtained from λ by the change of parameter ψ : [a, b] → [0, L(γ )] defined
by ψ(t) = L(γt ).

Proof. Let u and u′ be two points in [0, L(γ )] satisfying u ≤ u′ and let t and t ′ be
two points in [a, b] satisfying L(γt ) = u and L(γt ′) = u′. Then, λ(u) = γ (t) and
λ(u′) = γ (t ′). Using (1.1.1.1), we obtain

|λ(u)− λ(u′)| = |γ (t)− γ (t ′)| ≤ L(γ| [t,t ′])
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= |u− u′| = L(γt ′)− L(γt ) = u′ − u,

which shows that λ is a 1-Lipschitz map.
The map ψ is increasing and surjective. The uniqueness of the point x in Propo-

sition 1.2.1 implies that γ = λ � ψ . This completes the proof of Proposition 1.2.2.

�

Proposition 1.2.3. Let γ : [a, b] → X be a rectifiable path and let λ : [0, L(γ )] → X

be the associated map, defined in Proposition 1.2.2. Then we have, for all u in
[0, L(γ )], u = L(λu).

Proof. Let u be a point in [0, L(γ )] and let t be a point in [a, b] satisfying L(γt ) = u.
We consider the paths λu = λ|[0,u] and γt = γ|[a,t]. By construction, we have
γt = λu � ψt , where ψt : [0, t] → [0, u] is the map x �→ L(γx). Thus, the path γt is
obtained from the path λu by the change of parameter ψt . By Proposition 1.1.8, these
two paths have the same length, which implies L(λu) = u. 
�

Definition 1.2.4 (Path parametrized by arclength). Let γ : [a, b] → X be a rectifi-
able path. We say that γ is parametrized by arclength if for all u and v satisfying
a ≤ u ≤ v ≤ b, we have v − u = L(γ| [u,v]).

In particular, if a path γ : [a, b] → X is parametrized by arclength, it satisfies
L(γ ) = b − a.

Proposition 1.2.5. Let γ : [a, b] → X be a path parametrized by arclength. Then
the map t �→ L(γt ), defined on the interval [a, b], is strictly increasing.

Proof. The proof follows directly from Definition 1.2.4. 
�

Corollary 1.2.6. Let γ : [a, b] → X be a rectifiable path. Then the path

λ : [0, L(γ )] → X

that is associated to it by Proposition 1.2.2 is parametrized by arclength.

Proof. By Proposition 1.2.3, for all u and v satisfying 0 ≤ u ≤ v ≤ L(γ ), we have

v − u = L(λ| [0,v])− L(λ| [0,u]) = L(λ| [u,v]). 
�

For every rectifiable path γ : [a, b] → X, we call λ : [0, L(γ )] → X the path
parametrized by arclength that is associated to γ .

Proposition 1.2.7 (Concatenation of paths parametrized by arclength). If γ is the
concatenation of two paths γ1 and γ2 that are parametrized by arclength, then γ is
also parametrized by arclength.
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Proof. We use the notations of Definition 1.1.14, with γ = γ1 ∗ γ2. Let u and v be
two real numbers satisfying a ≤ u ≤ v ≤ b. We distinguish three cases:

If a ≤ u ≤ v ≤ c, then, since γ1 is parametrized by arclength, we have

v − u = L(γ1|[u,v]) = L(γ1 ∗ γ2|[u,v]).

If c ≤ u ≤ v ≤ b, then, since γ2 is parametrized by arclength, we have

v − u = L(γ2|[u,v]) = L(γ1 ∗ γ2|[u,v]).

If a ≤ u ≤ c ≤ v ≤ b, then we write

v − u = (v − c)+ (c − u)

= L(γ1|[u,c])+ L(γ2|[c,v])
= L(γ1 ∗ γ2|[u,c])+ L(γ1 ∗ γ2|[c,v])
= L(γ1 ∗ γ2|[u,v]).

This proves Proposition 1.2.7. 
�

Definition 1.2.8 (Path parametrized proportionally to arclength). Letγ : [a, b] → X

be a path, with a < b. We say that γ is parametrized proportionally to arclength if ei-
ther γ is a constant path, or there exists a path γ ′ : [c, d] → X that is parametrized by
arclength and that satisfies γ = γ ′ � ψ , where ψ : [a, b] → [c, d] is the unique
affine homeomorphism between these two intervals, that is, the map defined by
ψ(x) = (

(d − c)x + (bc − ad)
)
/(b − a).

La following property will be useful for us later on.

Proposition 1.2.9. Let γ : [0, 1] → X be a path parametrized proportionally to arc-
length. Then γ is an L(γ )-Lipschitz map.

Proof. If γ : [0, 1] → X is a constant path, then the conclusion follows trivially. Now
suppose that γ = γ ′ � ψ , where γ ′ : [c, d] → X is a path that is parametrized by
arclength and where ψ : [0, 1] → [c, d] is defined by ψ(x) = (d − c)x + c. Then,
for all u and v satisfying 0 ≤ u ≤ v ≤ 1, we have

|γ (u)− γ (v)| = |γ ′(ψ(u))− γ ′(ψ(v))|
≤ L(γ ′

| [ψ(u),ψ(v)]) (using (1.1.1.1))

= ψ(v)− ψ(u) (since γ ′ is parametrized by arclength)

= (d − c)(v − u)

= L(γ ′)(v − u)

= L(γ )(v − u)

This proves Proposition 1.2.9. 
�



22 1 Lengths of paths in metric spaces

1.3 Differentiable paths in Euclidean space

For all n ≥ 1, we denote by E = En the Euclidean space of dimension n, that is,

the space Rn equipped with the norm ‖(x1, . . . , xn)‖ =
√
x2

1 + · · · + x2
n and with the

metric induced by that norm.

Proposition 1.3.1. Let γ : [a, b] → E be a C1-path and let γ ′ : [a, b] → E be its
derivative. Then we have:

(1.3.1.1) L(γ ) =
∫ b

a

‖γ ′(t)‖ dt.

Proof. Let us equip the space E with an orthonormal basis and let γ1, . . . , γn be the
components of γ in this basis. Then we can write

‖γ ′(t)‖ =
√√√√ n∑
j=1

γ ′
j (t)

2.

For all t in [a, b], we set, as usual, γt = γ|[a,t], we consider the map s : [a, b] → R

defined by s(t) = L(γt ) and we show that this map is differentiable and that its
derivative is equal to ‖γ ′(t)‖. This, combined with the fact that s(a) = 0, will give
Formula (1.3.1.1).

Let t and t ′ be two real numbers satisfying a ≤ t < t ′ ≤ b. We have

(1.3.1.2) s(t ′)− s(t) = L(γ| [t,t ′]).

Let us fix a real number ε > 0. For all j = 1, . . . , n, the map γ ′
j : [a, b] → R is

uniformly continuous. Therefore, there exists η > 0 such that for all t and t ′ satisfying
a ≤ t < t ′ ≤ b and t ′ − t < η, we have, for all j = 1, . . . , n and for all τ in [t, t ′],

γ ′
j (τ )

2 ≤ γ ′
j (t)

2 + ε.

Now, let us take t and t ′ satisfying a ≤ t < t ′ ≤ b and t ′ − t < η and let
σ = (ti)i=0,...,k be an arbitrary subdivision of [t, t ′]. We have

Vσ (γ| [t,t ′]) =
k−1∑
i=0

|γ (ti)− γ (ti+1)| =
k−1∑
i=0

√√√√ n∑
j=1

(
γj (ti)− γj (ti+1)

)2
.

By the mean value theorem, for all i = 0, . . . , k and for all j = 1, . . . , n, we can
find τi,j ∈ [ti , ti+1] such that

γj (ti)− γj (ti+1) = γ ′
j (τi,j )(ti − ti+1

)
,
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which implies (
γj (ti)− γj (ti+1)

)2 = γ ′
j (τi,j )

2(ti+1 − ti )
2,

whence

n∑
j=1

(
γj (ti)− γj (ti+1)

)2 ≤
n∑
j=1

(γ ′
j (t)

2 + ε)(ti+1 − ti )
2

= (nε +
n∑
j=1

γ ′
j (t)

2)(ti+1 − ti )
2

= (nε + ‖γ ′(t)‖2)(ti+1 − ti )
2.

Thus, we obtain

Vσ (γ| [t,t ′]) ≤
k−1∑
i=0

√
nε + ‖γ ′(t)‖2(ti+1 − ti ) =

√
nε + ‖γ ′(t)‖2(t ′ − t).

The right hand side in the last expression does not depend on the choice of σ .
Thus, we have:

L(γ| [t,t ′]) ≤
√
nε + ‖γ ′(t)‖2(t ′ − t).

By (1.3.1.2), we therefore obtain:

(1.3.1.3)
s(t ′)− s(t)

t ′ − t
≤
√
nε + ‖γ ′(t)‖2.

On the other hand, we have, using (1.1.1.1) and (1.3.1.2),

|γ (t ′)− γ (t)| ≤ |s(t ′)− s(t)|.
Since s is increasing (Proposition 1.1.13), we obtain

|γ (t ′)− γ (t)|
t ′ − t

≤ s(t ′)− s(t)

t ′ − t
,

or, equivalently,

(1.3.1.4)

∥∥∥∥γ (t ′)− γ (t)

t ′ − t

∥∥∥∥ ≤ s(t ′)− s(t)

t ′ − t
.

Inequations (1.3.1.3) and (1.3.1.4), that we proved for a ≤ t < t ′ ≤ b with t− t ′ < η,
are valid for all t and t ′ in [a, b] satisfying t 	= t ′ and |t − t ′| < η (to see this, use the
fact that s is increasing).

We have

lim
|t−t ′|→0

∥∥∥∥γ (t ′)− γ (t)

t ′ − t

∥∥∥∥ = ‖γ ′(t)‖.



24 1 Lengths of paths in metric spaces

Therefore, there exists η′ > 0 such that for all |t − t ′| < η′, we have

‖γ ′(t)‖ − ε ≤ s(t ′)− s(t)

t ′ − t
.

The last inequality, together with (1.3.1.3), imply that for all ε > 0 and for all t and
t ′ in [a, b] satisfying t 	= t ′ and |t − t ′| < inf{η, η′}, we have

‖γ ′(t)‖ − ε ≤ s(t ′)− s(t)

t ′ − t
≤
√
nε + ‖γ ′(t)‖2.

Letting ε tend to 0, we obtain s′(t) = ‖γ ′(t)‖, which completes the proof of Proposi-
tion 1.3.1. 
�

1.4 The space of paths

At several places in these notes, we need to take limits of paths and for that reason, we
begin by defining a space of paths. In all this section, X is a metric space and [a, b]
is a compact interval of R.

We denote by C([a, b]) the set of paths inX with domain [a, b] and we equip this
set with the topology of uniform convergence. We note that this topology is associated
to the metric defined by

|γ1 − γ2| = sup
t∈[a,b]

|γ1(t)− γ2(t)|,

for every γ1 and γ2 ∈ C([a, b], X).
We start by observing that the map L from C([a, b], X) to the extended ray

[0,∞] ∪ {∞} that associates to each path γ its length L(γ ) is not continuous in
general, as the following examples show:

Examples 1.4.1 (Non-continuity of the length function).

(i) For every nonpositive integer n, let Fn : [0, 1] → R be the piecewise-affine
continuous map whose graph is the union of the affine segments joining pairwise
(in consecutive order with respect to the first coordinate) the points of the following
sequence in the plane R2

(
p

2n
,
ε(p)

2n

)
(0 ≤ p ≤ 2n),

where ε(p) = 0 if p is odd and 1 if p is even.
For all n ≥ 0 and for all t in [0, 1], let γn : [0, 1] → E2 be the map defined by

γn(t) = (t, Fn(t)).

We have represented in Figure 1.3 the images of the paths γ1, γ2, γ3 and γ4.
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Figure 1.3. The images of the paths γ1, γ2, γ3 and γ4 of Example 1.4.1 (i).

The sequence of paths (γn) converges to the path γ : [0, 1] → E2 defined by
γ (t) = (t, 0), whose length is 1, whereas L(γn) = √

2 for every n ≥ 0. Thus,
L(γn) 	→ L(γ ).

(ii) Let γn : [0, π ] → R be the path defined by

γn(t) = (1/n) cos(n2t).

When t varies in the interval [0, π ], cos(n2t) takes n2 times the values 1 and −1.
Hence,

L(γn) ≥ 1

n
× 2n2 = 2n.

The sequence of paths γn converges uniformly to the constant path γ : [0, 1] → R

defined by γ (t) = 0 for all t , whose length is zero, whereas L(γn) → ∞. Thus, we
also have L(γn) 	→ L(γ ).

(iii) For every n ≥ 1, consider the path γn : [0, 1] → R defined by

γn(t) = (t/n) sin(1/t).

We have L(γn) = ∞ for all n (Example 1.1.6). On the other hand, we have |γn(t)| ≤
1/n for all t in [0, 1], which shows that the sequence γn converges uniformly to the
constant path γ (t) = 0, whose length is zero. Thus, we again have L(γn) 	→ L(γ ).

We note that we have in all these examples 0 = L(γ ) ≤ lim infn→∞ L(γn) = ∞.
This is related to the fact that the length function is lower semi-continuous, as we shall
see next. Before that, we recall the following classical definition:

Let E be a topological space and let x0 be a point in E. A map f : E → R = R ∪
{−∞,∞} is said to be lower semi-continuous at x0 if for any real numberm < f (x0),
there exists a neighborhoodW of x0 inE such that for all x inW , we havem ≤ f (x).
The map f is said to be lower semi-continuous on E if it is lower semi-continuous at
every point in E.

Let us note the following classical examples of lower semi-continuous maps.

Examples 1.4.2 (Lower semi-continuous maps).

(i) If f : E → R is continuous at x0 in E, then f is lower semi-continuous at this
point.
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(ii) The function x �→ E(x) (integral value of x) is lower semi-continuous on R.
One can easily deduce this fact from the definitions, but we can also derive it from the
following proposition, which is often useful in the context of lower semi-continuous
functions.

Proposition 1.4.3 (Upper limit). Let (fi)i∈� be a family of maps from E to R

and let f : E → R be the upper limit of this family, that is, the map defined by
f (x) = supi∈� fi(x) for all x in E. Let x0 be a point in E. If each fi is lower
semi-continuous at x0, then f is also lower semi-continuous at x0.

Proof. For every m < f (x0), there exists i0 in � such that m < fi0(x0). Since fi0 is
lower semi-continuous at x0, we can find a neighborhood W of x0 such that for all x
in W , we have m ≤ fi0(x). Therefore, for all x in W , we have m ≤ fi0(x) ≤ f (x).
This completes the proof of Proposition 1.4.3. 
�

We deduce the following result, which is due to Menger.

Theorem 1.4.4 (Lower semi-continuity of the length function). The length function
L : C([a, b], X) → R ∪ {∞} is lower semi-continuous.

Proof. Let us set E = C([a, b], X) and let us fix a point t in [a, b]. For any γ
and γ ′ in E, we have |γ (t) − γ ′(t)| ≤ |γ − γ ′|E and therefore the map E → R

defined by γ �→ γ (t) is continuous. For each subdivision σ = (ti)i=0,...,n of [a, b],
the map Vσ : E → R defined by γ �→ Vσ (γ ) = ∑n−1

0 |γ (ti−1) − γ (ti)| is a sum of
continuous maps, and therefore it is continuous. Therefore, by Proposition 1.4.3, the
map γ �→ L(γ ) = supσ Vσ (γ ) is lower semi-continuous. This proves Theorem 1.4.4.


�

Let us note a few consequences of Theorem 1.4.4:

Corollary 1.4.5. Let (γn : [a, b] → X)n≥0 be a sequence of paths converging uni-
formly to a path γ : [a, b] → X. Then L(γ ) ≤ lim infn→∞ L(γn).

Proof. This follows from Theorem 1.4.4 and from the following lemma:

Lemma 1.4.6. Let E be a topological space, let f : E → R be a map that is lower
semi-continuous at some point x in E and let (xn)n≥0 be a sequence in E converging
to x. Then f (x) ≤ lim infn→∞ f (xn).

Proof. Since f is lower semi-continuous at x, then, for every real numberm satisfying
m < f (x), there exists a neighborhoodW of x in E such that for all y inW , we have
m ≤ f (y). Since xn converges to x as n → ∞, for every n large enough, xn is in W ,
which implies m ≤ f (xn). Thus, f (x) ≤ lim infn→∞ f (xn). 
�
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Corollary 1.4.7. If (γn : [a, b] → X)n≥0 is a sequence of rectifiable paths that con-
verges uniformly to a path γ and if there exists a real numberM such thatL(γn) ≤ M

for all n ≥ 0, then γ is rectifiable.

Proof. This is an immediate consequence of Corollary 1.4.5. 
�

Corollary 1.4.8. For any real number M , the set of paths γ : [a, b] → X such that
L(γ ) ≤ M is a closed subset of C([a, b], X).

Proof. The uniform limit of a sequence of continuous maps is continuous. Further-
more, if γn : [a, b] → X (n ≥ 0) is a sequence of paths converging uniformly to a
path γ and if L(γn) ≤ M for all n, then we have, by Corollary 1.4.5, L(γ ) ≤ M . 
�

Before going through other results on limits of sequences of paths, we recall the
notion of uniform equicontinuity of a sequence of maps, and the theorem of Ascoli
that is intimately related to this notion.

Let X and Y be two metric spaces. A sequence of maps (fn)n≥0 from X to Y is
said to be uniformly equicontinuous 1 if for every ε > 0, there exists an η > 0 such
that for every integer n ≥ 0 and for every x and y in X, we have

|x − y| < η ⇒ |fn(x)− fn(y)| < ε.

An example of a uniformly equicontinuous sequence is a sequence (fn)n≥0 of
K-Lipschitz maps, with K independent of n or, more generally, a sequence of uni-
formly Hölder maps. More generally, if there exist two constants α > 0 and K ≥ 0
such that for any integer n ≥ 0 and for all x and y in X we have |fn(x) − fn(y)| ≤
K|x − y|α , then the sequence (fn) is uniformly equicontinuous.

The notion of equicontinuity is due to Ascoli. Theorem 1.4.9 below is part of a
series of results on the convergence of sequences of continuous maps between topolog-
ical spaces, that are due to Ascoli and Arzelà. In [6], Ascoli gave sufficient conditions
for certain spaces of functions to be compact, and Arzelà showed in [5] that these
conditions are necessary. Versions of the theorems of Ascoli-Arzelà adapted to the
setting of metric spaces were obtained by Fréchet in his thesis [49] that we already
mentioned.

Before stating that theorem, we recall two definitions.
A metric space X is said to be proper if every closed bounded subset of X is

compact.2 Equivalently, a space X is proper if from every infinite bounded sequence

1Some authors call this property “equicontinuity”. Even though we shall only use the property of
uniform equicontinuity, it is preferable to reserve the term “equicontinuity” to the following local property:
we say that the sequence of maps (fn)n≥0 from X to Y is equicontinuous at some point x of X if for all
ε > 0, there exists an η > 0 such that for every integer n ≥ 0 and for all y in X satisfying |x − y| < η,
we have |fn(x) − fn(y)| < ε. Then the sequence of maps (fn)n≥0 is said to be equicontinuous if it is
equicontinuous at every point of X.

2A more classical terminology, for proper, is “finitely compact”. For instance, this is the terminology
used by Busemann. We note also that E. Cartan, in [36], calls such a space a “normal space”.
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of points inX we can extract a convergent subsequence. Thus, a proper space satisfies
an analog of the Bolzano–Weierstrass property for sequences of points in Rn (or,
more generally, in a finite-dimensional normed vector space), namely, that any infinite
bounded sequence has a convergent subsequence.

An example of a non-proper space is the set Q of rational numbers equipped with
the metric induced from that of R.

We also note the following equivalent property, which explains the use of the word
“proper”: a metric space X is proper if for every x0 in X, the map dx0 : X → [0,∞[
defined by x �→ |x0 − x| is proper in the usual sense (the inverse image of a compact
subset of [0,∞[ is a compact subset of X).

Clearly, a closed subset of a proper metric space, equipped with the induced metric,
is proper and a proper metric space is complete.

We recall that a metric space X is said to be separable if it contains a countable
dense subset. It is easy to see that a proper metric space is separable. (First, prove
this for a compact space.)

The following result is part of a series of results which, as we said above, are known
under the name of “Ascoli’s theorem” or “Arzelà–Ascoli’s theorem”. The particular
case that we consider here is sufficient for our needs. We shall use it essentially in two
contexts: in the study of limits of geodesic paths in metric spaces and in the study of
isometries of metric spaces.

Theorem 1.4.9 (Ascoli). Let Y be a separable metric space, letX be a proper metric
space and let (fn)n≥0 be a uniformly equicontinuous sequence of maps from Y to X
such that for each y in Y , the sequence (fn(y))n≥0 is bounded. Then there exists a
subsequence of (fn) that converges uniformly on every compact subset of Y to a map
f : Y → R, and the limit map f is uniformly continuous.

Proof. We can assume that the set Y is infinite, otherwise the theorem is obvious.
Then, letD be an infinite dense countable subset of Y . We start by showing that up to
passing to a subsequence, the sequence (fn(x))n≥0 is convergent for every x inD. To
this end, we use an argument which is known as “Cantor’s diagonal process”. We start
by indexing the points ofD by the set of integers that are ≥ 1 and we write henceforth
D = {x1, x2, . . . }. We first consider the point x1. Since X is proper and since the
sequence (fn(x1))n≥0 is bounded, it has a convergent subsequence. Let (fn1(x1))n≥0
be such a convergent subsequence. Next, we consider the point x2. The sequence
(fn1(x2))n≥0 being also bounded, it has a convergent subsequence. Let (fn2(x2))n≥0
be such a convergent subsequence. Continuing in the same way, we obtain, for every
integer k ≥ 1, a subsequence (fnk )n≥0 of (fnk−1)n≥0 that has the property that for all
i = 1, . . . , k, the sequence (fnk (xi))n≥0 inX is convergent. The “diagonal sequence”
(fnn)n≥0 is then a subsequence of (fn)n≥0 that has the property that for all x inD, the
sequence (fnn(x))n≥0 is convergent.

Thus we can assume, up to replacing the sequence (fn)n≥0 by a subsequence, that
the sequence (fn(x))n≥0 is convergent for every x in D.
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Let ε be a positive real number. Since the sequence (fn)n≥0 is uniformly equicon-
tinuous, there exists a positive real number δ such that for all x and y in Y satisfying
|x − y| < δ and for every integer n ≥ 0, we have |fn(x)− fn(y)| < ε.

Given a point x in Y , let us choose a point y inD satisfying |x−y| < δ. We have,
for all nonnegative integers m and n,

(1.4.9.1) |fm(x)−fn(x)| ≤ |fm(x)−fm(y)|+ |fm(y)−fn(y)|+ |fn(y)−fn(x)|.
Since the sequence (fn(y))n≥0 is convergent, there exists an integer n0 such that for
all m ≥ n0 and n ≥ n0, we have |fm(y) − fn(y)| < ε. Using (1.4.9.1), if m ≥ n0
and n ≥ n0, we obtain |fm(x) − fn(x)| ≤ 3ε. Therefore, the sequence (fn(x))n≥0
is a Cauchy sequence. Since X is proper, this sequence converges. Now we set, for
every x in X, f (x) = limn→∞ f (x).

Let us show that the map f is uniformly continuous. By our choice of the real
number δ, we have, for every x and y inX satisfying |x−y| < δ and for every integer
n ≥ 0, |fn(x)− fn(y)| < ε. Letting n tend to infinity, we obtain |f (x)− f (y)| ≤ ε.
This shows that f is uniformly continuous.

Finally, let us prove that the convergence of (fn)n≥0 is uniform on every compact
subset of Y .

Let K ⊂ Y be a compact set. Since D is dense in Y , there exists an integer
n1 > 0 such that for all x in K , we can find a point x∗ in the subset {x1, . . . , xn1} of
D satisfying |x − x∗| < δ.

Since {x1, . . . , xn1} is a finite set, we can find an integer n2 such that for all n ≥ n2
and for all i satisfying 1 ≤ i ≤ n1, we have |fn(xi)− f (xi)| < ε.

The integer n2 does not depend on the choice of x in K , and we have, for all x in
K and for all n ≥ n2,

|f (x)− fn(x)| < |f (x)− f (x∗)| + |f (x∗)− fn(x
∗)| + |fn(x∗)− fn(x)| ≤ 3ε.

This proves the uniform convergence of (fn(x))n≥0 to f onK , and this completes the
proof of Theorem 1.4.9. 
�

Let us note a few consequences of Theorem 1.4.9, applied to the cases where the
maps fn are paths:

Proposition 1.4.10. Let X be a compact metric space, let M be a nonnegative real
number and for all n ≥ 0, let γn : [a, b] → X be a path parametrized proportionally
to arclength and satisfying L(γn) ≤ M . Then the sequence of paths (γn)n≥0 has a
uniformly convergent subsequence, and the length of the limit path is ≤ M .

Proof. By Proposition 1.2.9, the mapγn : [a, b] → X isM-Lipschitz, and the sequence
of maps (γn)n≥0 is therefore uniformly equicontinuous. Furthermore, for all t in
[a, b], the sequence (γn(t))n≥0 is bounded, since X is compact. Thus, the existence
of a convergent subsequence follows from Ascoli’s Theorem (Theorem 1.4.9), and the
fact that the length of the limit path is ≤ M follows from Corollary 1.4.8. 
�
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Proposition 1.4.11. Let X be a proper metric space, let M be a nonnegative real
number and for all n ≥ 0, let γn : [a, b] → X be a path parametrized proportionally
to arclength and satisfying L(γn) ≤ M . Suppose furthermore that the subset
{γn(a), n ≥ 0} of X is bounded. Then the sequence of paths (γn)n≥0 has a sub-
sequence that converges uniformly to a path γ whose length is also ≤ M .

Proof. Since γn is an M-Lipschitz map for all n ≥ 0, the sequence of maps (γn)n≥0
is uniformly equicontinuous. Since the sequence (γn(a))n≥0 is bounded and since
the space X is proper, we can assume, up to replacing the sequence (γn)n≥0 by a
subsequence, that (γn(a))n≥0 is convergent. Let x be the limit of this sequence. Then
for all n ≥ 0 and for all t in [0, 1], we have

|x − γn(t)| ≤ L(γn)|γn(0)− γn(t)| ≤ L(γn)|t − a| ≤ M(b − a).

Thus, for all t in [0, 1], the sequence (γn(t))n≥0 is bounded. By Theorem 1.4.9, there
exists a subsequence of γn that converges uniformly to a path γ . By Corollary 1.4.8,
we have L(γ ) ≤ lim infn→∞ L(γn) ≤ M . 
�

Proposition 1.4.12 (Existence of paths of minimal length). LetX be a proper metric
space, let x and y be two points inX and suppose that there exists a rectifiable path in
X joining x and y. Then there exists such a path whose length is equal to the infimum
of the lengths of paths that join x and y.

Proof. Let α = inf{L(γ ) where γ is a path in X joining x and y}, and let (γn)n≥0
be a sequence of paths joining x and y and satisfying L(γn) → α. Without loss of
generality, we can assume that for every n ≥ 0, γn is parametrized proportionally
to arclength and that its domain is the interval [0, 1]. By Proposition 1.4.11, there
exists a subsequence of (γn)n≥0 that converges uniformly to a path γ . By taking
limits, it is clear that the path γ joins x and y. By Corollary 1.4.5, we have L(γ ) ≤
lim infn→∞ L(γn) = α. From the definition of α, we also have L(γ ) ≥ α, which
shows that L(γ ) = α. 
�

The existence of a path of minimal length joining two given points in a metric space
is interesting information and it leads to non-trivial properties. In particular, such a
path is necessarily injective. An injective path is usually called a Jordan path. We shall
see in Chapter 2 that Proposition 1.4.12 implies directly the theorem of Hopf–Rinow
on the existence of geodesic paths joining two arbitrary points in a proper length space
(Theorem 2.4.6).

The following result which has the same flavour as Proposition 1.4.12 will be used
later on in the proof of the existence of local geodesics in homotopy classes of paths
with fixed endpoints.

Proposition 1.4.13. letX be a proper metric space, let x and y be two points inX and
let γ be a rectifiable path joining x and y. Then, there exists a path that is homotopic
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to γ with endpoints fixed, whose length is equal to the infimum of the lengths of paths
in this homotopy class.

Proof. We set α = inf{L(γ ′)} where γ ′ varies over the paths joining x and y that are
homotopic with fixed endpoints to γ . The proof of the proposition then follows the
same outline as that of Proposition 1.4.12. Clearly, the limit of a sequence of paths
joining x and y that are in the same homotopy class with endpoints fixed than γ is
itself in that class. 
�

Notes on Chapter 1

Computing lengths of curves in Greek antiquity. The idea of computing the length
of a curve in the plane by approximating it by polygonal lines can be traced back to
Greek antiquity. In the third century B.C., Archimedes used this method to obtain good
approximations of the perimeter of a circle and of the length of a spiral. In his paper
On the sphere and cylinder (see [67]), Archimedes proves that the perimeter of a circle
is comprised between the perimeters of the inscribed and the circumscribed polygons.
In his paper On the measure of the circle (cf. [67] p. 98), he shows that the ratio
between the perimeter of a circle and its diameter is comprised between 3 + 10

71 and
3 + 1

7 . These bounds are obtained by calculating the perimeter of an inscribed regular
polygon having 96 sides and that of a circumscribed regular polygon having the same
number of sides.

Concerning the notion of length in Greek antiquity, the mathematician Giuseppe
Peano writes in his paper [121]: “The Greek geometers, for what concerns the lengths
of lines and the areas of surfaces (spheres, cylinders and so on), started from postulates
instead of definitions. But the difference is only formal. The postulates that were stated
by Archimedes in On the sphere and the cylinder are equivalent to the following
definitions:

1) the length of a curvilinear plane convex arc is the common value of the least
upper bound of the length of the polygonal inscribed arcs and the greatest lower bound
of the circumscribed ones;

2) the area of a convex surface is the common value of the least upper bound of
the areas of the inscribed polyhedral convex surfaces, and the greatest lower bound of
the areas of the circumscribed ones;

3) the length of a curvilinear arc is the least upper bound of the lengths of the
polygonal inscribed arcs.”

Paths and their lengths after the 17th century. The ideas of Archimedes were taken
up by 17th century geometers such as R. Descartes, E. Torricelli, C. Huygens and
J. Wallis. Proposition 1.3.1 that says that in Euclidean space, the “line element” ds is
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equal to
√
dx2

1 + · · · + dx2
n , is sometimes attributed to Wallis, because an analogous

formula is contained in his Arithmetica Infinitorum (see [142]).
We note that the parametrized curves that were considered by the 17th century

mathematicians were not arbitrary paths, but curves defined by algebraic equations.
One of the earliest definitions of a curve as an arbitrary continuous map from an interval
of R to Euclidean space E2 or E3 is contained in the Cours d’Analyse of Camille Jordan,
written in 1882 (see [79]). In this treatise, Jordan takes, as a definition of the length of a
curve, the limit of the perimeters of sequences of inscribed polygons. He uses the term
rectifiable to denote a curve whose length is finite and he establishes a formula for the
length of a differentiable curve that is analogous to the one given by Proposition 1.3.1
above.

Besides Jordan, there are several mathematicians who contributed to the notion of
paths and their lengths. For instance, Peano, in [119], has a section on the definition of
the length of a curve (p. 161) and on the area of a surface in Euclidean space (p. 164).
In his paper [120], Peano gives an example of a path whose image is equal to the
unit square in E2, showing that the notion of “curve” in the sense of Jordan could be
contrary to the intuition that considers a curve as a one-dimensional object. Peano
constructs such a path (which is usually referred to as the Peano curve), as a limit of
paths for which he gives explicit formulas that involve the triadic development of an
arbitrary number in [0, 1].

David Hilbert, in [68], gave an example of a Peano curve which is defined in a
geometric manner. In fact, this paper by Hilbert contains the pictures of Figure 1.4.
The limiting curve in this example is usually called “Hilbert’s curve” or the “Hilbert-
Peano curve”. In his paper, Hilbert uses a step-by-step definition where at step n he
cuts the initial square into 22n boxes, and he describes through a picture the image
of the curve in these boxes. Hilbert’s pictures replace Peano’s formulas involving the
triadic development of real numbers.

Figure 1.4. The Hilbert curve.

Felix Klein, in his 1898 paper [89], notes that there are various existing definitions
of a curve, none of them being completely satisfactory, and he poses the problem of
making a coherent definition.

Metric spaces. The first axiomatic definition of a metric space is due to Maurice
Fréchet. In fact, until the 1930s, it was not unusual to write expressions like “metric
space in the set of Fréchet” instead of “metric space”. The definition of a metric space
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is contained in Fréchet’s paper [49], written in 1906, which constitutes his doctoral
dissertation. In this paper, the distance between two points is called “écart”. In the
same paper, Fréchet also defines the notion of complete metric space.3

In his 1925 paper [102], Karl Menger introduces the idea of a path in a general
metric space, generalizing the notion of curve introduced by Jordan. In a series of
papers on the subject (see [102], [103], [106] and [107]), Menger establishes the
fundamental properties of lengths of paths. He proves for instance that the length
of a curve is the limit of lengths of distances of points associated to a sequence of
subdivisions whose moduli tend to zero (Proposition 1.1.10 above). He establishes
the lower semi-continuity of the length function (Theorem 1.4.4) and other related
basic results. One of the earliest instances of a generalization of an important theorem
in Riemannian geometry to the context of metric spaces is due to Cohn-Vossen. In
[41], Cohn-Vossen generalizes the theorem of Hopf and Rinow that we shall see in
Chapter 2.

Finally, we note that the theory of lengths of paths in metric spaces allows one to
define and use, in an efficient way, notions like angle, curvature, tangent space and
other related objects in a setting that is much more general than that of Riemannian
geometry where these notions are usually defined. As we already mentioned in the
introduction to this book, for these generalizations, one has to mention especially the
work done by A. D. Alexandrov and his school.

3In fact, several basic notions in topology are due to Fréchet. In an obituary presented to the French
Academy of Sciences [97], S. Mandelbrojt writes the following: “One must note that in his book written
in 1914, Hausdorff, while exposing some properties of Fréchet abstract spaces, introduces a terminology,
and this fact made the attribution of the corresponding notions to Hausdorff. For instance: compact sets,
separable sets, semi-compact sets, metric spaces. But these notions are due to Fréchet.” In the same
obituary, Mandelbrojt cites the following remark that Hadamard made in a report to the Academy in 1934:
“It seems to us that the daring that is displayed, the abstraction effort accomplished by M. Fréchet, are
unprecedented in all that was published since the work by Galois”.



Chapter 2

Length spaces and geodesic spaces

Introduction

A length space is a metric space in which the distance between any pair of points is
equal to the greatest lower bound of the set of lengths of paths joining them. If the
distance between any pair of points is equal to the length of some path joining them,
then the space is said to be a geodesic space. In this chapter, we review some basic
properties of length spaces and of geodesic spaces and we examine several examples
in some detail. Some of these examples (namely, the Carathéodory, the Kobayashi,
and the Teichmüller metrics) belong to the realm of complex analysis, and it is an
interesting fact that some of the important ideas of complex analysis can be formulated
in terms of metric spaces and maps between them. We shall again encounter these
examples several times in later chapters.

A geodesic path in a metric space is a path whose length is equal to the distance
between its endpoints. Thus, a geodesic space is a space in which two arbitrary points
can be joined by a geodesic path. Formulated this way, the property for a metric space
of being geodesic is reminiscent of the property for a subset of Rn of being convex
(any two points can be joined by a Euclidean segment contained in the subset). In
fact, the notion of geodesic space is one among several notions that we shall study in
these notes and that play the role of convexity in general metric spaces.

We also introduce in this chapter the notion of betweenness in a metric space. The
definition is as follows. LetX be a metric space and let x and y be two distinct points
in X. A point z in X is said to lie between x and y if z is distinct from x and from y

and if the following equality (which is a degenerate triangle inequality) is satisfied:

|x − z| + |z− y| = |x − y|.
We already mentioned that the notion of geodesic in an arbitrary metric space is due
to Menger. Betweenness has also been introduced by Menger, and it leads to a new
notion of convexity: a metric space X is said to be Menger convex if for every pair of
distinct points in that space, there exists a point that lies between them. The existence,
for an arbitrary pair of distinct points in X, of a point that lies between them is a
discrete analog of the existence of a geodesic path joining two arbitrary points in that
space. Thus, Menger’s theory of betweenness allows to build a theory of discrete
geodesics in metric spaces. We prove (Theorem 2.6.2) that if X is a proper metric
space, then it is Menger convex if and only if it is geodesic.

The outline of this chapter is as follows.
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In Section 1, we study a few general properties of length spaces. If (X, d) is a
metric space that is “connected by rectifiable paths”, then there is a natural metric d�
onX which is called the “length metric ofX” and which has the property that the new
metric space (X, d�) is a length space. In the case where (X, d) is already a length
space, then the associated length metric d� coincides with the original metric d.

We prove that a complete locally compact length space is proper. This result, which
is attributed to H. Hopf and W. Rinow, gives a characterization of compact subsets of
complete locally compact length spaces that is analogous to the characterization of
compact subsets of Rn that is given by the Bolzano–Weierstrass Theorem, which says
that the compact subsets of Rn are the closed and bounded subsets.

In Section 2, we introduce geodesics in metric spaces and we study some of their
basic properties. We make the relation with Menger’s notion of Betweenness.

Section 3 contains a few results on limits of geodesic paths that we shall use in
later chapters.

Section 4 covers geodesic spaces, that is, metric spaces where the distance between
two points is equal to the length of a geodesic path joining them. A geodesic space
is a length space and we shall see the following converse, which is also due to Hopf
and Rinow: every complete locally compact length space is a geodesic space. We
study a particularly interesting class of geodesic spaces, which is the class of uniquely
geodesic metric spaces. For each pair of points in such a space, there is (up to
reparametrization) a unique geodesic path joining them. Busemann metric spaces,
which we shall consider more thoroughly in Chapter 8, are uniquely geodesic.

There is a theory of geodesic convexity that can be naturally developed in the
context of uniquely geodesic spaces, and we consider in Section 5 a few basic elements
of this theory.

In Section 6, we introduce the notion of Menger convexity and we establish several
necessary and sufficient conditions for a metric space to be Menger convex. We use
this notion to study geodesics in products of metric spaces.

2.1 Length spaces

Definition 2.1.1 (Space connected by rectifiable paths). We say that a metric spaceX
is connected by rectifiable paths if for every x and y in X, there exists a rectifiable
path γ : [a, b] → X such that γ (a) = x and γ (b) = y.

Definition 2.1.2 (Length space). We say that a metric spaceX is a length space if for
every x and y in X, we have

|x − y| = inf
γ
L(γ ),

where the infimum is taken over the set of paths γ that join x and y. The metric of a
length space is called a length metric.
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In particular, a length space is connected by rectifiable paths.
We give now a list of examples of familiar length spaces (or of length metrics

on familiar spaces). We also include examples of length pseudo-metrics, namely the
Carathéodory, the Kobayashi and the Thurston metrics, that are not genuine metrics.
We recall that a pseudo-metric on a space X is a map d : X × X → R satisfying,
for all x, y and z in X, d(x, x) = 0, d(x, y) ≥ 0, d(x, y) = d(y, x) and d(x, y) ≤
d(x, y)+d(y, z). The three pseudo-metrics mentioned above do not satisfy the axiom
d(x, y) = 0 ⇒ x = y, but they are important examples that arise naturally in the
context of complex manifolds, and their definitions and basic properties are much in
the same spirit as those of length metrics.

Examples 2.1.3 (Length spaces).

(i) Euclidean spaces. For all n ≥ 1, let En be the n-dimensional Euclidean space,
that is, the space Rn equipped with the Euclidean metric. From classical Euclidean
geometry, we know that En is a length space: the distance between two points is equal
to the length of the affine path joining them. Likewise, a convex subset of En (that is,
a subset for which the affine segment joining any two points in this subset is contained
in the subset), equipped with the metric induced from that of En, is a length space.
For every n ≥ 2, the space En with a finite number of points removed is also a length
space. On the contrary, the space En with an open ball B of positive radius r removed
is not a length space. To prove the last assertion, let x and y be two opposite points on
the boundary of B. We can use the fact (which we prove in Chapter 5 below) that the
projection map on the closed ball B is 1-Lipschitz to show that the length of any path
γ joining x and y in En \ B is bounded below by the length of a path joining x and y
and whose image is contained in the sphere S = ∂B. Since the length of such a path
is bounded below by πr , we have, for any path γ : [a, b] → En \ B joining x and y,
L(γ ) ≥ πr , whereas |x − y| = 2r . This shows that En \B is not a length space. The
same result holds for En with a closed ball removed.

(ii) Normed vector spaces. Normed vector spaces constitute a vast class of ex-
amples of length spaces. The length of an affine path in such a space is equal to
the distance between its endpoints. More generally, any affinely convex subset in a
normed vector space equipped with the induced metric is a length space.

(iii) Spheres. For n ≥ 3, let S = Sn−1 be the unit sphere in Euclidean space En

and let d be the metric induced on S by the metric of En. Let us show that (S, d) is
not a length space. From elementary geometry, we know that for every x and y in S,
we have d(x, y) = 2 sin(α/2), where α is the angle, with value in the interval [0, π ],
formed by the two rays issuing from the origin and passing through x and y. On the
other hand, the length L(γ ) of any path γ : [a, b] → S joining x and y is bounded
below by the length of the smallest arc of a great circle in S (that is, a Euclidean circle
of maximal diameter that is contained in the sphere) joining x and y, that is, by α.
Thus, we have L(γ ) ≥ α > 2 sin(α/2), which implies infγ L(γ ) > d(x, y) for all
x and y satisfying d(x, y) 	= 0. This shows that (S, d) is not a length space. On the
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contrary, the intrinsic metric of S is a metric for which the distance between x and y
is equal to α, and it is a length metric.

(iv) Length metrics on simplicial graphs. We start by recalling the definition of an
abstract simplicial graph. This is an object G consisting of a pair (S,A) where S is a
set (which could be finite or infinite) whose elements are called the vertices ofG, and
A a set whose elements are called the edges of G, where an element of A consists of
an unordered (not necessarily distinct) pair of points in S which are called the vertices
of the given edge. Thus, each vertex of G possesses two vertices (which could be
identical). We equip an abstract graph with a pseudo-metric. For each edge a of G,
we consider a nonempty closed interval Ia of R and a surjective map from the set of
endpoints of Ia to the set of vertices of a. We say that Ia is a geometric realization of
the edge a. We then define a topological space X by taking the quotient topology on
the disjoint union

⋃
a∈A Ia by the equivalence relation that identifies two vertices if

and only if these vertices are identical as elements of S. In all that follows, we suppose
that the topological space X that we obtain in this way is connected (or, equivalently,
arcwise connected).

To define the pseudo-metric on X, we use the notion of affine path in X. This is a
path whose restriction to each image of an interval Ia in X, equipped with the affine
structure that is induced from that of the interval Ia , is affine. Now we can define a
map d on X × X, by setting d(x, y) = infγ L(γ ) for all x and y in X, where the
infimum is taken over the set of affine paths joining x and y and where the length of
such a path γ is defined as the sum of the lengths of the restrictions of γ to the various
edges that it traverses. In each edge a ofX, the length is computed with respect to the
Euclidean metric induced from that of the interval Ia that is its geometric realization.
We can easily check that d is a pseudo-metric. In order for this pseudo-metric to be a
metric (that is, in order that it satisfies the axiom d(x, y) = 0 ⇒ x = y), it suffices
that the set of lengths of each intervals Ia , for a in A, be bounded below by a positive
constant that does not depend on a. With this condition, it is easy to check that the
spaceX equipped with this metric is a length space, which is called a metric simplicial
graph.

(v) Length metrics on Cayley graphs. Let � be a finitely generated group and let S
be a finite generating set for �. The associated Cayley graph C(�, S) is the simplicial
graph whose vertices are the elements of � and whose edges are the pairs of vertices
(a, b) such that there exists an element s in S satisfying b = sa. The space C(�, S)
is equipped with the length metric in which the length of each edge is equal to one.
The induced metric on � is called a word metric. The group � acts isometrically by
left translations on the Cayley graph C(�, S), and this action of � is a fundamental
object that is used in the geometrical study of �.

(vi) Riemannian metric. Let M be a differentiable manifold. (For our purpose,
it suffices to suppose that M is of class C1, although in order to use efficiently the
language and the techniques of Riemannian geometry, one has to suppose that M is
at least of class C2.) We recall that a Riemannian metric on M is a map that assigns
to each point x in M an inner product gx on the tangent vector space TxM such that
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for each open subset U of M and for each tangent vector fields X and Y on U , the
map g : U → R defined by x �→ gx(X(x), Y (x)) is of class C1. For every C1 path
γ : [a, b] → M , its “length” L∗

g(γ ) is defined as

L∗
g(γ ) =

∫ b

a

‖γ ′(t)‖ dt,

where, for each t in [a, b], we have

‖γ ′(t)‖ = gγ (t)(γ
′(t), γ ′(t))1/2.

Then, the metric d of M is defined by setting the distance d(x, y) between any two
points x and y in M to be equal to the infimum of the “lengths” of C1 paths in M
joining them. The Riemannian manifold M , equipped with this metric, is a length
metric space. (This is easy to see but it does not follow trivially from the definition;
one has to prove that the length Ld(γ ) of a C1 path γ is indeed equal to L∗

g(γ ).)

(vii) Hyperbolic space. For each n ≥ 2, we can define the n-dimensional hyper-
bolic space Hn by equipping the open unit ball Bn of Rn,

Bn = {(x1, . . . , xn) ∈ Rn :
n∑
i=0

x2
i < 1},

with the metric whose “line element” ds is given by

ds = 2

√
dx2

1 + · · · + dx2
n

1 − ‖x‖2 ,

where ‖x‖ denotes the Euclidean norm of the element x. This means that the length
of any piecewise C1-path γ : [a, b] → Bn is equal to

L(γ ) =
∫ b

a

ds =
∫ b

a

2

√
γ ′2

1(t)+ · · · + γ ′2
n(t)

1 − (γ1(t)2 + · · · + γn(t)2)
dt,

where for each i = 1, . . . , n, γi(t) is the i-th coordinate of γ (t). (This is similar to
the formula that allows one to compute the length of a C1-path in Euclidean space; cf.
Proposition 1.3.1.) The distance between two points in Bn is set to be the infimum of
the lengths of C1-paths joining them. This defines a length metric on Bn, because the
sum of the distances appearing in the formula giving the total variation of a path γ
with respect to a subdivision can always be approximated by the length of a C1-path
joining the endpoints of γ . The ball Bn, equipped with this metric, is a model of the
n-dimensional hyperbolic space Hn that is called the conformal (or Poincaré) ball
model . This metric on Bn is complete and it is usually referred to as the Poincaré
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metric of the ball. There are several nice formulas for the hyperbolic distance dBn(x, y)
between two points x and y in Bn. For instance, we have

cosh dBn(x, y) = 1 + 2‖x − y‖2

(1 − ‖x‖2)(1 − ‖y‖2)
.

The case of dimension 2 is particularly interesting and is a central object in complex
analysis. To see some of its properties, considerB2 as the subset of the complex plane
defined by

B2 = {ζ ∈ C, |ζ | = 1}.
The following formula gives the Poincaré distance in terms of moduli of complex
numbers: given two complex numbers ζ and ζ ′ in B2, we have

dB2(ζ, ζ ′) = 1

2
ln

1 + ∣∣ ζ ′−ζ
1−ζ ′ζ

∣∣
1 − ∣∣ ζ ′−ζ

1−ζ ′ζ
∣∣ .

The Poincaré model of hyperbolic geometry appeared for the first time in [122]. For
a concise exposition of hyperbolic geometry, leading directly to modern developments,
we refer the reader to W. P. Thurston’s mimeographed notes [134], his book [137],
and the book [14] by R. Benedetti and C. Petronio. See also [11] and [124]

Let us also note that there is a formula for the Poincaré metric of the ball that
makes use of the cross-ratio of four points; we shall return to this matter in Chapter 5.

There is an explicit parametrization of geodesic segment joining two points in B2,
similar in some sense to the parametrization of geodesic segments joining points in
Euclidean space: for ζ and ζ ′ in B2, the map γ : [0, 1] → B2 defined by

γ (t) =
t
ζ ′−ζ
1−ζ ′ζ + ζ

1 + tζ
ζ ′−ζ
1−ζ ′ζ

is an affinely reparametrized geodesic joining them.
For the record, we also mention the upper half-space model of Hn. This is the

subset
Hn = {(x1, . . . , xn) ∈ Rn : xn > 0}

of Rn equipped with the metric for which the line element ds is given by

ds =
√
dx2

1 + · · · + dx2
n

xn
.

In this model, the hyperbolic distance dHn(x, y) between two points x = (x1, . . . , xn)

and y = (y1, . . . , yn) satisfies the relation

cosh dHn(x, y) = 1 + ‖x − y‖2

2xnyn
.
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Again, in the case n = 2, there is an explicit formula that gives the distance
between two points in H 2 considered as a subset of the complex plane,

H 2 = {ζ ∈ C | Im(ζ ) > 0},
which is most useful in complex analysis. For ζ and ζ ′ in H 2, we have

dH 2(ζ, ζ ′) = 1

2
ln

(
|ζ − ζ ′| + |ζ − ζ ′|
|ζ − ζ ′| − |ζ − ζ ′|

)
.

(viii) Finsler metric. A Finsler metric on a differentiable manifoldM is a map that
assigns to each point x inM a norm on the tangent space TxM . Such a norm does not
necessarily come from an inner product as in the case of a Riemannian manifold. The
“length” of a piecewise C1-path γ : [a, b] → M is defined as

∫ b
a

‖γ ′(t)‖ dt . From
that, one defines a length metric on M , in the same way as we did in Example (vi)
above, for the case of a Riemannian manifold. Thus, Finsler manifolds generalize
Riemannian manifolds. Considering the tangent vectors as “infinitesimal elements”,
one can consider that at the infinitesimal level, a Riemannian metric is a Euclidean
vector space whereas a Finsler metric is a general finite-dimensional normed vector
space.

Finsler spaces are named after Paul Finsler who introduced them in 1918 (see [47]).

(ix) The Carathéodory pseudo-distance for complex manifolds. Although the
Carathéodory pseudo-distance, which we recall now, is not always a distance, we
mention it here because of the importance of the idea that lies behind its definition, an
idea which is close to the one that is at the basis of the definition of a length space. (In
fact, as we shall see, the two ideas are in some sense dual to each other.) Furthermore,
the definition of the Carathéodory pseudo-distance is at the origin of the Kobayashi
pseudo-distance, which is of paramount importance in the study of complex manifolds
and of maps between them. In the general case, the Carathéodory pseudo-distance is
a length pseudo-distance, and in some cases it is a length metric. The idea behind this
definition of the Carathéodory pseudo-distance is at the heart of many constructions
in the theory of length spaces like, for instance, that of the length metric defined in
Proposition 2.1.5 below and the discussion that follows it. To define the Carathéodory
pseudo-distance, we letD = B2 be the 2-dimensional disk equipped with its Poincaré
metric dD . For any complex manifold X and for any x and y in X, we set

dC(x, y) = sup
f

dD
(
f (x), f (y)

)
,

where the supremum is taken over the set of holomorphic maps f : X → D. This
clearly defines a pseudo-metric onX. A classical argument that uses Ascoli’s theorem
shows that the supremum is achieved by a holomorphic map.

In the case whereX is the unit diskD, using the Schwarz–Pick lemma, it is easy to
see that the Carathéodory pseudo-distance ofD coincides with the Poincaré metric of
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that disk (see [91] p. 49). On the other hand, isX is the n-dimensional complex plane
Cn, the Carathéodory pseudo-distance vanishes identically. (This is a consequence of
Liouville’s theorem which says that a bounded holomorphic function on C is constant.)

Let us also note that the Carathéodory pseudo-distance can be defined at the in-
finitesimal level, and in fact, it is a pseudo-Finsler metric, that is, lengths of paths
are obtained by integrating pseudo-norms of tangent vectors along these paths. More
precisely, if v is a tangent vector at a point x inX, then the pseudo-norm of v is defined
as

‖v‖ = sup
f

{dfx(v)}

where the supremum is again taken again over the set of holomorphic mapsf : X → D.
The Carathéodory pseudo-distance was introduced by Constantin Carathéodory in

[33] and [34]. Carathéodory also gave the infinitesimal version of this pseudo-distance.

(x) The Kobayashi pseudo-distance for complex manifolds. Let X be again a
complex manifold. The Kobayashi pseudo-distance onX is some sort of “dual” to the
Carathéodory pseudo-distance (the word “dual” is used by Kabayashi himself) where
instead of considering holomorphic maps f : X → D, one considers holomorphic
maps f : D → X. Before defining the Kobayashi pseudo-distance dK , one defines,
for all x and y in X, the map d ′

K : X ×X → R by

d ′
K(x, y) = inf

f
dD(a, b),

where the infimum is taken over all holomorphic maps f : D → X and over all a and
b in D satisfying f (a) = x and f (b) = y. The map d ′

K is not a pseudo-distance
because it does not satisfy the triangle inequality. The Kobayashi pseudo-metric dK

is then defined as the largest pseudo-distance satisfying dK ≤ d ′
K .

There are some very nice equivalent definitions of the Kobayashi pseudo-distance,
and we now recall some of them, because they follow the scheme of some general
definitions in the theory of length spaces.

One of these definitions uses the notion of analytic chain in X. If x and y are two
arbitrary points inX, then, an analytic chain joining x and y is a sequence f1, . . . , fn
of holomorphic maps fi : D → X, together with two sequences of points ζ1, . . . , ζn
and ζ ′

1, . . . , ζ
′
n in D satisfying f1(ζ1) = x, fn(ζ ′

n) = y and for all j = 1, . . . , n− 1,
fj (ζ

′
j ) = fj+1(ζj+1). The Kobayashi pseudo-distance is then equal to

dK(x, y) = inf{dD(ζ1ζ
′
1)+ · · · + dD(ζnζ

′
n)}

where the infimum is taken over all analytic chains joining x and y.
The Kobayashi pseudo-distance is also characterized by the fact that it is the largest

pseudo-distance on X such that any holomorphic map f : D → X is non-expanding
(that is, f satisfies |f (x)− f (y)| ≤ |x − y|).

There is also an infinitesimal version of the Kobayashi pseudo-distance, defined
as follows: for any x in X and for any tangent vector v at x, the pseudo-norm of v is
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defined as
‖v‖ = inf

v′ {‖v′‖D}
where v′ is a tangent vector to the disk D, ‖v′‖ is the norm of v′ with respect to the
metric ofD, and where the infimum is taken over all vectors v′ inD such that there is a
holomorphic maps f : D → Xwhose derivative sends v′ to v. The Kobayashi pseudo-
distance between two points is equal to the infimum of this pseudo-norm integrated
over all C1 paths joining the two points, as in the case of a Finsler metric.

The first examples of Kobayashi pseudo-distances are those of the complex plane
C, of the punctured complex plane C \ {0} and of the unit disk D. For the case of
the complex plane C, using the fact that homotheties of this plane are holomorphic,
we can find, for any x and y in C and for any ε > 0, a holomorphic map f : D → C

satisfying f (0) = x and f (ε) = y, which implies dC(x, y) ≤ ε for any ε ≥ 0,
and therefore dC(x, y) = 0. For the case of the punctured complex plane C \ {0},
one uses the existence of a surjective holomorphic map C → C \ {0}, for instance,
the exponential map z �→ ez, and the fact that holomorphic maps are distance-non-
expanding for the Kobayashi pseudo-metric. Since the Kobayashi-pseudo-metric of
C is identically zero, the Kobayashi pseudo-metric of C \ {0} is also identically zero.
The Kobayashi pseudo-metric of C \ {0, 1} is a metric. It is also easy to see, using
the Schwarz–Pick lemma (which is one way of saying that holomorphic mappings are
distance non-expanding), that the Kobayashi pseudo-metric of the disk D coincides
with its Poincaré metric. Likewise, the Kobayashi pseudo-metric associated to a
complex structure on a (real) surface coincides with its hyperbolic metric. From this
point of view, one can consider the Kobayashi pseudo-metric associated to a complex
manifold as a generalization of the hyperbolic (or Poincaré) metric associated to a
1-dimensional complex manifold.

The Kobayashi pseudo-distance was introduced by Shishichi Kobayashi in 1967
(see [90]). The infinitesimal description of this pseudo-distance was given by H. L. Roy-
den in [126].

Let us finally note that the Kobayashi pseudo-distance is always bounded below
by the Carathéodory pseudo-distance.

(xi) Thurston’s pseudo-metric on complex projective surfaces. We describe here
Thurston’s construction of a pseudo-metric for complex projective surfaces, because
it is in the same spirit as that of the Carathéodory and the Kobayashi pseudo-metrics.
We recall that a complex projective structure on a surface is a maximal atlas of charts
with values in the complex projective plane CP 1 and whose coordinate changes are
restrictions of projective transformations of CP 1, that is to say, elements of PSL(2,C).
At the infinitesimal level, this metric is defined as follows: for any CP 1-manifold X,
for any point x inX and for any tangent vector v at x, the pseudo-norm of v is defined
as

‖v‖ = inf ‖w‖D,
where the infimum is taken over all vectors v in the Poincaré disk D such that there
exists a projective map f : D → X satisfying df (w) = v. From the definitions, it is
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easy to see that Thurston’s pseudo-metric is always bounded below by the Kobayashi
pseudo-metric. In the 1970s, Thurston introduced new ideas and techniques, including
the above definition, in the study of projective structures, but he did not publish
anything on that subject. For interesting properties and applications of Thurston’s
pseudo-metric, we refer the reader to the paper [130] by H. Tanigawa.

(xii) Gluing. Finally, let us give an example of a length space that is obtained by
gluing two metric spaces of apparently different nature. Consider a (connected or non-
connected) hyperbolic surface S with geodesic boundary, this boundary consisting of
two closed geodesics having the same length L, and consider a compact Euclidean
cylinder whose boundary curves have equal lengthL. Connecting the boundary curves
ofC via the cylinderC by an isometric map (see Figure 2.1), we obtain a surface which

Figure 2.1. The cylinder is Euclidean and the two other surfaces are hyperbolic.

we shall callX. We can equipX with a length metric by defining the distance between
two arbitrary points as the infimum of the lengths of paths joining them. Here, the
length of a path γ is defined to be the sum of the lengths of subpaths γ1, . . . , γn, where
γ is decomposed as a concatenation γ1 ∗ · · · ∗ γn, with the image of each γi lying
either in the hyperbolic or in the Euclidean part of X, and where the length of γi is
computed with respect to the original metric of that component. (For this definition,
we can restrict to paths γ that can be written as finite concatenations γ = γ1 ∗ · · · ∗γn,
with each γi , as above, having its image in the Euclidean part or in the hyperbolic
part.) Clearly, the resulting metric onM is a length metric, and it is not a Riemannian
metric. Such structures on surfaces appear in Thurston’s work on complex projective
structures (see for instance the papers [130] and [101] by Tanigawa and by McMullen).
In that theory, the operation of inserting the Euclidean cylinder into the hyperbolic
surface is called “grafting”. The projective structure obtained by this operation is used
in an essential way, but so far in this theory the underlying length structure does not
play any important role.

Let us now return to general metric spaces. If (X, d) is a metric space, we define
a map d� from X ×X to the extended real line R ∪ {∞} by setting

d�(x, y) = inf
γ
L(γ ),

where the infimum is taken over the set of paths γ joining x and y.
The following lemma will be useful below.
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Lemma 2.1.4. Let X be a length space, let x and y be two points in X and let α and
β be two nonnegative real numbers satisfying α + β ≥ |x − y|. Then for any ε > 0,
we can find a point z in X satisfying |x − z| ≤ α and |z− y| ≤ β + ε.

Proof. Let γ : [a, b] → X be a path joining x and y and satisfyingL(γ ) ≤ |x−y|+ε.
Without loss of generality, we can suppose that α ≤ L(γ ). By Corollary 1.2.6, we
can assume that γ is parametrized by arclength. If we set z = γ (a + α), then

|x − z| ≤ L(γ|[a,a+α]) = α

and

|z− y| ≤ L(γ|[a+α,b]) = L(γ )− α ≤ |x − y| + ε − α ≤ β + ε. 
�

Proposition 2.1.5. Let (X, d) be a metric space that is connected by rectifiable paths.
Then d� is a metric on X and we have |x − y|d ≤ d�(x, y) for every x and y in X.

Proof. Let x and y be two arbitrary points in X and let γ : [a, b] → X be a path
joining them. By inequality (1.1.1.1) of Chapter 1, we have |x − y|d ≤ L(γ ), which,
by taking the infimum over all paths γ joining x and y, implies |x − y| ≤ d�(x, y).

Now let us prove that d�(x, y) is a metric. To every path γ : [a, b] → X, we
associate a path γ ′ : [a, b] → X defined, for t in [a, b], by γ ′(t) = γ (a+ b− t). It is
clear that γ ′ joins y and x and that L(γ ) = L(γ ′). Thus, we have d�(y, x) ≤ d�(x, y)

for all x and y, which, by symmetry, implies d�(x, y) = d�(y, x). Now suppose
that d�(x, y) = 0. From the inequality |x − y| ≤ d�(x, y) we obtain |x − y| = 0,
which implies x = y. To prove that d� is a metric, it remains to show that the triangle
inequality is satisfied. Let x, y and z be three arbitrary points in X, let k = d�(x, y)

and let k′ = d�(y, z). For any ε > 0, let γ : [a, b] → X be a path joining x and y and
satisfying L(γ ) ≤ d�(x, y) + ε/2 and let γ ′ : [a, b] → X be a path joining y and z
and satisfying L(γ ′) ≤ d�(y, z)+ ε/2. We define the path γ ′′ : [a, b+ b′ − a′] → X

by setting

γ ′′(t) =
{
γ (t) if t ∈ [a, b],
γ ′(t − b + a′) if t ∈ [b, b + b′ − a′].

Obviously, we have L(γ ′′| [a,b]) = L(γ ). On the other hand, the path γ ′′
| [b,b+b′−a′]

is obtained from γ ′ by the change of parametersψ : [b, b+b′ −a′] → [a′, b′] defined
by ψ(t) = t + a′ − b. Therefore, we have L(γ ′′

| [b,b+b′−a′]) = L(γ ′). This implies

L(γ ′′) = L(γ )+ L(γ ′) ≤ d�(x, y)+ d�(y, z)+ ε.

Taking the infimum over the paths γ ′′ joining x and z, we obtain d�(x, z) ≤ d�(x, y)+
d�(y, z)+ε. Since this holds for every ε > 0, we obtain d�(x, z) ≤ d�(x, y)+d�(y, z).
This proves Proposition 1.5. 
�
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Definition 2.1.6 (The length metric associated to a metric). We call the metricd�, that
is associated by Proposition 2.1.5 to a metric space (X, d) that is connected by recti-
fiable paths, the length metric of X associated to d.

Proposition 2.1.7. Let (X, d) be a metric space that is connected by rectifiable paths.
Then the identity map (X, d�) → (X, d) is continuous.

Proof. This follows from the fact that for allx andy inX, we have, by Proposition 2.1.5,
d(x, y) ≤ d�(x, y). 
�

Thus, the topology defined by the length metric d� is finer than the topology defined
by the metric d (that is, the open sets for d are also open sets for d�). In general, the
two topologies do not coincide, as we can see from the following examples.

Examples 2.1.8 (The topology induced from a length metric).

(i) Consider the Euclidean plane E2 and let X be the subset of E2 defined as

X = ([0, 1] × {1}) ∪ ({0} × [0, 1])⋃
n≥1

({1/n} × [0, 1])

(see Figure 2.2). We equipX with the metric induced from that of the plane. Consider
the sequence of points (pn)n≥1 in X where for each n ≥ 1, pn = (1/n, 0), and let
p = (0, 0). We have d(pn, p) → 0 when n → ∞, whereas d�(pn, p) ≥ 2 for all n.
Thus, the identity map (X, d) → (X, d�) is not continuous.

Figure 2.2. A comb (Example 2.1.8 (i)).

(ii) Consider the Koch curve of Example 1.1.11. (More generally, we can take,
instead of the Koch curve, any path γ in the Euclidean plane E2 that is everywhere
locally non-rectifiable.) Let K ⊂ E2 be the image of that curve and consider the
natural embedding of E2 in 3-dimensional Euclidean space E3. We choose an arbitrary
point p in E3 \ E2 and we let D ⊂ E3 be the union of the segments [p, z] for all z
in K . We equip D with the metric d induced from its inclusion in E3. This makes D
homeomorphic to a closed disk. Since no subpath of the Koch curve is rectifiable, the
only rectifiable paths in D are those that can be obtained as a concatenation of paths
whose images are contained in segments of the form [p, z] with z inK and where the
concatenation takes place at the pointp. Therefore, if d� is the length metric associated
to d, then the distance d�(x, y), for any x and y in D, is equal to d(x, y) if x and y
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belong to the same segment of the form [x, z] with z ∈ K , and to d(p, x)+ d(p, y)

if the pair x, y is not contained in such a segment. The space D equipped with the
topology defined by the metric d� is not homeomorphic to a closed disk since for
any point x in D that is distinct from p, a small enough open ball centered at x is
homeomorphic to an open interval of R and not to a 2-dimensional disk.

Proposition 2.1.9. Let (X, d) be a metric space and let γ : [a, b] → (X, d) be a
rectifiable path. Then γ is continuous for the metric d�. (In other words, the map
γ : [a, b] → (X, d�) is also a path.)

Proof. For all t0 and t in [a, b], we have, by the additivity of length (Proposition 1.1.12),

d�
(
γ (t0), γ (t)

) ≤ L(γ|[t0,t]) = |L(γ|[a,t])− L(γ|[a,t0])|.
Thus, by Proposition 1.1.13 , we obtain d�

(
γ (t0), γ (t)

) → 0 as t → t0. This proves
that γ is continuous with respect to the metric d�. 
�

Proposition 2.1.10. Let (X, d)be ametric space that is connected by rectifiable paths.
Then (X, d) is a length space if and only if d� = d.

Proof. By definition, (X, d) is a length space if and only if for all x and y in X, we
have d(x, y) = infγ L(γ ), where the infimum is taken over the paths γ joining x and
y, that is, if and only if d(x, y) = d�(x, y). 
�

Proposition 2.1.11. Let (X, d) be a metric space, let d� be the associated length
metric and let γ : [a, b] → X be a path in (X, d�). Then γ is also a path in (X, d)
and we have Ld(γ ) = Ld�(γ ).

Proof. The fact that γ is a path for the metric d follows from the continuity of the
identity map (X, d�) → (X, d) (Proposition 2.1.7). To show the equality of the two
lengths, let σ = (ti)i=0,...,n be a subdivision of [a, b]. The inequality d ≤ d� (Propo-
sition 2.1.5) implies V dσ (γ ) ≤ V

d�
σ (γ ). By taking the supremum over subdivisions σ ,

we obtain Ld(γ ) ≤ Ld�(γ ). On the other hand, we have

V d�σ (γ ) =
n−1∑
i=0

d�|γ (ti)− γ (ti+1)| ≤
n−1∑
i=0

Ld(γ|[ti ,ti+1]) = Ld(γ ).

Thus, we obtain Ld�(γ ) ≤ Ld(γ ). We conclude that Ld�(γ ) = Ld(γ ), which com-
pletes the proof of Proposition 2.1.11. 
�

We deduce the following

Corollary 2.1.12. Let (X, d) be a metric space that is connected by rectifiable paths.
Then (X, d�) is a length space.



2.1 Length spaces 47

Proof. For every x and y in X, we have, by definition,

d�(x, y) = inf
γ
Ld(γ ),

where the infimum is taken over the set of paths γ (for the metric d) joining x and y.
Without loss of generality, we can restrict to rectifiables paths. By Proposition 2.1.9,
such a path is also a path for d�.

Now if γ is any rectifiable path for d�, then, by Proposition 2.1.11, γ is a path for
d and Ld�(γ ) = Ld(γ ). We deduce that

d�(x, y) = inf
γ
Ld�(γ ),

where the infimum is taken over the set of paths γ joining x and y that are continuous
and rectifiable for d�. This proves Corollary 2.1.12. 
�

Corollary 2.1.13. Let (X, d) be a metric space that is connected by rectifiable paths.
Then the length metric associated to d� is the metric d� itself.

Proof. By Corollary 2.1.12, (X, d�) is a length space. Therefore, by Proposition 2.1.10,
we obtain (d�)� = d�.

Definition 2.1.14 (The intrinsic metric of a subspace). LetX′ be a subspace of a met-
ric space (X, d), with X′ equipped with the metric induced from the metric d. We
suppose that the metric space X′ is connected by rectifiable paths. We shall call the
intrinsic metric of X′ the length metric on X′ associated to this induced metric.

Corollary 2.1.12 implies that X′, equipped with its intrinsic metric, is a length
space. With respect to this metric, the distance between two points in X′ can be
defined using the lengths of paths in this space, with no reference to an ambient space;
this is the reason for which this metric is called intrinsic. In particular, if the space
(X, d) is itself connected by rectifiable paths, then the intrinsic metric of X is the
length metric d� associated to (X, d).

To see an example, let X = En or Hn for some n ≥ 2 and let P be a finite subset
of X. Then, the subspace metric on X \ P is a length metric, and therefore it is the
intrinsic metric of that subspace. However, if we consider a (closed or open) ball Bn

of positive radius inX, then the subspace metric onX \Bn is not a length metric, and
therefore it is not the intrinsic metric.

We recall that the diameter of a metric space X is defined as

diam(X) = sup
x,y∈X

d(x, y).

A bounded subset of a metric space is a subset of finite diameter, with respect to the
metric induced on that subset.
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The following theorem is a general version of a theorem in differential geometry
that is attributed to H. Hopf and W. Rinow. It gives a characterization of compact
subsets of complete locally compact length spaces that is analogous to the well-known
characterization of compact subsets of R: the compact subsets are the closed and
bounded subsets. The proof that we give here follows that of Gromov in [56] p. 9.

Theorem 2.1.15 (Hopf–Rinow). Let X be a complete and locally compact length
space. Then the compact subsets of X are the closed and bounded subsets of this
space.

Proof. We prove the non-trivial part of the statement, that is, the fact that any closed
and bounded subset of X is compact. For that it suffices to prove that any closed ball
in X is compact. Without loss of generality, we shall suppose that diam(X) = ∞.

Let x be a point inX and let us consider a closed ballB(x, r) of center x and radius
r > 0.1 Since X is locally compact, B(x, r) is compact if r is small enough. We
claim that this ball is compact for all r > 0. To see this, we first prove the following

Lemma 2.1.16. LetX be a complete length space, let x be a point inX and let ρ be a
positive real number such that for all r < ρ, the closed ball B(x, r) is compact. Then
the closed ball B(x, ρ) is also compact.

Proof. We recall that a metric space is said to be precompact if for every ε > 0, we
can cover this set with a finite number of balls of radii ≤ ε and that in a complete
metric space, a subset is compact if and only if it is closed and precompact. Therefore,
it suffices to prove that B(x, ρ) is precompact.

Let ε be a positive real number. Without loss of generality, we take ε small enough
so that ρ − (ε/3) > 0 and we take r satisfying ρ − ε/3 < r < ρ. By compactness
of B(x, r), we can find a finite sequence of points x1, . . . , xn in X such that B(x, r)
is contained in the union of the closed balls B(xi, ε/3). Now let y be an element in
B(x, ρ). Since X is a length space, we can find, by Lemma 2.1.4, a point z in X such
that |x − z| ≤ ρ − ε/3 and |z − y| ≤ 2ε/3. Therefore, z ∈ B(x, r) and there exists
an integer i in {1, . . . , n} such that z ∈ B(xi, ε/3). The inequality |y − z| ≤ 2ε/3
implies |y−xi | ≤ |y−z|+ |z−xi | ≤ ε, which shows that B(x, ρ) is contained in the
union of the balls B(xi, ε). Thus, B(x, ρ) is compact. This proves Lemma 2.1.16. 
�

Now we continue the proof of Theorem 2.1.15.
Again, let us consider an arbitrary point x in X and let

Ix = {r ≥ 0 such that the closed ball B(x, r) is compact}.
1We warn the reader that in this book, B(x, r) sometimes denote a closed ball of radius x and center r ,

and sometimes it denotes an open ball of center x and radius r; of course, each time we specify whether
the ball is closed or open.
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We have 0 ∈ Ix . Furthermore, if Ix contains some point t , then it contains the whole
interval [0, t] (we use the fact that a closed subset of a compact set is compact). Thus,
Ix is an interval of [0,∞[ and 0 is an endpoint of that interval. By Lemma 2.1.16, the
interval Ix is closed and therefore either it is of the form [0, ρ], with ρ < ∞, or it is
equal to [0,∞[. We show that the first case cannot occur, and this will complete the
proof of Theorem 2.1.15.

We reason by contradiction. We assume that Ix = [0, ρ] with ρ < ∞. For each
y in X, let ry be a positive real number such that the closed ball B(y, ry) is compact.

Such an ry exists since X is locally compact. For all r ≥ 0, we denote by
�
B(y, r)

the open ball with center y and radius r . We have B(x, ρ) ⊂ ⋃
y∈B(x,ρ)

�
B(y, ry/2).

Since the closed ball B(x, ρ) is compact, there exists a finite set F ⊂ B(x, ρ) such

that B(x, ρ) ⊂ ⋃
y∈F

�
B(y, ry/2).

We set r0 = miny∈F ry/2. We have r0 > 0. We show that the ball B(x, ρ + r0/2)
is compact, and this will give the desired contradiction.

Let z be an arbitrary point in B(x, ρ + r0/2). Thus, |x − z| ≤ ρ + r0/2. Since X
is a length space, by Lemma 2.1.4, there exists a point u in X satisfying |x − u| ≤ ρ

and |u − z| ≤ r0. Thus, we have u ∈ B(x, ρ), and therefore there exists an element

y in F such that u ∈ �
B(y, ry/2). On the other hand, we have |z − u| ≤ r0 ≤ ry/2,

which gives

|z− y| ≤ |z− u| + |u− y| ≤ ry/2 + ry/2 = ry,

which implies that z ∈ �
B(y, ry). Thus, we obtain B(x, ρ + r0) ⊂ ⋃

y∈F B(y, ry),
which implies that the ball B(x, ρ + r0) is compact, which is a contradiction. This
proves Theorem 2.1.15. 
�

Example 2.1.17. The following three examples show that in Theorem 2.1.15, we
cannot discard any of the hypotheses.

(i) Let R be equipped with the metric δ defined by δ(x, y) = min(1, |x− y|). It is
easy to see that the topology induced from δ on R is the usual topology (in fact, for any
metric space (X, d), the identity map (X, d) → (X,min(1, d)) is a homeomorphism
since the two metrics coincide locally) and that (R, δ) is complete and locally compact.
This space is not a length space since for all x and y in R satisfying |x − y| > 1, we
have δ(x, y) = 1 whereas δ�(x, y) = |x − y| > 1. The space (R, δ) is a closed and
bounded subset of itself and it is not compact.

(ii) The open interval ]0, 1[ equipped with its usual metric is a length space that is
locally compact and not complete. Here also, the space itself is a closed and bounded
subset of itself and it is not compact.

(iii) Let X be an infinite-dimensional Banach space. As any normed space, X is a
length space (see Example 2.1.3 (ii) above). This space is not locally compact since
its unit ball B(0, 1) ⊂ X is a closed bounded subset of X which is not compact.
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The following simple fact about the existence of paths of bounded length will be
useful in the next chapter.

Proposition 2.1.18. LetX be a length space, let x be a point inX and let r be a positive
real number. For each y and z in the open ball B(x, r) of radius r and center x, there
exists a path γ : [a, b] → X of length < 2r joining y and z. Furthermore, the image
of any such path is contained in the open ball B(x, 2r) of center x and radius 2r .

Proof. By the triangle inequality, we have |y−z| ≤ |y−x|+|z−x| < 2r . SinceX is
a length space, there exists a path γ : [a, b] → X of length < 2r joining y and z. Let
us show that the image of such a path is necessarily contained in B(x, 2r). We reason
by contradiction. Suppose that there exists t in [a, b] such that γ (t) is not contained
in B(x, 2r). Then we would have

|y − γ (t)| ≥ |x − γ (t)| − |x − y| > r

and
|z− γ (t)| ≥ |x − γ (t)| − |x − z| > r.

Therefore, we obtain

L(γ ) = L(γ|[0,t])+ L(γ|[t,b]) ≥ |y − γ (t)| + |z− γ (t)| > 2r,

which is a contradiction. 
�

2.2 Geodesics

Definition 2.2.1 (Geodesic path, geodesic line and geodesic ray). Let X be a metric
space. A geodesic path (or, simply, a geodesic) in X is a path γ : [a, b] → X that is
distance-preserving, that is, such that |γ (t1) − γ (t2)| = |t1 − t2| for all t1 and t2 in
X. A geodesic ray in X is a distance-preserving map γ : [0,∞[→ X, and a geodesic
line in X is a distance-preserving map γ : R → X.2

It follows easily from the definition that geodesic paths, geodesic rays and geodesic
lines are injective and that the restriction of a geodesic path to a closed sub-interval
of its domain is again a geodesic path.

Definition 2.2.2 (Geodesic segment and straight line). Let X be a metric space. A
geodesic segment in X is the image of a geodesic path in X. A straight line in X is
the image of a geodesic line in this space.

2We warn the reader that the definition of geodesic that we use here is more restrictive than the usual
definition of geodesic in Riemannian geometry (which is also the definition used by Busemann, see [28]
p. 32), where a geodesic is a locally distance-preserving map.
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If a path γ : [a, b] → X joins two points x and y, then we say that the geodesic
segment γ ([a, b]) joins these two points. We note that in general, if x and y are two
points in a metric space X, there might exist zero, one or more than one geodesic
segment joining them. We denote by [x, y] the geodesic segment γ ([a, b]) provided
there is no possible ambiguity.

Example 2.2.3. L be a nonempty Euclidean open segment in E2 and letX = E2 \L,
equipped with the induced (subspace) metric. Then, it is clear that at the two endpoints
of the segmentL, there is not uniqueness of prolongation of geodesics and that geodesic
segments in X are concatenations of Euclidean segments. It is also easy to see that if
instead of removing an open Euclidean segment L we remove a closed segment, then
such a phenomenon does not occur (see Figure 2.3).

x

z

y

L

Figure 2.3. L is an open segment and X = E2 \ L. The geodesic segments joining x to y and
z are concatenations of Euclidean geodesic segments. Prolongation of geodesics is not unique
(Example 2.2.3).

Natural parametrization of a geodesic segment. The points on a geodesic segment
[x0, x1] are naturally parametrized by the interval [0, 1]. In this parametrization, we
shall denote by xt , or by (1 − t)x0 + tx1, the point on [x0, x1] situated at distance
t |x0 − x1| from the point x0.

Lemma 2.2.4. Let [x, y] be a geodesic segment in a metric space X and let
γ1 : [a1, b1] → X and γ2 : [a2, b2] → X be two geodesics whose images are [x, y].
Then the two intervals [a1, b1] and [a2, b2] of R have the same length and there exists
a unique real number α such that γ2(t) = γ1(t +α) for all t in [a2, b2]. In particular,
the paths γ1 and γ2 have the same length.

Proof. Since a geodesic map is injective, there exists a map, that we denote by
γ ′

1 : [x, y] → [a, b] and that is a “left inverse” of γ1, that is, γ ′
1 satisfies the relation

γ ′
1 � γ1 = Id[x,y]. Since geodesic paths are distance-preserving, the map γ ′

1 � γ2 is a
translation between intervals of R, and the result follows. 
�
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Of course, there is a similar result for geodesic lines: two geodesic lines γ1 : R →
X and γ2 : R → X have the same image if and only if there exists a real number α
such that γ2(t) = γ1(t + α) for all t in R.

From Lemma 2.2.4, we can make the following definition that will be useful for
us later on:

Definition 2.2.5 (The length of a geodesic segment). The length of a geodesic seg-
ment [x, y] in a metric space X is the length of an arbitrary geodesic path in X whose
image is [x, y].
Remark (Length pseudo-metric spaces). Given a space equipped with a pseudo-
distance, one can compute the “lengths” of paths with respect to this pseudo-distance,
by considering subdivisions of the domain of the path and defining the length as the
supremum over all total variations of pseudo-distances with respect to subdivisions
of this domain, imitating the definition of the length metric d� associated to a met-
ric d. One says that the pseudo-metric space is a length pseudo-metric space if the
pseudo-distance between any two points is equal to the infimum of the pseudo-lengths
of paths joining them. It is known that the Kobayashi pseudo-distance is always
a length pseudo-metric whereas the Carathéodory pseudo-distance is not (see [91]
p. 54). Theodore Barth and then Jean-Pierre Vigué gave several interesting examples
in which the Carathéodory pseudo-distance is not a length pseudo-metric (see [10]
and [140]).

Proposition 2.2.6. Let X be a metric space and let γ : [a, b] → X be a geodesic
path. Then γ is parametrized by arclength.

Proof. Let u and v be two real numbers satisfying a ≤ u < v ≤ b. For any subdivision
σ = (ti)i=1,...,n of [u, v], we have

Vσ (γ| [u,v]) =
n−1∑
i=0

|γ (ti)− γ (ti+1)| =
n−1∑
i=0

(ti+1 − ti ) = v − u.

Therefore,
L(γ|[u,v]) = sup

σ
Vσ (γ| [u,v]) = v − u,

which shows that γ is parametrized by arclength. 
�

Proposition 2.2.7. Let X be a metric space and let γ : [a, b] → X be a path which
is parametrized by arclength. The following three properties are equivalent:

(i) γ is a geodesic;

(ii) for all real numbers u and v satisfying a ≤ u ≤ v ≤ b, we have

|γ (a)− γ (v)| = |γ (a)− γ (u)| + |γ (u)− γ (v)|;
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(iii) L(γ ) = |γ (a)− γ (b)|.

Proof. Let us first show that (i) ⇒ (ii). If γ is a geodesic, then, for all u and v satisfying
a ≤ u ≤ v ≤ b, we have

|γ (a)− γ (v)| = v − a = v − u+ u− a = |γ (u)− γ (v)| + |γ (a)− γ (u)|.
Now let us show that (ii) ⇒ (iii). Let σ = (ti)i=0,...,n be a subdivision of [a, b].

By applying (n− 2) times Property (ii), we have

Vσ (γ ) =
n−1∑
i=0

|γ (ti)− γ (ti+1)| = |γ (a)− γ (b)|.

Taking the supremum over all subdivisions σ , we obtain L(γ ) = |γ (a)− γ (b)|.
Finally, let us prove that (iii) ⇒ (i). We have, for all a ≤ u ≤ v ≤ b,

L(γ ) = |γ (a)− γ (b)|
≤ |γ (a)− γ (u)| + |γ (u)− γ (v)| + |γ (v)− γ (b)|
≤ |γ (a)− γ (u)| + L(γ| [u,v])+ |γ (v)− γ (b)|
≤ L(γ| [a,u])+ L(γ| [u,v])+ L(γ| [v,b])
= L(γ ).

Therefore, all the inequalities in the last sequence are equalities and we have,
for every u and v in [a, b], |γ (u) − γ (v)| = L(γ| [u,v]). Since γ is parametrized by
arclength, we haveL(γ|[u,v]) = |γ (u)−γ (v)|, which implies |γ (u)−γ (v)| = |u−v|,
which shows that γ is a geodesic. 
�

Definition 2.2.8 (Affinely reparametrized geodesic). Let γ : [a, b] → X be a path in
a metric space X. We say that γ is an affinely reparametrized geodesic3 if either γ is
a constant path or there exists a geodesic path γ ′ : [c, d] → X such that γ = γ ′ � ψ
where ψ : [a, b] → [c, d] is the unique affine homeomorphism between the intervals
[a, b] and [c, d], that is, the map defined by

ψ(x) = (
(d − c)x + (bc − ad)

)
/(b − a).

Proposition 2.2.9. If γ : [0, 1] → X is an affinely reparametrized geodesic, then for
all real numbers u and v satisfying 0 ≤ u ≤ v ≤ 1, we have |γ (u) − γ (v)| =
L(γ )|u− v|.

Proof. Using the arguments of Proposition 1.2.9 about paths parametrized pro-
portionally to arclength, we obtain |γ (u) − γ (v)| ≤ L(γ )|u − v|. Writing γ =

3Some authors use here the term affine geodesic. We prefer the term affinely reparametrized geodesic
to avoid confusion with affine geodesic paths in normed vector spaces (Chapter 5 below).
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γ ′ � ψ , with γ ′ : [c, d] → X a geodesic path in X and with ψ : [a, b] → [c, d]
an affine homeomorphism, we have, for all u and v satisfying 0 ≤ u ≤ v ≤ 1,
|γ ′(ψ(u))− γ ′(ψ(v))| = L(γ|[ψ(u),ψ(v)]). From that, we see that under our hypothe-
ses, the large inequality in the proof of Proposition 1.2.9 is an equality, which implies
that |γ (u)− γ (v)| = L(γ )|u− v|. This proves Proposition 2.2.9. 
�

The next proposition is a partial converse to the preceding one:

Proposition 2.2.10. Let X be a metric space, let γ : [0, 1] → X be a path and let K
be a nonnegative real number satisfying |γ (u)− γ (v)| = K|u− v| for all u and v in
[0, 1]. Then γ is an affinely reparametrized geodesic and K = L(γ ).

Proof. IfK = 0, then γ is a constant path, and therefore, by definition, it is an affinely
reparametrized geodesic. Now, suppose that K is positive. Let ψ : [0,K] → [0, 1]
be the affine map defined by ψ(u) = u/K for all u in [0,K] and let γ ′ : [0, 1] → X

be the composed map γ � ψ . Then we have, for all u and v in [0,K],

|γ ′(u)− γ ′(v)| = |γ � ψ(u)− γ � ψ(v)| = |γ (u/K)− γ (v/K)| = |u− v|,

which shows that γ ′ is geodesic. Thus, γ is an affinely reparametrized geodesic. The
fact that the domain of γ ′ is the interval [0,K] implies that L(γ ′) = K , which gives
L(γ ) = K . 
�

Lemma 2.2.11. Let X be a metric space and let [x, y] and [y, z] be two geodesic
segments in X (having y as a common point). Then the union [x, y] ∪ [y, z] is a
geodesic segment if and only if |x − z| = |x − y| + |y − z|.

Proof. Let γ1 and γ2 be two geodesic paths inX whose images are respectively [x, y]
and [y, z] and let γ = γ1 ∗ γ2 be their concatenation . If |x − z| = |x − y| + |y − z|,
then L(γ ) = |x − z|, which shows that γ is geodesic. Then the union [x, y] ∪ [y, z],
which is the image of γ , is a geodesic segment in X.

Conversely, if [x, y]∪[y, z] is a geodesic segment, then this segment is an embed-
ded image of a closed interval, which shows that the intersection of the two segments
[x, y] and [y, z] is reduced to the point y. This implies that the union [x, y] ∪ [y, z] is
the image of a geodesic path γ which is the concatenation of two geodesic paths γ1 and
γ2 whose images are respectively [x, y] and [y, z]. Thus, we have |x − y| = L(γ1),
|y − z| = L(γ2) and

|x − y| + |y − z| = L(γ1)+ L(γ2) = L(γ ) = |x − z|.

This completes the proof of Lemma 2.2.11. 
�

The following notion was introduced by Menger.
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Definition 2.2.12 (Betweenness). Given three points x, y and z in a metric space, we
say that y lies between x and z if these three points are pairwise distinct and if we
have |x − z| = |x − y| + |y − z|.

It is clear that the relation of betweenness is symmetric in the following sense:
if y lies between x and z, then y lies between z and x. The following proposition
expresses a transitivity property for this relation.

Proposition 2.2.13 (Transitivity of betweenness). Let X be a metric space and let x,
y, z and t be pairwise distinct points of X. Then we have the following equivalence:

y lies between x and z and z lies between x and t

�
y lies between x and t and z lies between y and t.

Proof. If y lies between x and z and if z lies between x and t , then

|x − y| + |y − z| = |x − z|
and

|x − z| + |z− t | = |x − t |.
Then we have

|x − t | = |x − z| + |z− t | = |x − y| + |y − z| + |z− t |
which gives

|x − t | ≥ |x − y| + |y − z| ≥ |x − t |,
and therefore the two inequalities in the previous line are equalities. Thus, we obtain

|x − y| + |y − t | = |x − t |
and

|y − z| + |z− t | = |y − t |,
which says that y lies between x and t and that z lies between y and t . The converse
implication follows by symmetry. 
�

Warning. Some other forms of “transitivity” of betweenness are not true in general.
For instance, by considering points on a great circle in the sphere S2, it is easy to
construct examples of points x, y, z and t with y lying between x and z, with z lying
between y and t , but where z does not lie between x and t .
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Proposition 2.2.14 (Betweenness and existence of geodesics). Let X be a geodesic
space and let x, y and z be three points in X. Then y lies between x and z if and only
if these three points are pairwise distinct and if there exists a geodesic segment [x, z]
containing y.

Proof. This follows from Lemma 2.2.11. 
�

We also note the following fact that will be useful for us:

Proposition 2.2.15. Let X be a metric space, let x be a point in X and let r be a
positive real number. If y and z are points in the open (respectively closed) ball of
center x and radius r and if γ : [a, b] → X is a geodesic path joining y and z, then
the image of γ is contained in the open (respectively closed) ball of center x and
radius 2r .

Proof. The proof consists of a slight variation of the proof of Proposition 2.1.18, and
we omit it. 
�

Let us note that in general, one cannot expect a better conclusion than that of
Proposition 2.2.15, as the following example shows. Let X be the unit sphere S2

equipped with its intrinsic length metric. We recall that in this metric, the geodesic
segments are subarcs of great circles and that the total length of a great circle is equal
to 2π . Consider a point x inX, let r be a real number that is slightly greater than π/2
and let y and z be two points in B(x, r) that are situated on a great circle C containing
the point x and satisfying |x − y| > π/2 and |x − z| > π/2, with x lying between y
and z. Finally, let γ be a geodesic path in X joining y and z. The image of γ is the
arc of the great circle that joins y and z and that contains the point that is antipodal
to x. We have L(γ ) < 2r and the image of γ is almost entirely contained in the
complement of the ball B(x, r).

2.3 Limits of geodesics

Proposition 2.3.1 (Limits of geodesic paths). Let X be a metric space and for ev-
ery integer n ≥ 0, let γn : [a, b] → X be a geodesic (respectively an affinely
reparametrized geodesic). If the sequence (γn) converges pointwise to a map
γ : [a, b] → X, thenγ is a geodesic (respectively anaffinely reparametrizedgeodesic).

Proof. We prove the proposition in the case where each γ is a geodesic. The proof
for affinely reparametrized geodesics can be done by composing with appropriate
affine maps. For every t1 and t2 in [a, b] and for every n = 1, 2, . . . , we have
|γn(t1)− γn(t2)| = |t1 − t2|. By the continuity of the distance function, we obtain

lim
n→∞ |γn(t1)− γn(t2)| = |γ (t1)− γ (t2)| = |t1 − t2|,
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which shows that γ is a geodesic. 
�
Proposition 2.3.2. Let X be a compact metric space and for every n ≥ 0 let
γn : [a, b] → X be an affinely reparametrized geodesic. Then the sequence (γn)n≥0
has a subsequence which converges uniformly to an affinely reparametrized geodesic.

Proof. For all n ≥ 0, we have L(γn) = |γn(a) − γn(b)|. Since X is compact,
its diameter is finite. Therefore, the sequence

(
L(γn)

)
n≥0 is bounded above by a

constant that is independent of n. Then Proposition 1.4.11 implies that (γn)n≥0 has
a subsequence that converges uniformly to a path γ . By Proposition 2.3.1, γ is an
affinely reparametrized geodesic path. 
�
Proposition 2.3.3. Let X be a metric space and for every integer n ≥ 0, let
γn : [0, 1] → X be an affinely reparametrized geodesic. If the sequence (γn)n≥0

converges pointwise to an affinely reparametrized geodesic γ : [0, 1] → X, then this
convergence is uniform.

Proof. We reason by contradiction. Suppose that the convergence of (γn) to γ is not
uniform. Then we can find a real number ε > 0 such that for every integern0 ≥ 0, there
exists an integer n ≥ n0 and a real number tn in [a, b] such that |γn(tn)− γ (tn)| ≥ ε.
Therefore, we can find a sequence of integers (ni)i≥0 that tends to infinity as i → ∞
and a sequence (tni )i≥0 of real numbers in [a, b] satisfying |γni (tni )− γ (tni )| ≥ ε for
all ni ≥ 0. Since the interval [a, b] is compact, we can assume, up to passing to a
subsequence, that the sequence (tni ) converges to some point t in [a, b] as i → ∞.
For all i ≥ 0, the path γni is, up to a change of parameter, a geodesic path. Therefore,
we have L(γni ) = |γni (0)− γni (1)| and since (γni )i≥0 converges pointwise to γ as i
tends to infinity, the sequence

(
L(γni )

)
i≥0 converges to L(γ ) = |γ (0) − γ (1)|. Let

us set M = L(γ ) + 1. Then, under our hypotheses, there exists an integer N > 0
such that for all ni ≥ N , the following three conditions are satisfied:

L(γni ) ≤ M,

|γni (t)− γ (t)| ≤ ε

4M
,

and
|tni − t | ≤ ε

4
.

Thus we have, for all ni ≥ N ,

ε ≤ |γni (tni )− γ (tni )|
≤ |γni (tni )− γni (t)| + |γni (t)− γ (t)| + |γ (t)− γ (tni )|
= L(γni )|tni − t | + |γni (t)− γ (t)| + L(γni )|tni − t |
≤ M|tni − t | + |γni (t)− γ (t)| +M|tni − t |
= ε

4
+ ε

4
+ ε

4
= 3ε

4
,
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which is a contradiction. Therefore, the sequence (γn) converges uniformly to γ . 
�

2.4 Geodesic spaces

Definition 2.4.1 (Geodesic space). A metric space X is said to be geodesic if given
two arbitrary points in X there exists a geodesic path that joins them.

Proposition 2.4.2. A geodesic space is a length space.

Proof. Let X be a geodesic space, let x and y be two arbitrary points in X and let
γ : [a, b] → X be a geodesic joining them. We have |a− b| = |x − y| and since γ is
parametrized by arclength, we have |a−b| = L(γ ). Hence, we obtain |x−y| = L(γ ),
which implies that X is a length space. 
�

Examples 2.4.3 (Geodesic spaces).

(i) Euclidean space. For any n ≥ 0, Euclidean space En is a geodesic space; a
geodesic segment joining any two points in En is the affine segment joining them.

(ii) Spheres. For any n ≥ 0, the sphere Sn equipped with its intrinsic metric
associated to the metric induced by its inclusion as the unit sphere in Rn+1 is a length
space; we already recalled that for any two points in Sn, a geodesic segment joining
them is a subset of the great circle passing through these points.

(iii) Hyperbolic space. For every n ≥ 2, n-dimensional hyperbolic space Hn is a
geodesic space. In this space, any geodesic segment is contained in a straight line. In
the conformal ball model Bn of this space (see Example 2.1.3 (vii) above), straight
lines are of two sorts (see Figure 2.4 (a)):

• the intersection of the unit ball Bn with a Euclidean circle of Rn that meets
perpendicularly the boundary of Bn, or

• a diameter of Bn.

In the upper half-space modelHn of Hn, straight lines are also (from the Euclidean
point of view) of two sorts (see Figure 2.4 (b)):

• the intersection of Hn with a vertical Euclidean straight lines of Rn, or

• the intersection ofHn with a circle of Rn that meets perpendicularly the boundary
of Hn.

By examining any one of these models, one can easily see that any two points in
Hn are joined by a geodesic. We also see from the description of the geodesics in the
conformal ball model that if r : [0,∞[→ Bn is a geodesic ray, then, r(t) converges
(in the Euclidean metric of the closed ball) to a point in the sphere Sn−1, considered
as the boundary of Bn. We shall denote by r(∞) the limit point of the geodesic ray r .
Likewise, any geodesic line γ : R → X has two distinct limit points on the sphere
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(a) (b)

Figure 2.4. Geodesics in the ball model and in the upper half-plane model of hyperbolic plane.

Sn−1, the point γ (−∞) = limt→−∞ γ (t) and the point γ (∞) = limt→∞ γ (t) (again,
the limits are taken with respect to the Euclidean metric of the closed ball).

(iv) Convex subsets of normed vector spaces. This example is more general than
example (i) above. Any convex subset of a normed vector space, equipped with the
induced metric, is a geodesic space (see Proposition 5.3.7 below).

(v) Teichmüller space. Let S = Sg be a closed oriented surface of genus g ≥ 1.
The Teichmüller space Tg of S is the space of isotopy classes of hyperbolic structures
on that surface. We recall that a hyperbolic structure on S is a collection of local charts
{(Ui, ϕi)}i∈� where {Ui}i∈� is a collection of open subsets of S whose union covers
S and where for each i ∈ � , ϕi is a homeomorphism from Ui onto an open subset of
hyperbolic space H2 such that any map of the form ϕi �ϕ−1

j is a local isometry of H2,
whenever it is defined.

Equivalently, Tg is the space of isotopy classes of conformal structures on S.4 We
also recall that a conformal structure on S is a collection of local charts {(Ui, ϕi)}i∈�

where {Ui}i∈� is a set of open subsets of S whose union covers this surface and
where for each i ∈ � , ϕi is a homeomorphism from Ui onto an open subset of the
complex plane C such that any map of the form ϕi � ϕ−1

j is holomorphic, wherever

4We note that in the case of a non-compact surface, the definition of Teichmüller space is more involved.
For instance, given two integers n and g that are both ≥ 1, if Sn,g is the surface obtained from the closed
surface Sg by removing n points (which we shall call the punctures), then, the Teichmüller space Tg,n
of Sn,g is the space of equivalence classes of complete and finite volume hyperbolic metrics on Sg,n.
Equivalently, the hyperbolic metrics considered have the property that the neighborhood of each puncture
of Sg,n is isometric to a cusp, that is, a neighborhood of infinity in the quotient of a region in the upper
half-plane model of H2 of the form {(x, y) | y > k} by a map of the form z �→ z + c. If one uses the
point of view of conformal structures, then, the conformal structures considered on Sg,n are such that the
neighborhood of each puncture is conformally equivalent to a punctured disk in the complex plane.
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it is defined. A surface equipped with a conformal structure is also called a Riemann
surface. The space Tg has a natural topology that makes it homeomorphic to R6g−6 if
g ≥ 2 and to R2 if g = 1. This topology is induced by several interesting metrics, the
most famous one being the Teichmüller metric. Let us recall its definition. First, one
defines the Teichmüller distance between two hyperbolic metrics on S as the infimum
of the dilatations of diffeomorphisms of S that are isotopic to the identity, where the
domain space is S equipped with the first metric and the target space is S equipped
with the second metric. More precisely, if g1 and g2 are hyperbolic metrics on S and
if f : (S, g1) → (S, g2) is a diffeomorphism, then, the dilatation of f is defined as

K(f ) = sup

(
sup{‖dfx(u)‖ such that u ∈ TxS, ‖u‖ = 1}
inf{‖dfx(u)‖ such that u ∈ TxS, ‖u‖ = 1}

)
.

In this formula, the norm of the tangent vector dfx(u) is measured with respect to the
metric g2 and the norm of the tangent vector u is measured with respect to the metric
g1. The Teichmüller distance between g1 and g2 is equal to

d(g1, g2) = 1

2
inf{logK(f )}

where the infimum is taken over the set of diffeomorphisms of S that are isotopic to
the identity. The value d(g1, g2) is invariant if we replace g1 or g2 by an isotopic
metric. Therefore, d defines a map on Tg × Tg , which is the Teichmüller metric.

The Teichmüller metric is a complete geodesic metric and each pair of distinct
points in Tg is contained in a unique straight line. For g = 1, Teichmüller space
equipped with the Teichmüller metric is isometric to the hyperbolic plane H2. All these
results are due to Teichmüller (see [131]; see also Bers’s paper [15] for a more modern
treatment). There is a nice description of the geodesic lines of the Teichmüller metric
(which are called Teichmüller geodesics) in terms of pairs of transverse measured
foliations on S. In this description, the local coordinates of the conformal structure
varying along a geodesic path, are deformed in a very simple manner, which is similar
to the most natural affine deformation of a rectangle. Let us describe this deformation
in a few lines. A measured foliation on a surface is a foliation equipped with a measure
on transverse arcs which is invariant by isotopies of the transverse arcs in which each
point of stays on the same leaf. The foliations considered are allowed to have singular
points of the types described in Figure 2.5 (i.e. k-prong singularities with k being any
integer ≥ 3). At the singular points, the transversality of two foliations is described
in Figure 2.6.

A pair of transverse measured foliations F1 and F2 on S defines a conformal struc-
ture, and in fact, a privileged class of local parameters, in the following manner. In
the neighborhood of each non-singular point, there is a natural parameter z = x + iy,
where x is a parameter along the leaves of F1 and y a parameter along the leaves
of F2, and where distances along the leaves of each of these foliations are measured
by using the transverse measure of the other foliation. In this way, the leaves of F1
(respectively F2) are locally defined by the equation y = constant (respectively x =
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Figure 2.5. k-prong singular points with k = 1, 2, 3.

Figure 2.6. Two transverse foliations at a singular point.

constant). The local parameters z = x + iy in the neighborhoods of the various
nonsingular points are compatible with each other and they define a conformal struc-
ture on the complement of the singular points. This conformal structure extends in a
unique way to a conformal structure on the whole surface S. Thus, the pair (F1, F2)

of measured foliations determines a conformal structure on S. The leaves of the
foliations F1 and F2 are mutually orthogonal with respect to this structure at each
nonsingular point. A Teichmüller geodesic is then a map � : R → Tg of the form
�(t) = (e−tF1, e

tF2), where F1 and F2 are measured foliations and where for any
λ > 0, λF denotes the measured foliation obtained from F by multiplying its trans-
verse measure by the factorλ. The pair (e−tF1, e

tF2) is identified here with the confor-
mal structure determined by the pair of transverse measured foliations (e−tF1, e

tF2).
In terms of the local coordinates z = x+ iy, the variation of the conformal structure is
defined by (x, y) �→ (etx, e−t y). We refer the reader to the paper [84] by S. Kerckhoff
for a description of the Teichmüller metric and for interesting results on the behaviour
of geodesic rays in Teichmüller space.

Let us finally note that the Teichmüller metric is a Finsler metric (this is a result of
Earle and Eells, cf. [44]), that Teichmüller space has a natural structure of a complex
manifold and that (by a result of Royden, cf. [125]), the Teichmüller metric is equal
to the Kobayashi pseudo-metric of this complex manifold (and therefore, this pseudo-
metric is a metric).

Example 2.4.4 (A non-geodesic length space). For all n ≥ 2, Euclidean space En

with a point p removed is a length space which is not a geodesic space. Indeed, if x



62 2 Length spaces and geodesic spaces

and y are two distinct points in En \ {p} such that the segment [x, y] of En contains
p, then there is no geodesic path in En \ {p} joining x and y.

Proposition 2.4.5. Let X be a locally compact length space. Then every point x in
X has a neighborhood U = U(x) such that for every y and z in U , there exists a
geodesic path in X joining them.

Proof. Let x be a point in X. Since X is locally compact, we can find a positive
real number r such that the open ball B(x, 2r) of center x and radius 2r has compact
closure inX. Now letU be the open ballB(x, r) and let y and z be two arbitrary points
in U . Since X is a length space, there exists a sequence (γn)n≥0 of paths in X joining
y and z such that L(γn) converges to |y − z| as n → ∞. Thus, for n large enough,
we have L(γn) < 2r and by Proposition 2.1.18, the image of γn is contained in the
closure of the ballB(x, 2r). Since this closure is compact, it is complete, and Ascoli’s
Theorem (Theorem 1.4.9) shows that there exists a subsequence (γni )i≥0 of (γn)n≥0
that converges to a path γ . The path γ joins y and z, its length is equal to |y − z| and
without loss of generality, we can assume that γ is parametrized by arclength. Then
Proposition 2.2.7 shows that γ is a geodesic path and Proposition 2.1.8 shows that the
image of γ is contained in B(x, 2r). 
�

The next result is also attributed to H. Hopf and W. Rinow :

Theorem 2.4.6 (Hopf–Rinow: proper length spaces are geodesic). LetX be a proper
length space. Then for every x and y inX, there exists a geodesic path that joins these
points.

Proof. Proposition 1.4.12 shows that there exists a path of length |x − y| joining x
and y. We may assume without loss of generality that this path is parametrized by
arclength. Therefore, by Proposition 2.2.7, this path is a geodesic. 
�

Remark. There are other useful forms of the theorem of Hopf–Rinow that combine
Theorems 2.1.15 and 2.4.6, and we mention as an example the following statement,
contained in [30], that Busemann considers as a generalization of the theorem of
Hopf–Rinow due to Cohn-Vossen:

LetX be a locally compact length space. Then, the following three conditions are
equivalent:

• the closed balls in X are compact;

• X is complete;

• every half-open geodesic path can be completed to a geodesic path; in other
words, every distance-preserving map from a half-open interval [a, b[⊂ R intoX can
be extended to a distance-preserving map [a, b] → X.
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By the Theorem of Hopf and Rinow (Theorems 2.4.6 and 2.1.15), a length space
is geodesic if and only if it is complete and locally compact. It should be pointed
out that these two hypotheses are necessary in order to have the conclusion of that
theorem. Indeed, the space En (n ≥ 2) with a point removed is locally compact, and
it is not geodesic. The hypothesis that X is locally compact is also necessary, as the
following example shows:

Example 2.4.7. Let X be a metric graph having exactly two vertices x and y and
an infinite number of edges en (n = 1, 2, . . . ), each such edges joining the vertices
x and y and such that for every n ≥ 1, the length of en is equal to 1 + 1/n. The
graphX is equipped with the associated length metric d (see Example 2.1.3 (iv)). The
length space (X, d) is complete and it is not locally compact. There is no geodesic
path joining the vertices x and y, since the length of any path joining these two points
is > 1, whereas |x − y| = 1.

We can push this point further and prove the existence of local geodesics in ho-
motopy classes with fixed points, using Ascoli’s theorem. We first need to make the
following definition:

Definition 2.4.8 (Local geodesic). LetX be a metric space and let γ : [a, b] → X be
a path. Then γ is said to be a local geodesic if for all t in [a, b] we can find a closed
interval I (t) containing t in its interior such that the restriction of γ to I (t)∩ [a, b] is
geodesic.

Proposition 2.4.9. If γ : [a, b] → X is a local geodesic, then γ is parametrized by
arclength.

Proof. By compactness of [a, b], there exists a finite number of open intervals
I1, . . . , Ik in R that cover [a, b] and such that for all i = 1, . . . , k, the restriction
of γ to Ii ∩ [a, b] is geodesic, and therefore parametrized by arclength. Let t0, . . . , tn
be the sequence of points in [a, b], ordered increasingly, that is obtained by taking
the union of the set {a, b} with the set of endpoints of the intervals Ii intersected with
[a, b]. This sequence is a subdivision (ti)i=0,...,n of [a, b] and the restriction of γ to
[ti , ti+1] is parametrized by arclength, for all i = 0, . . . , n− 1. By Proposition 1.2.7,
γ is parametrized by arclength. 
�

In the same way as for geodesic paths, it is often useful to deal with local geodesics
pre-composed with affine maps, and we make the following definition:

Definition 2.4.10 (Affinely reparametrized local geodesic). Let γ : [a, b] → X be a
path. We say that γ is an affinely reparametrized local geodesic if either γ is a constant
map or there exists a local geodesic γ ′ : [c, d] → X such that γ = γ ′ � ψ , where
ψ : [a, b] → [c, d] is the unique affine homeomorphism between the intervals [a, b]
and [c, d].



64 2 Length spaces and geodesic spaces

Proposition 2.4.11. Let X be a proper length space such that for each point p in
X there exists a positive real number r such that the open ball B(p, r) is simply
connected, let x and y be two points in X and suppose that there exists a rectifiable
path g joining x and y. Then, there exists a local geodesic joining x and y that is
homotopic with fixed endpoints to g.

Proof. By Proposition 1.4.13, there exists a path γ : [a, b] → X joining x and y
whose length is shortest in the homotopy class with fixed endpoints of g. We may
assume without lost of generality that γ is parametrized by arclength. Let us show
that γ is a local geodesic. Given t in [a, b], let r be a positive real number such that the
open ball B(γ (t), r) of center γ (t) and radius r is simply connected and let [t1, t2] be
a closed interval containing t in its interior and satisfying γ ([t1, t2]) ⊂ B(γ (t), r/2).
We claim that the restriction of γ to [t1, t2] is a geodesic path. We prove this by
contradiction. Suppose that γ|[t1,t2] is not geodesic. Since X is proper, there exists a
path γ ′ joining γ (t1) to γ (t2) whose length is strictly less than the length of γ|[t1,t2].
By Proposition 2.2.15, the image of γ ′ is contained in B(γ (t), r) and since this ball
is simply connected, the path γ ′ is homotopic with fixed endpoints to γ|[t1,t2]. This
implies that the path obtained from γ by replacing γ|[t1,t2] by γ ′ is homotopic to γ
with endpoints fixed, and its length is strictly less than the length of γ , which is a
contradiction. Thus, γ|[t1,t2] is geodesic. This completes the proof of the fact that γ is
a local geodesic. 
�

We introduce two more notions that will be useful for us later on in these notes:

Definition 2.4.12 (Straight metric space). A metric spaceX is said to be straight ifX
is a geodesic metric space and if any geodesic segment in X is contained in a straight
line.

Example 2.4.13 (Straight metric spaces). From the descriptions we gave in Exam-
ples 2.4.3, Euclidean space En, hyperbolic space Hn and Teichmüller space Tg are
straight.

Definition 2.4.14 (Uniquely geodesic space). A metric spaceX is said to be uniquely
geodesic if for any x and y inX, there exists a unique geodesic segment joining them.

The study of geodesic paths in uniquely geodesic spaces is more convenient than
in general metric spaces. For instance, in a proper uniquely geodesic space X, a
sequence of affinely parametrized geodesic paths γn : [0, 1] → X converges to a
geodesic path γ : [0, 1] → X if and only if the two sequences of endpoints γn(0) and
γn(1) converge respectively to the points γ (0) and γ (1). (This follows for instance
from Ascoli’s theorem.) Furthermore, in a uniquely geodesic metric space X, one
can talk about convex combinations of points: if x0 and x1 are any points in X, then,
for any t in [0, 1], xt is the unique point on the geodesic segment [x0, x1] satisfying
|x0 − x1| = t . We start with a few examples of uniquely geodesic metric spaces.
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Examples 2.4.15 (Uniquely geodesic spaces).

(i) Euclidean and hyperbolic spaces. For every n ≥ 0, Euclidean space En and
hyperbolic space Hn are uniquely geodesic spaces. For hyperbolic space, this follows
from the description of the geodesics in that space that we recalled in Examples 2.4.3
above.

(ii) R-trees. An R-tree is a metric space X that is characterized by the following
two properties:

• for all x and y in X, there exists a unique topological segment that joins them
(a topological segment being, by definition, a subset of X that is the homeomorphic
image of a closed interval of R);

• any topological segment in X is a geodesic segment.

It follows from this definition that an R-tree is a uniquely geodesic space.
The notion of R-tree was introduced by J. Tits in [138], as a generalization of

the notion of local Bruhat–Tits building for rank-one groups, which itself generalizes
the notion of simplicial tree. R-trees made their appearance as an essential tool is the
study of groups acting on hyperbolic manifolds in the work of J. Morgan and P. Shalen
[112].

A particular class of R-trees is the class of simplicial metric trees, that is, of
metric graphs that are simply connected, equipped with one of the metrics defined in
Example 2.1.3 (iv) above. An example of an R-tree that is not homeomorphic to a
simplicial tree is the two-dimensional plane R2 equipped with the metric for which
the distance between two points x and y is equal to the Euclidean norm ‖x − y‖ if
x and y are situated on a Euclidean straight line passing through the origin, and to
‖x‖ + ‖y‖ otherwise.

A special class of simplicial trees is that of homogeneous simplicial trees, to which
we shall refer later on. We first recall that the valency of an edge in a simplicial graph
is equal to the number of edges, counted with multiplicity, to which that edge belongs.
In visual terms, the valency of a vertex is the number of edges that locally abut on that
vertex. It is easy to see that in a simplicial tree, the two vertices of any edge are distinct.
Now for any integer ≥ 2, a homogeneous tree of degree n is a metric simplicial tree
that is nonempty and in which each vertex has valency n. The simplicial tree of degree
n is unique up to homeomorphism, but of course, as a metric spaces, it depends on the
choice of the lengths of its edges.

(iii) Teichmüller space. For g ≥ 1, the Teichmüller space Tg of a closed Riemann
surface of genus g ≥ 1, equipped with its Teichmüller metric, is a uniquely geodesic
space. This is one of the results of Teichmüller; cf. [132], which is also contained in
[133]. For a more recent exposition, we refer the reader to Kerckhoff’s paper [84].

(iv) Normed vector spaces. Normed vector spaces, that we study in Chapters 5
and 7, are examples of geodesic spaces, but not all of them are uniquely geodesic. We
shall see that any normed vector spaces whose norm is associated to an inner product
is an example of a uniquely geodesic space.
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There exist length spaces in which there are points that have no neighborhoods that
are uniquely geodesic (with respect to the metric induced on these neighborhoods).
Let us give two examples of such spaces. In the first example, no point in the space
has a neighborhood that is uniquely geodesic, and in the second example, every point
except an isolated point has a neighborhood that is uniquely geodesic.

Examples 2.4.16 (Non locally uniquely geodesic spaces).

(i) �1 norm. Consider the vector space R2 equipped with the metric associated to
the �1 norm, that is, the norm defined by ‖(x1, y1)− (x2, y2)‖ = |x1 −y1|+ |x2 −y2|.
Any path in this space whose image is an “escalator” (see Figure 2.7) or, more generally,
any path whose image is the graph of a monotonic function is a geodesic segment.
Therefore there are infinitely many geodesic segments joining any two points in that
space, provided these points have distinct first and second coordinates.

Figure 2.7. An escalator (Example 2.4.16 (i)).

(ii) Euclidean cone. Consider a metric space that contains a point having a neigh-
borhood isometric to a Euclidean cone whose angle at the vertex is < 2π . To obtain
such a space, we can take a standard Euclidean cone embedded in Euclidean 3-space,
equipped with the length metric induced from its embedding, but we prefer the fol-
lowing cut-and-paste construction, which permits for later use the construction of
Euclidean cones with an arbitrary angle in ]0,∞[. We start with a disk centered at the
originO of the Euclidean plane, and we take in that disk a region R situated between
two radii OA and OB making an angle α (the region R will be a “fundamental do-
main” for the cone; see Figure 2.8). We then identify the two radii OA and OB by
a length-preserving map. The quotient space of the region R by this identification is
a Euclidean cone with vertex angle α. Now let us consider a third radius OC in the
fundamental domain making equal angles with the two radii OA and OB. Any point
on the image of the radius OA (or, equivalently, on the image of the radius OB) in
the quotient space X can be joined by two distinct geodesics to a point on the image
of the radius OC except if this point is the image of O.
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A

B

O

Figure 2.8. The shaded region is a fundamental domain for the Euclidean cone of Exam-
ple 2.4.16 (ii).

2.5 Geodesic convexity

Definition 2.5.1 (Geodesically convex subspace). LetX be a uniquely geodesic space.
A subspace A of X is said to be geodesically convex if for every x and y in A, the
geodesic segment [x, y] is contained in A.

It is clear that if A is a geodesically convex subset of X and if f : X → X is an
isometry, then f (A) is also a geodesically convex subset.

In hyperbolic space Hn, open and closed balls are geodesically convex subsets.
We note that such sets are also geodesically convex with respect to the Euclidean
metric, in either the upper half-plane model Hn or the ball model Bn. However, it is
easy to exhibit examples of subsets in these two models that are geodesically convex
with respect to the hyperbolic metric but not with respect to the Euclidean metric, and
others that are geodesically convex with respect to the Euclidean metric but not with
respect to the hyperbolic metric.

Let us note that for subsets of metric spaces that are not uniquely geodesic, there is
more than one notion of geodesic convexity which could be useful, and none of these
notions is more natural than the others. Indeed, we can ask that for any pair of points
in the subset, at least one geodesic segment joining them is contained in the subset, or
we can ask that for any pair of points in the given subset, any geodesic segment joining
them is contained in the subset. For uniquely geodesic spaces, these two notions of
convexity coincide, which makes the definition of geodesic convexity in such a metric
space natural, and the convexity results simpler (or at least simpler to state).

We now study some properties of geodesic convexity in uniquely geodesic metric
spaces.
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Proposition 2.5.2 (Intersection and union). Let X be a uniquely geodesic space.
Then the intersection of any family of geodesically convex subsets of X is geodesi-
cally convex and the union of any increasing family of geodesically convex subsets is
geodesically convex.

Proof. The proof is clear. 
�

Proposition 2.5.3 (Closure). Let X be a proper uniquely geodesic space and let A
be a geodesically convex subset of X. Then its closure Ā is geodesically convex.

Proof. Given x and y in Ā, we take two sequences (xn)n≥0 and (yn)n≥0 inA converging
to x and y respectively and for every n ≥ 0 we let γn : [0, 1] → X be an affinely
reparametrized geodesic joining xn to yn. By Ascoli’s Theorem (Theorem 1.4.9), the
sequence (γn)n≥0 has a subsequence (γni )i≥0 that converges to a path γ : [0, 1] → X

joining x and y and by an easy limiting argument, γ is an affinely reparametrized
geodesic. For all t in [0, 1], γ (t), being the limit of the sequence (γni (t)), is in Ā

The image of γ is the unique geodesic segment in X joining x and y. This proves
that NA is geodesically convex. 
�

It is not true that in an arbitrary uniquely geodesic space, the interior of a geodesi-
cally convex subset is geodesically convex. In fact, the interior of a geodesically
convex subset need not even be connected, as we can see by taking a simplicial metric
tree T that contains a vertex v of valency ≥ 3 and taking as a subsetA of T a geodesic
segment containing v in its interior. Then the interior ofA does not contain v, therefore
it is not connected.

Definition 2.5.4 (Geodesic convex hull). Let X be a uniquely geodesic space and let
A be a subset of X. Then, the geodesic convex hull of A is the intersection of all the
geodesically convex subsets of X that contain A.

Since the spaceX is geodesically convex, the geodesic convex hull of any nonempty
subsetA ofX exists and is nonempty. Furthermore, as an intersection of geodesically
convex subsets, the geodesic convex hull is geodesically convex.

The following proposition gives a step-by-step construction of the geodesic convex
hull:

Proposition 2.5.5. Let X be a uniquely geodesic space and let A be a subset of X.
We set C0(A) = A and for every integer n ≥ 0, we let Cn+1(A) be the union of all the
geodesic segments in X that join pairs of points in Cn(A). Then, the geodesic convex
hull C(A) of A is given by

C(A) =
⋃
n≥0

Cn(A).
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Proof. The union
⋃
n≥0 Cn(A) is an increasing union. Using the fact that the convex

hullC(A) is geodesically convex, it is easy to see by induction that for each n ≥ 0, the
set Cn(A) is contained in C(A). Thus, we have

⋃
n≥0 Cn(A) ⊂ C(A). Conversely,

if x and y are two points in
⋃
n≥0 Cn(A), then they belong to a set Cn(A) for some

integer n ≥ 0. Hence, the segment [x, y] is contained in Cn+1(A) and therefore
in
⋃
n≥0 Cn(A). Thus, the set

⋃
n≥0 Cn(A) is geodesically convex and therefore it

contains C(A). This proves that C(A) = ⋃
n≥0 Cn(A). 
�

We note that this construction is analogous to a classical construction of the affine
convex hull of a subset A of a vector space, and that (in the context of vector spaces)
the least element k in N ∪ ∞ satisfying

C(X) =
⋃

0≤n≤k
Cn(X)

is called the Brunn number of A (see Definition 5.1.24 below).
We close this section with some considerations on strict convexity in uniquely

geodesic metric spaces.

Definition 2.5.6 (Strictly geodesically convex subset). Let X be a uniquely geodesic
space. We say that a subset A of X is strictly geodesically convex if for every x and y
inA, any point on the geodesic segment [x, y] that is distinct from x and y is contained
in the interior of A.

In particular, if A contains at least two elements, then the interior of A has to be
nonempty. Any open geodesically convex subset ofX is strictly geodesically convex.

It is easy to produce examples of families of strictly geodesically convex subsets
whose intersection is not strictly geodesically convex. For instance, take the family
of open ε-neighborhoods of a closed square in E2; each element in this family is
an open geodesically convex set, therefore it is strictly geodesically convex. But
the intersection of this family is the closed square, that is geodesically convex but
not strictly. In fact, the same argument works if we take, instead of the open ε-
neighborhoods of a closed square, closed ε-neighborhoods of a closed square. These
closed ε-neighborhoods are also strictly geodesically convex.

2.6 Menger convexity

The following notion was introduced by Menger in [103].

Definition 2.6.1 (Menger convexity).5 A metric spaceX is said to be Menger convex,
or convex in the sense of Menger, if for all distinct points x and y in X, there exists a

5Menger calls such a space a “convex space” and Busemann in [28] calls it M-convex.
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point z that lies between them. We recall from Definition 2.11 that this means that z
is distinct from x and from y and that we have

|x + z| + |z+ y| = |x + y|.

Theorem 2.6.2 (Menger convexity and geodesic metric). Let X a proper metric
space. The four following properties are equivalent:

(i) the space X is convex in the sense of Menger;

(ii) for all x and y in X, there exists a point z in X such that

|x − z| = |y − z| = (1/2)|x − y|;
(iii) for all x and y in X and for all positive real numbers d1 and d2 satisfying

d1 + d2 = |x − y|, there exists a point z in X such that |x − z| = d1 and
|y − z| = d2;

(iv) X is geodesic.

Proof. Implications (ii) ⇒ (i) and (iii) ⇒ (ii) are clear. We prove (iv) ⇒ (iii), (ii) ⇒ (iv)
and (i) ⇒ (ii) in that order.

Suppose that Condition (iv) is satisfied. For every t in [a, b], let γt = γ|[a,t].
Since γ is parametrized by arclength, we have L(γt ) = t − a. In particular, the
map t �→ L(γt ) is continuous. Its value is 0 for t = a and |x − y| for t = b.
Thus, if d1 and d2 are as in (iii), then, by the mean value theorem, there exists c in
[a, b] such that L(γc) = d1. By the additivity of length (Proposition 1.1.12), we
obtain L(γ|[c,b]) = d2. Now let z = γ (c). We have |x − z| ≤ L(γc) = d1 and
|y − z| ≤ L(γ|[c,b]) = d2. The two inequalities |x − z| ≤ d1 and |y − z| ≤ d2,
combined with |x − z| + |y − z| = d1 + d2, imply |x − z| = d1 and |y − z| = d2.
Thus, we have (iv) ⇒ (iii).

Now, we prove (ii) ⇒ (iv). Suppose that condition (ii) is satisfied. Let x0 and
x1 be two distinct points in X, let α = |x0 − x1| and let us define a geodesic path
γ : [0, α] → X satisfying γ (0) = x0 and γ (α) = x1. Let D be the subset of [0, α]
consisting of the points of the form kα/2n where k and n are natural numbers satisfying
k ≤ 2n.

We first define the values of γ on the elements in D. We do this by applying
infinitely many times Condition (ii). We start by applying this condition to the points
x0 and x1. We obtain a point x1/2 in X satisfying

|x0 − x1/2| = |x1 − x1/2| = (1/2)|x0 − x1|,
and we define γ (α/2) = x1/2. Then, applying the same condition to the pair of points
x0 and x1/2 and to the pair of points x1/2 and x1, we obtain two points x1/4 and x3/4
in X satisfying respectively

|x0 − x1/4| = |x1/2 − x1/4| = (1/2)|x0 − x1/2|
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and
|x1/2 − x3/4| = |x1 − x3/4| = (1/2)|x1/2 − x1|,

and we set γ (α/4) = x1/4 and γ (3α/4) = x3/4.
Now it is clear how, continuing in the same manner, we can define γ on the whole

subset D: for each n ≥ 1, at step n, we choose n points in X, each of which is the
midpoint of a pair of points obtained at the previous step, and we define γ on these
points. Thus, after n steps, the map γ is defined on the points in [0, α] that are of the
form k/2n with 0 ≤ k ≤ 2n. This defines γ on D.

Now we must prove that we can extend this map on D to a map whose domain is
[0, α], and that the extended map (which we also call γ ) is a geodesic path.

We claim that for every pair of distinct real numbers t1 and t2 in D, we have
|γ (t1) − γ (t2)| = |t1 − t2|. Indeed, let us write t1 and t2 as k1α/2n and k2α/2n

respectively, for some nonpositive integer n, and with 0 ≤ k1 < k2 ≤ 2n. Then we
have, by construction,

t1 =
k1−1∑
j=0

(j + 1 − j)α

2n
=
k1−1∑
j=0

|xj − xj+1| ≥ |x0 − xk1 |,

t2 − t1 =
k2−1∑
j=k1

(j + 1 − j)α

2n
=

k2−1∑
j=k1

|xj − xj+1| ≥ |xk1 − xk2 |

and

α − t2 =
2n−1∑
j=k2

(j + 1 − j)α

2n
=

2n−1∑
j=k2

|xj − xj+1| ≥ |xk2 − x1|.

The sum of the left hand sides of the three formulas is equal to α, which is equal
to |x0 −x1|, while the sum of the right hand sides is equal to |x0 −xk1 |+ |xk1 −xk2 |+
|xk2 −x1|, which is ≥ |x0 −x1|. We conclude that the three inequalities are equalities.
In particular, the second inequality (being an equality) implies

|t1 − t2| = |xk1 − xk2 | = |γ (t1)− γ (t2)|,
which proves the claim.

Now, let t be an arbitrary real number in [0, α]. Since D is dense in [0, α],
there exists a sequence of points (tn)n≥0 in D such that tn → t as n → ∞. The
sequence

(
γ (tn)

)
n≥0 is a Cauchy sequence inX. Indeed, we have, for all i and j ≥ 1,

|γ (ti)− γ (tj )| = |ti − tj |, that tends to 0 as i and j tend to infinity. Furthermore, the
points of the sequence

(
γ (tn)

)
n≥0 are contained in a closed ball in X, and since X is

proper, such a ball is compact and therefore complete. Thus, the sequence
(
γ (tn)

)
n≥0

is convergent. Now we set γ (t) = limn→∞ γ (tn), and we prove that the point γ (t)
does not depend on the choice of the sequence (tn)n≥0. If (t ′n)n≥0 is another sequence
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inD that converges to t , then the sequence (t ′′n )n≥0 defined by t ′′2n = tn and t ′′2n+1 = t ′n
also converges to t , the sequence of images γ (t ′′2n)n≥0 is a Cauchy sequence which is
therefore convergent, and the two sequences γ (t2n)n≥0 and γ (t ′2n)n≥0 have the same
limit.

Thus, we have a map γ : [0, α] → X that satisfies γ (0) = x and γ (α) = y. Let
us show that this map is distance-preserving. For t and t ′ in [0, α] , let (tn)n≥0 and
(t ′n)n≥0 be two sequences in D satisfying tn → t and t ′n → t ′ as n → ∞. We have
γ (t) = limn→∞ γ (tn) and γ (t ′) = limn→∞ γ (t ′n), which gives

|γ (t)− γ (t ′)| = lim
n→∞ |γ (tn)− γ (t ′n)| = lim

n→∞ |tn − t ′n|.

Thus, γ is distance-preserving. This completes the proof of (ii) ⇒ (iv).
Finally, let us prove (i) ⇒ (ii). Suppose that Condition (i) is satisfied, let x and y

be two points in X and let us consider the set

B = {z ∈ X such that |x − z| + |z− y| = |x − y|}.
By continuity of the distance function, B is a closed subset of X. This set is also

bounded, since |x − z| ≤ |x − y| implies that B is contained in the ball of center x
and radius |x − y|. Since X is proper, B is compact.

The map from B to R defined by z �→ min{|z − x|, |z − y|} is continuous, and
therefore it attains a maximum. Let β be a maximum value, let m be a point in B
where this maximum is attained and let us show that we have

β = |m− x| = |m− y| = (1/2)|x − y|.
By definition, we have

β = min{|m− x|, |m− y|}
and

|m− x| + |m− y| = |x − y|,
which implies

β ≤ (1/2)|x − y|.
To show that |m − x| = (1/2)|x − y|, we reason by contradiction. Suppose that we
had β = |m−x| < |m−y|. Then we would have β < (1/2)|x−y|. By Condition (i),
there would exist z in X, that is distinct from m and y, such that |m− z| + |z− y| =
|m − y|. By Proposition 2.2.13, we would have |x − z| + |z − y| = |x − y| and
|x −m| + |m− z| = |x − z|.

We claim that |z− y| ≤ β. Indeed, suppose that we had |z− y| > β. As |x− z|+
|z− y|, this would contradict the fact that |z− y| is a minimum of {|z− x|, |z− y|}.
Thus, we obtain

|m− z| = |x − z| − |x −m| = |x − y| − |z− y| − |x −m|,
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which implies
|m− z| ≥ |x − y| − 2β > 0.

The set

Z = {z ∈ X such that |m− z| + |z− y| = |m− y|} ∪ {y}
is closed and bounded in X, and therefore it is compact. The map

z �→ dm(z) = |m− z|
defined onZ attains its minimum at some point z0 ofZ. By Property (i), we find a point
z′ inX that is distinct fromm and from z0 and that satisfies |m−z′|+|z′−z0| = |m−z0|.
Thus, we have |m − z′| < |m − z0|. Applying again Proposition 2.2.13, we obtain
|m − z′| + |z′ − y| = |m − y|. This contradicts the fact that z0 is a point where the
minimum of dm is attained. This shows that |m−x| = |x−y|, which proves (i) ⇒ (ii).
This completes the proof of Theorem 2.6.2. 
�

We note (following Busemann) that Condition (iii) in Theorem 2.6.2 does not
imply Condition (iv) in case the space X is not complete, as one can see by taking X
to be the set of rational numbers equipped with its usual metric.

Let us note a few corollaries of Theorem 2.6.2.
The first corollary says in some sense that in a geodesic metric space, we can

approach any geodesic segment by a finite sequence of points forming a “discrete
geodesic” whose points are arbitrarily close together.

Corollary 2.6.3. Let X be a geodesic metric space, let x and y be two arbitrary
points in X and let d1, . . . , dn be a sequence of positive real numbers satisfying
d1 + · · · + dn = |x − y|. Then there exists a sequence x0, . . . , xn of points in X
satisfying x0 = x, xn = y, and |xi − xi+1| = di for all i = 0, . . . , n− 1.

Proof. We apply n times Implication (iv) ⇒ (iii) of Theorem 2.6.2. 
�

We can use Theorem 2.6.2 to study products of metric spaces.
We recall that ifX1 andX2 are two metric spaces, there is no privileged metric on

the product X1 × X2,6 and in fact, there are several metrics on this product, none of
which imposes itself on the others, since each such metric is useful in some particular
context. For instance, for every real number p ∈ [1,∞[, one defines a metric dp on
X1 ×X2 by setting, for all (x1, x2) and (y1, y2) ∈ X1 ×X2,

dp
(
(x1, x2), (y1, y2)

) = ((
dX1(x1, y1)

)p + (
dX2(x2, y2)

)p) 1
p .

6Let us note however that there is a natural topology on the product space. It is defined as the coarser
topology for which the canonical projections on the two factors are continuous. All the metrics that we
consider here induce this topology on the product.
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Another useful metric on X1 ×X2 is the metric d∞ defined by

d∞
(
(x1, x2), (y1, y2)

) = max{dX(x1, y1), dY (x2, y2)}.

For p = 2, the metric dp is the “Euclidean metric” on X1 × X2. It is called so
because in the case where X1 and X2 are respectively the Euclidean spaces En and
Em, then the product space En × Em, equipped with the metric d2, is isometric to the
Euclidean space En+m.

The proof of the fact that the map dp, for p ∈]1,∞[, defines a metric onX1 ×X2
is based on the following result of Minkowski which is contained in [110]:

Proposition 2.6.4 (Minkowski’s inequality). For every integer n ≥ 1, for any pair of
vectors (a1, . . . an) and (b1, . . . bn) of Rn whose coordinates are nonnegative and for
every real number p in [1,∞[, we have

( n∑
i=1

(ai + bi)
p
) 1
p ≤

( n∑
i=1

a
p
i

) 1
p +

( n∑
i=1

b
p
i

) 1
p
.

Furthermore, for any p > 1, this large inequality is an equality if and only if the
vectors (a1, . . . an) and (b1, . . . bn) are collinear (the proportionality constant can be
equal to 0). Of course, for p = 1, the large inequality is always an equality.

For a proof of this result, we refer to [63] p. 30. 
�

Proposition 2.6.5 (Product metric). For any p in [0,∞[∪{∞}, the map dp defines a
metric on X1 ×X2.

Proof. We prove the proposition in the case where p is finite. The case p = ∞ is
simpler, and it can be dealt with using the same outline of proof.

It is clear from the definition that for all x and y inX1 ×X2, we have dp(x, y) ≥ 0,
dp(x, y) = dp(y, x), and that dp(x, y) = 0 ⇐⇒ x = y. It remains to prove that dp
satisfies the triangle inequality. For that, we use Minkowski’s inequality of Proposition
2.6.4. Let x = (x1, x2), y = (y1, y2), and z = (z1, z2) be three points in X1 × X2.
Applying Minkowski’s inequality with n = 2, a1 = |x1 − y1|X1 , a2 = |x2 − y2|X2 ,
b1 = |y1 − z1|X1 and b2 = |y2 − z2|X2 , we obtain

dp(x, z) = (|x1 − z1|pX1
+ |x2 − z2|pX2

)
1
p

≤ (
(|x1 − y1|X1 + |y1 − z1|X2)

p

+ (|x2 − y2|X1 + |y2 − z2|X2)
p
) 1
p

= (
(a1 + b1)

p + (a2 + b2)
p
) 1
p
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≤ (a
p
1 + a

p
2 )

1
p + (b

p
1 + b

p
2 )

1
p (by Minkowski’s inequality)

= (|x1 − y1|pX1
+ |x2 − y2|pX2

)
1
p

+ (|y1 − z1|pX1
+ |y2 − z2|pX2

)
1
p

= dp(x, y)+ dp(y, z). 
�

We note that for all p in [0,∞[∪{∞}, the projection of X1 × X2 (equipped with
the metric dp) on each of its two factors is a 1-Lipschitz map, and therefore it is
continuous. It is also easy to see that a sequence (xn)n≥0 in X1 × X2 converges to a
point x in that space if and only if dX1(yn, y) → 0 and dX2(zn, z) → 0, where y and
z are the projections of x on X1 and X2 respectively and where for each n ≥ 0, yn
(respectively zn) is the projection of xn on X1 (respectively X2).

Proposition 2.6.6. If X1 and X2 are two proper (respectively geodesic) spaces, then
the product X1 × X2, equipped with any of the metrics dp for p ∈ [0,∞[∪{∞}, is
proper (respectively geodesic).

Proof. We give the proof for the metrics dp for p ∈ [1,∞[; the proof for d∞ can be
done in the same manner.

It is easy to see that ifX1 andX2 are proper, thenX1 ×X2 is also proper. Indeed,
letK be a closed and bounded subset ofX1 ×X2 and letK1 andK2 be its projections
on X1 and X2 respectively. Since K1 and K2 are bounded, their closures K1 and K2
are compact, since X1 and X2 are proper. The product K1 ×K2 is a compact subset
ofX1 ×X2, and the setK , which is closed in this compact set, is itself compact. This
shows that X1 ×X2 is proper.

Now let us prove that if X1 and X2 are geodesic spaces, then X1 × X2 is also
geodesic. We use the equivalence (ii)⇔(iv) of Theorem 2.6.2. Let x = (x1, x2) and
y = (y1, y2) be two points in X1 × X2. Since X1 and X2 are geodesic spaces, then,
by Theorem 2.6.2, there exists a point z1 in X1 and a point z2 in X2 satisfying

|x1 − z1| = |y1 − z1| = 1

2
|x1 − y1|

and

|x2 − z2| = |y2 − z2| = 1

2
|x2 − y2|.

Thus, we have

dp
(
(z1, z2), (x1, x2)

)p = (
dX1(z1, x1)

)p + (
dX2(z2, y2)

)p
= 1

2p
(
dX1(x1, y1)

)p + 1

2p
(
dX2(x2, y2)

)p
= 1

2p
dp
(
(x1, x2), (y1, y2)

)p
,
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which gives

dp
(
(z1, z2), (x1, x2)

) = 1

2
dp
(
(x1, x2), (y1, y2)

)
,

that is,

dp(z, x) = 1

2
dp(x, y),

where z is the point (z1, z2) ofX1 ×X2. In the same way (or by symmetry), we obtain

dp(z, y) = 1

2
dp(x, y).

Therefore, Condition (ii) of Theorem 2.6.2 is satisfied for the metric dp on X1 ×X2.
This shows that the metric space (X1 ×X2, dp) is geodesic. 
�

We have presented the proof of Proposition 2.6.6 as an application of Theo-
rem 2.6.2, but one can also obtain this result as a consequence of the following
proposition:

Proposition 2.6.7. LetX1 andX2 be two geodesic spaces and let us equip the product
space X = X1 × X2 with one of the metrics dp, for some p in [1,∞[∪{∞}. Let
x1 and y1 be two arbitrary points in X1, let x2 and y2 be two arbitrary points in
X2, let γ1 : [0, 1] → X1 be an affinely reparametrized geodesic joining x1 and y1
and let γ2 : [0, 1] → X2 be an affinely reparametrized geodesic joining x2 and y2.
Then the product path γ : [0, 1] → X, defined by γ (t) = (γ1(t), γ2(t)) is an affinely
reparametrized geodesic joining (x1, y1) and (x2, y2). Furthermore, in the case where
p ∈ [1,∞[, we have

L(γ ) = (
L(γ1)

p + (
L(γ2)

p
) 1
p ,

and in the case p = ∞, we have

L(γ ) = max
(
L(γ1), L(γ2)

)
.

Proof. The map γ is continuous and it is a path joining the points (x1, y1) and (x2, y2)

in X. Let us show that this map is an affinely reparametrized geodesic. We first
consider the case where p ∈ [1,∞[. For all u and v in [0, 1], we have

dp
(
γ (u), γ (v)

) = (|γ1(u)− γ1(v)|p + |γ2(u)− γ2(v)|p
) 1
p

= (
L(γ1)

p|u− v|p + L(γ2)
p|u− v|p) 1

p

= (
L(γ1)

p + L(γ2)
p
) 1
p |u− v|.

By Proposition 2.2.10, γ is therefore an affinely reparametrized geodesic whose length

is
(
L(γ1)

p + (
L(γ2)

p
) 1
p .
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In the case where p = ∞, we have

d∞
(
γ (u), γ (v)

) = max
(|γ1(u)− γ1(v)|, |γ2(u)− γ2(v)|

)
= max

(
L(γ1)|u− v|, L(γ2)|u− v|)

= max
(
L(γ1), L(γ2)

)|u− v|.
We again apply Proposition 2.2.10, which shows thatγ is an affinely reparametrized

geodesic of length max
(
L(γ1), L(γ2)

)
. This completes the proof of Proposition 2.6.7.


�

Notes on Chapter 2

The theorems of Hopf–Rinow. Theorem 2.4.6, which states that in a proper length
space, any two points can be joined by a geodesic segment, is also contained in Elie Car-
tan’s book [36] p. 260, for the special case of Riemannian manifolds. Theorems 2.1.5
and 2.4.6 are due to H. Hopf and W. Rinow [73] in the case where the space X is a
surface equipped with a Riemannian metric, with some local uniqueness condition on
local geodesics. S. Myers, in [115], showed that Theorem 2.4.6 is valid (with almost
the same proof) for any manifold of dimension ≥ 2. In [41], S. Cohn-Vossen gave
general versions of the theorems of Hopf–Rinow (without the local uniqueness condi-
tion) that are valid in arbitrary metric spaces and even in more general spaces (spaces
that satisfy the axioms of a metric space except the axiom that says that the distance
function is symmetric). For several useful versions of the result of Hopf–Rinow, we
refer the reader to the book by Ballmann [7] p. 29. The arguments used in the proof
of (ii) ⇒ (iv) are classical (see [36] p. 360). Implication (i) ⇒ (iv) is due to Menger
[103].

Existence anduniqueness of geodesics inRiemannianmanifolds. In [36], E. Cartan
proves that for any two points in a Riemannian manifold that is proper (Cartan calls
such a space a normal Riemannian space), there exists at least one geodesic joining
them. Thus, a proper Riemannian manifold is a geodesic metric space. Cartan proves
also that for any point x in such a space, there is a positive real number r such that
for any y in the closed ball B(x, r), there exists a unique geodesic joining x to y, and
that the image of such a geodesic is contained in B(x, r) (see [36], Note IV, Theorem
I, p. 356 and Theorem III, p. 360).

Busemann’sG-spaces. Busemann’s theory of geodesics in metric spaces is developed
in [28] in the setting of metric spaces which he calls G-spaces. The definition is as
follows: a G-space in the sense of Busemann is a metric space X that satisfies the
following properties:

(i) X is a proper metric space;

(ii) for every x and y in X, there exists a point z that lies between x and y;
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(iii) for every point in X, there is an open ball B of positive radius centered at this
point and for every x and y in B, there exists a point z in B such that y lies
between x and z;

(iv) for every quadruple of points x, y, z1 and z2 inX satisfying |x−y|+ |y− z1| =
|x − z1| and |x − y| + |y − z2| = |x − z2|, if |y − z1| = |y − z2|, then we have
z1 = z2.

Property (ii) is equivalent to a property of existence of geodesics (cf. Theo-
rem 2.6.2), Property (iii) is a property of local existence of prolongation of geodesics
and Property (iv) is a property of uniqueness of the prolongation.



Chapter 3

Maps between metric spaces

Introduction

In this chapter, we study properties of maps between metric spaces. Of course,
the maps that most naturally come to mind in this context are isometries (that is,
distance-preserving surjective maps). We shall study isometries in more detail in
Chapter 11 below. Besides isometries, there are several classes of maps between metric
spaces that are important, and we mention the following classes: distance-preserving
maps, length-preserving maps1 (which may be considered as the analogs of distance-
preserving maps in the setting of length spaces), Lipschitz maps,K-Lipschitz maps for
some fixed K , bi-Lipschitz homeomorphisms, Hölder maps, distance-non-increasing
maps, length-non-increasing maps, contractions, distance-decreasing maps, local
homeomorphisms, locallyK-Lipschitz maps, local isometries, quasi-conformal maps,
quasi-isometries, covering maps that are local isometries, and there are many others.
Each such class of maps is important in some particular context. In this chapter, we
study a few general properties of maps belonging to some of these classes. We shall
use some of the results in later chapters.

We mention by the way, since we are talking about the relation between maps and
metrics, that there are several interesting instances where a metric on a given space is
defined in terms of properties of self-maps of that space. For example, the Poincaré
metric of the unit diskD in the complex plane, was defined by Poincaré in the course
of his study of automorphic maps of that disk (see [122]). This metric is the unique
metric that is invariant by the conformal self-maps of D. Likewise, we already saw
that the Carathéodory and the Kobayashi pseudo-metrics of a complex manifold M
are defined by their behaviour with respect to some maps from M to D and from D

to M respectively. In fact, there are beautiful characterizations of these two pseudo-
metrics as extremal metrics with respect to a property of non-expanding maps: the
Carathéodory (respectively the Kobayashi) pseudo-metric of a complex manifoldM is
the smallest (respectively the largest) pseudo-metric onM such that any holomorphic
map from the unit disk D, equipped with its Poincaré metric, to M (respectively any
holomorphic maps from M to the unit disk) is non-expanding.2

This chapter can be divided into two parts. The first part concerns maps defined
by global properties (K-Lipschitz maps, non-expanding maps, contractions and so

1Busemann sometimes calls these maps “equilong maps”, a word already used by Elie Cartan (see [35]).
2Of course, we are talking here about pseudo-metrics, but in most cases of interests these pseudo-metrics

are genuine metrics.
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on). The second part deals with maps defined by local properties (local isometries and
coverings).

The outline of this chapter is as follows.
In Section 1, we study the classes ofK-Lipschitz maps andK-length-non-increa-

sing maps. The latter are, in some sense, analogs of K-Lipschitz maps in the setting
of length spaces.

In Section 2, we consider the class of non-expanding (that is, 1-Lipschitz) maps,
and in particular the subclasses of contractions and of distance-decreasing maps.

In Section 3, we study non-decreasing maps. We present in particular a result
of Freudenthal and Hurewicz that states that if X is a compact metric space and
f : X → X is a distance non-decreasing map, then f is an isometry (Theorem 3.3.4).

In Section 4, we study local isometries. Local isometries are non-expanding
(Corollary 3.4.5). If Y is a length space and f : X → Y a local homeomorphism, then
we give conditions for the existence and uniqueness of a metric on X with respect
to which f is a local isometry (Proposition 3.4.7). We then establish existence and
uniqueness results for the lifts of geodesics and of local geodesics by local isometries
(Proposition 3.4.11 and 3.4.12).

In Section 5, we study covering maps that are local isometries. In particular, we
give sufficient conditions under which a local isometry between length spaces is a
covering map (Theorem 3.5.4).

3.1 K-Lipschitz maps and K-length-non-increasing maps

We start by recalling the following

Definition 3.1.1 (K-Lipschitz map). Let X and Y be two metric spaces and let K be
a nonnegative real number. A map f : X → Y is said to be K-Lipschitz if for all x
and y in X we have |f (x)− f (y)| ≤ K|x − y|. The map f is said to be Lipschitz if
it is K-Lipschitz for some K .

The composition of two Lipschitz maps is Lipschitz. Smooth maps between
compact Riemannian manifolds are examples of Lipschitz maps. In any metric space
X, for every x0 ∈ X, the map defined by x �→ |x − x0| is 1-Lipschitz (a consequence
of the triangle inequality). Composing this map with Lipschitz maps of the real line,
we obtain a lot of examples of real-valued Lipschitz maps defined on any metric space.

It is easy to see that a Lipschitz map is uniformly continuous. Therefore we have
the following

Proposition 3.1.2. The image of aCauchy sequence by aK-Lipschitzmap is aCauchy
sequence. 
�

Now we recall the definition of the displacement function. This is certainly one
of the most important functions associated to a self-map of a metric space and we



3.1 K-Lipschitz maps and K-length-non-increasing maps 81

shall use it thoroughly in Chapter 11 below, in the study of isometries. Right now, we
mention it an example of a Lipschitz map.

Definition 3.1.3 (Displacement function). LetX be a metric space and letf : X → X

be a map. The displacement function of f is the map df : X → [0,∞[ defined by

df (x) = |x − f (x)|
for every x in X.

The displacement function will be useful in the study of distance-decreasing maps
(Section 3 below), in the study of distance-non-decreasing maps (Section 4 below) and
in the classification of the isometries of metric spaces (see Definition 11.1.6, p. 244).

Proposition 3.1.4. LetX be a metric space and let f : X → X be aK-Lipschitz map.
Then the displacement function of f is a (K + 1)-Lipschitz map.

Proof. Let x and y be two points in X. From the triangle inequality, we obtain∣∣|x − f (x)| − |y − f (y)|∣∣ ≤ |x − y| + |f (x)− f (y)| ≤ (K + 1)|x − y|. 
�

The following notion is closely related to the notion ofK-Lipschitz map; in some
sense, it describes an analogous property in the setting of length spaces.

Definition 3.1.5 (K-length-non-increasing map). Let K be a nonnegative real num-
ber and let X and Y be two metric spaces. A map f : X → Y is said to be K-length-
non-increasing if for any rectifiable path γ : [a, b] → X, we have LY

(
f (γ )

) ≤
KLX(γ ).

Proposition 3.1.6 (K-Lipschitz implies K-length non-increasing). Let X and Y be
metric spaces and let f : X → Y be a K-Lipschitz map. Then f is K-length-non-
increasing.

Proof. Let γ : [a, b] → X be a rectifiable path. For each subdivision σ = (ti)i=0,...,n
of [a, b], we have

Vσ (f � γ ) =
n−1∑
i=0

|f � γ (ti)− f � γ (ti+1)| ≤ K

n−1∑
i=0

|γ (ti)− γ (ti+1)| = KVσ (γ ).

Taking the supremum over all subdivisions σ of [a, b], we obtain LY (f (γ )) ≤
KLX(γ ). 
�

Proposition 3.1.6 has the following partial converse:
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Proposition 3.1.7 (Continuous and K-length non-increasing implies K-Lipschitz).
Let X be a length space, let Y be a metric space and let f : X → Y be a continuous
map. If f is K-length-non-increasing , then it is K-Lipschitz.

Proof. For every x and y in X, we have |f (x) − f (y)|Y ≤ inf LY (γ ′), where
the infimum is taken over the set of paths γ ′ in Y joining f (x) to f (y). Thus,
|f (x) − f (y)|Y ≤ inf LY (f (γ )), where the infimum is taken over the paths γ in X
joining x to y. (Here, we use the fact that f is continuous.) Since f isK-length-non-
increasing, we obtain |f (x) − f (y)|Y ≤ K inf LX(γ ), where the infimum is again
taken over the paths γ in X joining x to y. Since X is a length space, the last term is
equal to K|x − y|. This shows that f is K-Lipschitz. 
�

We note that a K-length-non-increasing map is not necessarily continuous. For
instance, if Y is a discrete metric space (that is, if each point in Y is isolated), then the
length of any path in Y is equal to zero and therefore any map from any metric space
X into Y is K-length-non-increasing, for all K ≥ 0. On the other hand, of course,
there exist non-continuous maps from X to Y , provided X is not discrete.

3.2 Non-expanding maps

Definition 3.2.1 (Non-expanding map).3 Let X and Y be two metric spaces. We say
that a map f : X → Y is distance-non-expanding, or simply, non-expanding, if f is
a 1-Lipschitz map, that is, if it satisfies

|f (x)− f (y)| ≤ |x − y|
for all x and y in X.

Important examples of non-expanding maps include isometries, contractions (that
we shall study below) and holomorphic maps between complex spaces equipped with
their Carathéodory and their Kobayashi pseudo-metrics. We start by presenting these
beautiful examples:

Examples 3.2.2 (Non-expanding map).

(i) The Carathéodory and the Kobayashi pseudo-metrics. Again, we consider here
pseudo-metrics which in general are not metrics; this is justified by the importance of
these pseudo-metrics and, of course, by the fact that in some cases they are metrics. If
X and Y are two complex manifolds equipped with their Carathéodory (respectively
Kobayashi) pseudo-metric (see Example 2.1.3 (ix) and (x)) and if f : X → Y is a
holomorphic map, then it follows easily from the definition that f is non-expanding,
i.e. it satisfies Definition 3.2.1 where instead of distances we have pseudo-distances.

3Busemann, in [29], calls a non-expanding map a “shrinkage”.
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In particular, ifX ⊂ Y is an inclusion between complex manifolds, then the inclusion
map is non-expanding with respect to the Carathéodory (respectively the Kobayashi)
pseudo-metrics of X and Y . Another consequence is that the Carathéodory (respec-
tively the Kobayashi) pseudo-metric is invariant under biholomorphic maps.

(ii) Holomorphic maps of the disk. IfD is the 2-dimensional disk equipped with its
hyperbolic metric and if f : D → D is a holomorphic map, then f is non-expanding.
This is a particular case of Example (i) above, since, as we already recalled in Chapter
1, the Carathéodory and the Kobayashi pseudo-distances of the disk both coincide
with the hyperbolic metric of that disk. (This amounts to the Schwarz–Pick lemma).

Let us now return to general metric spaces. Busemann made in [29] a detailed
study of non-expanding maps. We present here some of his results.

The following lemma will be used several times in the rest of this section. It is
due to Busemann.

Lemma 3.2.3. LetX be a metric space, let f : X → X be a non-expanding map and
let x and y be two points in X. Then,

(i) if x lies between y and f (y), then df (x) ≤ df (y), and if equality holds, then
f (y) lies between x and f (x) and |x − y| = |f (x)− f (y)|;

(ii) if y lies between x and f (y), then df (x) ≥ df (y), and if equality holds, then
f (x) lies between x and f (y) and |x − y| = |f (x)− f (y)|.

Proof. We start by proving (i). Suppose that x lies between y and f (y). Then we
have

df (x) = |x − f (x)| ≤ |x − f (y)| + |f (y)− f (x)|
≤ |x − f (y)| + |y − x|
= |y − f (y)| = df (y).

If df (x) = df (y), then the two large inequalities in the last sequence are equalities.
The second of these inequalities gives |f (y) − f (x)| = |y − x|, which is > 0 since
x lies between y and f (y). We conclude that f (y) is distinct from x and from f (x)

and the first inequality (which now is an equality) implies that f (y) lies between x
and f (x). This proves (i).

Now we prove (ii). Suppose that y lies between x and f (y). In particular, we
have df (y) > 0, since y is distinct from f (y). Then we have

df (x) = |x − f (x)| ≥ |x − f (y)| − |f (y)− f (x)|
≥ |x − f (y)| − |x − y|
= |y − f (y)| = df (y) > 0.

Again, if df (x) = df (y), then the two large inequalities in the last sequence are
equalities. The second inequality gives |f (y)−f (x)| = |y− x| which is> 0 since y
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lies between x and f (y). Thus, f (x) is distinct from f (y) and from x, and the first
inequality (which now is an equality) implies that f (x) lies between x and f (y). This
proves (ii). 
�

Proposition 3.2.4. Let X and Y be metric spaces and let f : X → Y be a non-
expanding map. Suppose that x and y are points in X satisfying |x − y| = |f (x) −
f (y)|. Then f maps any geodesic segment [x, y] isometrically onto a geodesic seg-
ment [f (x), f (y)].

Proof. Let z be a point on [x, y]. Then we have

|x − y| = |x − z| + |z− y|
≥ |f (x)− f (z)| + |f (z)− f (y)|
≥ |f (x)− f (y)|
= |x − y|.

The two large inequalities in the last sequence are therefore equalities. From the
first of these equalities, we obtain |x−z| = |f (x)−f (z)| and |z−y| = |f (z)−f (y)|.
Now let w be any point on [z, y]. By the same argument, we obtain |z − w| =
|f (z)−f (w)|. Thus, the restriction of f to the geodesic segment [x, y] is an isometry
from this segment onto its image. This implies that f ([x, y]) is a geodesic segment
joining f (x) and f (y). 
�

From Proposition 3.2.4, we deduce the following two corollaries.

Corollary 3.2.5. Let X be a metric space, let f : X → X be a non-expanding map,
let x and y be two fixed points of f and suppose that there exists a unique geodesic
segment [x, y] joining x and y. Then every point on [x, y] is a fixed point of f .

Proof. Since f sends isometrically the segment [x, y] to itself preserving the orienta-
tion, f fixes any point of [x, y]. 
�

Corollary 3.2.6. Suppose that the space X is uniquely geodesic and let f : X → X

be a non-expanding map. Then the fixed point set of f is a closed convex subset ofX.

Proof. The fact that Fix(f ) is closed follows simply from the continuity of f . Corol-
lary 3.2.5 implies that for any x and y in Fix(f ), the geodesic segment [x, y] is
contained in Fix(f ). Thus, Fix(f ) is convex. 
�

The following notion is closely related to the notion of non-expanding maps.

Definition 3.2.7 (Length-non-expanding map). LetX and Y be two metric spaces. A
map f : X → Y is said to be length-non-expanding if f is 1-length-non-increasing in
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the sense of Definition 3.1.5 above, that is, if for every path γ : [a, b] → X, we have
LY
(
f (γ )

) ≤ LX(γ ).

Proposition 3.2.8. Let X and Y be two metric spaces. Then,

(i) every distance-non-expanding map f : X → Y is length-non-expanding;

(ii) ifX is a length space and if f : X → Y is continuous and length-non-expanding,
then f is distance-non-expanding.

Proof. The two statements are particular cases of Propositions 3.1.6 and 3.1.7 above.
�

The following special class of distance-non-expanding maps has been the object
of particular attention:

Definition 3.2.9 (Contraction). Let X be a metric space. A map f : X → X is said
to be a contraction (of factorK) if f isK-Lipschitz for some real numberK in [0, 1[.

The most classical result on contractions is certainly the following

Proposition 3.2.10 (Banach). Let X be a complete metric space and let f : X → X

be a contraction. Then there exists a unique fixed point x for f . Furthermore, for any
point y in X, the sequence (f n(y))n≥0 converges to x as n → ∞.

Proof. We start with an arbitrary point x0 in X and we set, for every integer n ≥ 1,
xn = f n(x0). LetK be the contraction factor of f . Then, for all nonnegative integers
m and n satisfying m ≥ n, we have

|xm − xn| ≤ |xm − xm−1| + · · · + |xn+1 − xn|
≤ Km−1|x0 − x1| + · · · +Kn|x0 − x1|
= Kn

1 −K
|x1 − x0|,

and the last term tends to 0 as n tends to ∞. We deduce that (xn) is a Cauchy sequence.
SinceX is complete, this sequence converges. Let x be its limit. Sincef is continuous,
we obtain, by letting n → ∞ in the equation xn = f (xn−1), the equality f (x) = x.
This shows that x is a fixed point of f .

Now let us prove that x is the unique fixed point of f . Suppose that some point y
in X is also a fixed point of f . Then we would have

|x − y| = |f (x)− f (y)| ≤ K|x − y| < |x − y|,
which is impossible unless x = y.
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To prove the last statement in the proposition, we consider an arbitrary point y in
X and we set, for all n ≥ 0, yn = f n(y). Then we have, for n ≥ 1,

|yn − x| = |f (y)− f (x)|
≤ K|yn−1 − x|
≤ · · ·
≤ Kn|y0 − x|.

Since K < 1, we obtain |yn − x| → 0 as n → ∞, which shows that f n(y)
converges to x. 
�

It is well-known that in the case where X is compact, the hypothesis of Proposi-
tion 3.2.10 can be weakened, and Proposition 3.2.12 below is also classical. Before
stating it, we introduce a class of maps that lies between the class of contractions and
the class of non-expanding maps.

Definition 3.2.11 (Distance-decreasing map). Let X be a metric space. A map
f : X → X is said to be distance-decreasing if for all distinct points x and y in
X we have |f (x)− f (y)| < |x − y|.
Proposition 3.2.12. Let X be a compact metric space and let f : X → X be a
distance-decreasing map. Then f has a unique fixed point x in X. Furthermore, for
every y in X, the sequence (f n(y)) converges to x as n → ∞.

Proof. Consider the displacement function df : X → [0,∞[. Since X is compact,
we can find a point x in X where the minimum of df is attained. If x were different
from f (x), then we would have

df (f (x)) = |f (x)− f 2(x)| < |x − f (x)| = df (x),

which contradicts the fact that the minimum of df is attained at x. Thus, x is a fixed
point of f . The uniqueness of this fixed point follows as in the proof of Proposi-
tion 3.2.10.

Now let y be an arbitrary point in X and, for all n ≥ 0, let yn = f n(y). Then
either yn = x for some n ≥ 0, and in this case, we have f m(y) = x for every m ≥ n,
or |yn+1 − x| = |f (yn) − f (x)| < |yn − x| for all n ≥ 0. Thus, either (yn)n≥0 is
eventually the constant sequence = x, or the sequence (|yn − x|)n≥0 of positive real
numbers is strictly decreasing. Suppose the latter holds and let l = limn→∞ |yn − x|.
SinceX is compact, we can extract from (yn) a convergent subsequence (yni )i≥1. Let
z be the limit of this subsequence. We have

l = lim
i→∞ |yni − x| = |z− x| = lim

i→∞ |yni+1 − x|
= lim
i→∞ |f (yni+1)− x| = |f (z)− x|

= l.
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This implies that z = x, since otherwise we would have

|f (z)− x| = f (z)− f (x) < |z− x|
which implies l < l, which is a contradiction. Thus, every subsequence of (yn)
converges to x. This implies that the whole sequence (yn) converges to x. This proves
Proposition 3.2.12. 
�

Let us mention another result on distance-decreasing maps, which is also due to
Busemann [29]:

Proposition 3.2.13. Let X be a geodesic metric space and let f : X → X be a
distance-decreasing map. If x is a point in X at which the displacement function df
has a local minimum, then x is a fixed point of f (and therefore, df has a global
minimum at x). Furthermore, x is the unique fixed point of f .

Proof. The proof is by contradiction. Suppose that under the hypothesis of the
proposition we have x 	= f (x). Consider a geodesic segment [x, f (x)] and let y be
an arbitrary point in the interior of that segment. By Lemma 3.2.3(i), we have either
df (y) < df (x) or |x − y| = |f (x) − f (y)|. The first case cannot occur for y close
enough to x, since x is a local minimum of df , and the second case contradicts the fact
that f is distance-decreasing. Thus, by taking y close enough to x, we conclude that
x is a fixed point for f . Now suppose that there is a fixed point x′ for f that is distinct
from x. Then we would have |x − x′| = |f (x)− f (x′)|, which again contradicts the
fact that f is distance-decreasing. Thus, x is the unique fixed point of f . 
�

3.3 Distance non-decreasing maps

Definition 3.3.1 (Distance non-decreasing map). Let X and Y be two metric spaces.
A map f : X → Y is said to be distance non-decreasing if for all x and y in X, we
have |f (x)− f (y)| ≥ |x − y|.4

It is clear that a distance-non-decreasing map is injective and that it is not neces-
sarily continuous. However, the left-inverse of such a map, which is defined on its
image set, being a non-expanding map, is continuous.

The following technical lemma is the analog of Lemma 3.2.3 that was useful in
the setting of non-expanding maps. It is also due to Busemann.

Lemma 3.3.2. Let X and Y be metric spaces, let f : X → X be a distance non-
decreasing map and let x and y be two points in X. If f (y) lies between x and y,
then df (x) ≥ df (y), and if equality holds, then |x − y| = |f (x) − f (y)| and x lies
between f (x) and f (y).

4Busemann, in [29], calls such a map an “expansion”.
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Proof. We have

|x − f (x)| ≥ |f (y)− f (x)| − |f (y)− x|
≥ |y − x| − |f (y)− x|
= |y − f (y)| = df (y) > 0.

If df (x) = df (y), then all the large inequalities in the last sequence are equalities.
The second of these inequalities then gives

|y − x| = |f (y)− f (x)| > 0,

and the first inequality being an inequality implies that x lies between f (x) and f (y).

�

The following theorem is due to Busemann ([29]).

Theorem 3.3.3. Let X be a compact metric space and let f : X → X be a distance
non-decreasing map. Then f is surjective.

Proof. Suppose that the setX \f (X) is nonempty and let x0 be a point in this set. For
any integer n ≥ 0, let xn = f n(x). We prove by induction that xn /∈ f n+1(X) for all
n ≥ 0. For n = 0, the property is true since x0 /∈ f (X). If xn ∈ f n+1(X) for some
n ≥ 1, then we would have xn = f n(x0) = f n+1(y) for some y in X. Since f is
injective, this implies that xn−1 = f n−1(x0) = f n(y), hence xn−1 is in f n(X). This
completes the induction.

Therefore we have, for all n ≥ 0, xn ∈ f n(X) \ f n+1(X).
Let r be the distance from x0 to the set f (X), that is,

r = inf
x∈X |x0 − f (x)|.

Since x0 /∈ f (X), we have |x0 − f (x)| > 0 for all x in X. Since X is compact, f (X)
is also compact and therefore r > 0.

For all nonnegative integers n and k, we have

|xn − xn+k| = |f n(x0)− f n+k(x0)| ≥ inf
x∈X |f n(x0)− f n+k(x)|.

Since f is distance non-decreasing, all the iterates of f are also distance non-
decreasing. Therefore, for every x in X and for all nonnegative integers n and k, we
have |f n(x0)− f n+k(x)| ≥ |x0 − f k(x)|, which implies

|xn − xn+k| ≥ inf
x∈X |x0 − f k(x)| ≥ inf

x∈X |x0 − f (x)| = r > 0.

This shows that no subsequence of (xi) is convergent, contradicting the fact that X is
compact. 
�

The following theorem is due to Freudenthal and Hurewicz [50]; cf. also Busemann
[30] p. 42.
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Theorem 3.3.4 (Freudenthal–Hurewicz). Let X be a compact metric space and let
f : X → X be a distance non-decreasing map. Then f is an isometry.

Proof. Let us prove that f is distance-preserving. Let x0 and y0 be two points inX. For
every integer n ≥ 0, we set xn = f n(x0) and yn = f n(y0). Since X is compact, we
can find subsequences (xni )i≥0 and (yni )i≥0 of (xn)n≥0 and (yn)n≥0 respectively that
are convergent. Let ε be a positive real number and let i be a nonnegative integer such
that |xni − xni+1 | < ε/2 and |yni − yni+1 | < ε/2. Since f is distance-non-decreasing,
we can write

|xni − xni+1 | ≥ |xni−1 − xni | ≥ · · · ≥ |x0 − xk|,
where k = ni+1 −ni . Thus, we have |x0 − xk| < ε/2. In the same manner, we obtain
|y0 − yk| < ε/2. Therefore we have

|x − y| = |x0 − y0| ≤ |x1 − y1| ≤ |xk − yk|
≤ |xk − x0| + |x0 − y0| + |yk − y0|
≤ |x0 − y0| + ε.

Since this is true for every ε > 0, we conclude that all the large inequalities in
the last sequence are equalities, and in particular, that |x0 − y0| = |x1 − y1|, or,
equivalently, |x0−y0| = |f (x)−f (y)|, which shows thatf is distance-preserving. By
Theorem 3.3.3, f is surjective. Thereforef is an isometry. This proves Theorem 3.3.4.


�

We close this section with the following consequence of Theorem 3.3.4:

Corollary 3.3.5. LetX be a compact metric space and let f : X → X be a distance-
preserving map. Then f is an isometry. 
�

3.4 Local isometries

Definition 3.4.1 (Local isometry). LetX andY be two metric space. A mapf : X→Y

is said to be a local isometry if f is surjective and if every point x in X has a neigh-
borhood V (x) such that f (V (x)) is a neighborhood of f (x) in Y such the restriction
of f to V (x) is an isometry between V (x) and f (V (x)).

Proposition 3.4.2 (Inclusion and local isometry). Let X be a geodesic space and let
X′ ⊂ X be an open subset of X. Let dX′ be the induced metric on X′ and suppose
that the metric space (X′, dX′) is connected by rectifiable paths. If d� is the intrinsic
metric of (X′, dX′), then (X′, d�) is a geodesic metric space and the inclusion map
(X′, d�) → X is a local isometry.
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Proof. Let x be a point in X′, let us choose a positive real number r such that the
open ball B(x, 2r) is contained in X′. Let B be the open ball B(x, r). For every
y and z in B, there exists a geodesic path in X joining y and z, whose image, by
Proposition 2.2.15, is contained in the ball B(x, 2r), and therefore inX′. Let us prove
that γ is a geodesic path for the metric d� on X′. We have

L(γ ) ≥ d�(y, z)

and, on the other hand,

L(γ ) = dX(y, z) = d�(y, z) = dX′(y, z) ≤ d�(y, z).

We conclude that L(γ ) = d�(y, z), which proves that γ is a geodesic. This proves
that the space (X′, d�) is geodesic and that the inclusion map from B(x, r) to X is
distance-preserving. Finally, the fact that X′ is open implies then that this inclusion
is a local isometry. 
�

Lemma 3.4.3. LetX be a metric space and let f : X → Y be a local isometry. Then,
for each point x in X, there exists an open ball B(x, r) of center x and radius r > 0
such that the restriction of f to B(x, r) is an isometry between B(x, r) and the open
ballB(f (x), r) of center f (x) and radius r . Furthermore, if rx denotes the supremum
of the real numbers r such that f|B(x,r) is an isometry betweenB(x, r) andB(f (x), r),
then the map X →]0,∞[∪{∞} defined by x �→ rx is continuous.

Proof. Let V (x) be a neighborhood of x in X such that f induces an isometry
between this neighborhood and its image. Choose r > 0 small enough so that the
open ball B(x, r) is contained in V (x). Then it is clear that f|B(x,r) is a distance-
preserving map. Let us prove that f|B(x,r) sends B(x, r) surjectively on B(f (x), r).
We have B(f (x), r) ⊂ f (V (x)), and since f|V (x) : V (x) → f

(
V (x)

)
is surjective,

for any q in B(f (x), r), we can find a point p in V (x) such that f (p) = q. Since
|x−p|X = |f (x)− q|Y , p is in B(x, r). Thus, f|B(x,r) : B(x, r) → B(f (x), r) is an
isometry.

Now let us prove the continuity of x �→ rx . Suppose first that there exists a point
x in X such that rx = ∞. Then f : X → Y is an isometry and rx = ∞ for all x
in X. Now suppose that rx < ∞ for some x in X (or, equivalently, for all x in X).
For every r > 0 and for every x′ in B(x, r), we have B(x′, r − |x − x′|) ⊂ B(x, r),
which implies rx − rx′ ≤ |x − x′|. By symmetry, we also have rx′ − rx ≤ |x − x′|,
which implies |rx − rx′ | ≤ |x − x′|, which shows that the map r �→ rx is 1-Lipschitz
and therefore continuous. 
�

Proposition 3.4.4 (A local isometry is length-preserving). Let X and Y be metric
spaces and let f : X → Y be a local isometry. Then f is length-preserving.

Proof. Let γ : [a, b] → X be a path. In the particular case where f is a isometry, we
have, for any subdivisionσ of [a, b],Vσ (γ ) = Vσ (f �γ ), whenceLX(γ ) = LY (f �γ ).
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Now let us suppose that f is only a local isometry. Consider the map x �→ rx
of Lemma 3.4.3. By compactness of the interval [a, b], there exists a positive real
number r such that for all t in [a, b], we have rγ (t) > r . Since γ is uniformly
continuous, there exists a positive real number η such that for all t and t ′ in [a, b]
satisfying |t − t ′| < η, we have |γ (t) − γ (t ′)| < r . Now let σ = (ti)i=0,...,n−1 be
a subdivision of [a, b] satisfying |σ | < η. Then we have γ ([ti , ti+1]) ⊂ B(γ (ti), r)

for all i = 0, . . . , n − 1, which implies, by the particular case considered at the
beginning of the proof, LX(γ|[ti ,ti+1]) = LY (f � γ|[ti ,ti+1]). By the additivity of the
length function, we then obtain LX(γ ) = LY (f � γ ). 
�

Corollary 3.4.5 (A local isometry is non-expanding). Let X and Y be two length
spaces and let f : X → Y be a local isometry. Then f is non-expanding.

Proof. Let x and y be in X. Then, for every path γ : [0, 1] → X joining these points,
we have, using Proposition 3.4.4, |f (x)− f (y)| ≤ LY (f � γ ) = LX(γ ). Taking the
infimum over all paths γ joining x and y, we obtain |f (x)− f (y)| ≤ |x − y|. 
�

Corollary 3.4.6 (Homeomorphism and local isometry implies isometry). Let X and
Y be two length spaces and let f be a homeomorphism that is a local isometry. Then
f is an isometry.

Proof. By Corollary 3.4.5, f and f−1 are non-expanding, which proves that f is an
isometry. 
�

The next result will be particularly useful in the case where f : X → Y is a
covering map.

Proposition 3.4.7 (The pull-back length metric induced by a local homeomorphism).
Let X be a Hausdorff topological space that is arcwise connected, let Y be a length
space and let f : X → Y be a surjective local homeomorphism. Then there exists a
unique length metric on X that makes f : X → Y a local isometry.

Proof. For every x inX, we choose an open neighborhoodV (x) of x such thatf (V (x))
is an open subset of Y containing f (x) and such that f induces a homeomorphism
between V (x) and f (V (x)). To define the metric of X, we define first a map that
assigns to each path γ in X a quantity L∗(γ ) that we call its “length”, by setting, for
each path γ : [a, b] → X, L∗(γ ) = LY

(
f (γ )

)
. (We note that since f is continuous,

f � γ is a path in Y .) Then we define the map d : X ×X → R ∪ {∞} by setting, for
all x and y in X,

(3.4.7.1) d(x, y) = inf
γ
L∗(γ )

where the infimum is taken over the set of paths γ joining x to y.
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Let us prove that d is a metric on X.
It is clear that d(x, y) ≥ 0 for all x and y inX. It is also clear that d(x, y) = d(y, x)

since to every path γ : [a, b] → X joining x to y, we can associate a path γ joining y
to x that has the same length. For instance, we take the path γ : [a, b] → X defined by
γ (t) = γ (a+b− t) for t in [a, b]. Let us prove that d satisfies the triangle inequality.
Let x, y and z be three points inX. If γ is a path joining x to y and if γ ′ is a path joining
y to z, then the concatenation of γ and γ ′ is a path joining x to z, and therefore we have
d(x, z) ≤ L∗(γ ∗ γ ′). From the definition, we can see that the “length” map L∗ is
additive with respect to concatenation of paths. This gives d(x, z) ≤ L∗(γ )+L∗(γ ′).
Taking the infimum of the two members of this inequality over all paths γ and γ ′
joining the pairs x, y and y, z respectively, we obtain d(x, z) ≤ d(x, y)+ d(y, z).

Now let us prove that if x and y are distinct points in X, we have d(x, y) > 0.
Let V (x) be a neighborhood of x and let V (y) be a neighborhood of y such that
f induces a homeomorphism between each of these neighborhoods and its image.
SinceX is Hausdorff, we can assume that V (x)∩V (y) = ∅. The image set f

(
V (x)

)
contains an open ball B

(
f (x), r(x)

)
of radius r(x) > 0. Likewise, the image set

f
(
V (y)

)
contains an open ball B

(
f (y), r(y)

)
of radius r(y) > 0. Then, for every

path γ joining x to y, we have L∗(γ ) = LY (f (γ )) > r(x) + r(y), which implies
d(x, y) > 0.

To show that d is a metric, it remains to prove that for all x and y in X, we have
d(x, y) < ∞. For that, we must prove that for every x and y in X, there exists
a path joining them and satisfying L∗(γ ) < ∞. We start with an arbitrary path γ
joining x and y, and we shall modify it to obtain a path with the desired property. Let
γ ′ = f � γ and let s be a point in [a, b]. Let V (γ (s)) be a neighborhood of γ (s) such
that f induces a homeomorphism between V (γ (s)) and its image f

(
V (γ (s))

)
. Let

r(s) be a positive real number such that the open ball B(γ ′(s), r(s)) is contained in
f
(
V (γ (s))

)
. We set

V ′(γ (s)) = V (γ (s)) ∩ f−1(B(γ ′(s), r(s))
)
.

Then f induces a homeomorphism between the setV ′(γ (s)), which is a neighborhood
of γ (s), and the open ball B(γ ′(s), r(s)). By compactness of the subset γ ′([a, b]) of
Y , we can find a finite collection of open balls {B(γ ′(si), r(si))}i=0,...,k covering the
set γ ′([a, b]), with si ∈ γ ′([a, b]) for each i = 0, 1, . . . , k. By compactness of [a, b],
we can find a subdivision σ = (ti)i=0,...,n of [a, b] such that for each i = 0, . . . , n−1,
there exists an integer j in [0, k] such that the set γ ′([ti , ti+1]) is contained in the ball
B(γ ′(sj ), r(sj )/2). By Proposition 2.1.19, we can find, for each i = 0, . . . , n − 1,
a path γ ′

i that joins γ ′(ti) and γ ′(ti+1) whose length is < 2r and whose image is
contained in the open ball B(γ ′(sj ), r(sj )). Using the inverse map of the restriction
of f to the set V ′(γ (sj )), we can lift the path γ ′

i to a path γi that joins γ (ti) to
γ (ti+1) and that satisfies L∗(γi) = LY (γ

′
i ) < 2r . Concatenating the n paths γi

(i = 0, . . . , n−1), we obtain a path γ ∗ that joins x to y and that satisfiesL(γ ∗) < ∞.
This proves that d(x, y) < ∞.
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Now let us prove that if we equip X with the metric d, then the map f becomes a
local isometry. Again, let x be a point in X and let V (x) be a neighborhood of x such
that f induces a homeomorphism between V (x) and an open ball B(f (x), r(x)

)
of

center f (x) and of radius r(x) > 0. Let

V ′(x) = f−1(B(f (x), r(x)/4)) ∩ V (x),
letx1 andx2 be two points inV ′(x) and lety1 andy2 be their images inB(f (x), r(x)/4

)
.

We have |y1 − y2| = inf LY (γ ), where the infimum is taken over the set of paths γ
joining y1 and y2. Using Proposition 2.1.19, we can find a path γ joining y1 and y2
whose image is contained in the open ball B

(
f (x), r(x)

)
and whose length satisfies

L(γ ) < 2r(x)/4 = r(x)/2. Such a path γ can be lifted to a path γ ′ that joins x1 and
x2 and satisfies L∗(γ ′) = LY (γ ). Therefore we have d(x1, x2) ≤ |y1 − y2|. To prove
the inverse inequality, let (γn)n≥0 be a sequence of paths in X joining x1 and x2 and
satisfying L∗(γn) → d(x1, x2) as n → ∞. The image paths f (γn) join y1 and y2,
and therefore we have |y1 − y2| ≤ d(x1, x2). Thus, we obtain |y1 = y2| = d(x1, x2),
which shows f is an isometry between V ′(x) and its image.

Now we prove that d is a length metric. Consider two points x and y in X. Since
f is length-preserving (Proposition 3.4.4), for every path γ joining x and y, we have
LX(γ ) = LY (f (γ )). Thus, LX(γ ) = L∗(γ ), and from the definition of d, we have
d(x, y) = infγ LX(γ ) where the infimum is taken over the set of paths γ joining x
and y. This proves that d is a length metric.

It remains to see the uniqueness of the metric d on X for which f : X → Y is
a local isometry. Let d ′ be a metric on X for which the map f is a local isometry.
Since f is length-preserving, we have d ′(x, y) = infγ LX(γ ) = infγ LY (f � γ ),
where the infimum is taken over the set of paths γ joining x and y, which implies
d ′(x, y) = d(x, y). This completes the proof of Proposition 3.4.7. 
�

The metric onX provided by Proposition 3.4.7 is called the pull-back length metric
on X induced by the local homeomorphism f .

Proposition 3.4.8 (The image of a local geodesic by a local isometry). Let X and Y
be length spaces, let f : X → Y be a local isometry and let γ : [a, b] → X be a path.
If γ is a local geodesic, then f � γ : [a, b] → Y is also a local geodesic.

Proof. As in the proof of Proposition 3.4.4, we take a positive real number r such
that for all t in [a, b], the restriction of f to the open ball B(γ (t), r) is an isometry
between this ball and its image B(f � γ (t), r) and we take η > 0 such that for all t
and t ′ in [a, b], satisfying |t − t ′| < η, we have |γ (t) − γ (t ′)| < r . Since the map
γ : [a, b] → X is a local geodesic, there exists, for each t in [a, b], a neighborhood
V (t) of t in [a, b] such that γ|V (t) is distance-preserving. Now let t be a point in [a, b]
and let W(t) = V (t)∩ ]t − η, t + η[. Then W(t) is a neighborhood of t in [a, b]
and for all t ′ and t ′′ in W(t), we have

|f � γ (t ′)− f � γ (t ′′)| = |γ (t ′)− γ (t ′′)| = |t ′ − t ′′|,
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which shows that f � γ is a local geodesic. 
�

Definition 3.4.9 (The lift of a path). Let X and Y be two metric spaces and let
f : X → Y be a continuous map. Let γ : [a, b] → Y be a path and let x be a
point in f−1(γ (a)). We say that γ ′ is a lift of γ starting at x (by the map f ) if
γ ′ : [a, b] → X is a path satisfying f � γ ′ = γ and γ ′(a) = x.

Proposition 3.4.10 (The lift of a geodesic by a local isometry). Let X and Y be two
length spaces and let f : X → Y be a local isometry. Let I be a compact interval of
R (respectively let I = R, I = [0,∞[) and let γ : I → X be a continuous map. If
the map f � γ : I → Y is a geodesic path (respectively a geodesic line, a geodesic
ray), then γ is also a geodesic path (respectively a geodesic line, a geodesic ray).

Proof. We first consider the case where I is a compact interval [a, b]. We have:

|f � γ (a)− f � γ (b)| = LY (f � γ ) (since f � γ is geodesic)

= LX(γ ) (by Proposition 3.4.4)

≥ |γ (a)− γ (b)|
≥ |f � γ (a)− f � γ (b)| (by Proposition 3.4.5).

We conclude that the last two inequalities are equalities, which implies L(γ ) =
|γ (a) − γ (b)|. This proves that the path γ is geodesic. In the case where I is R or
[0,∞[, we use the preceding case to show that the restriction of f to any compact
sub-interval of I is distance-preserving, which shows that γ : I → X is distance-
preserving, and therefore that it is a geodesic line (respectively a geodesic ray). 
�

Proposition 3.4.11 (Existence and uniqueness of lifts of geodesics and of local geo-
desics). Let X and Y be two length spaces such that X is complete, let f : X → Y

be a local isometry, let γ : [a, b] → Y be a local geodesic and let x be a point in
f−1(γ (a)). Then there exists a unique local geodesic γ ′ : [a, b] → X that is a lift of
γ starting at x. In the case where γ is geodesic, γ ′ is also geodesic

Proof. Let us first prove that if γ ′ : [a, b] → X is a lift of γ , then γ ′ is a local geodesic.
Let t a point in [a, b] and let y = γ ′(t). The map f being a local isometry, there exists
a neighborhoodV (y) of y inX such that f (V (y)) is a neighborhood of f (y) = γ (t) in
Y and such that the restriction of f toV (y) is an isometry betweenV (y) and f (V (y)).
Let ε1 be a positive real number satisfying γ ′([a, b]∩]t − ε1, t + ε1[) ⊂ V (y). Since
γ is a local geodesic, there exists a positive real number ε2 such that the restriction
of γ to [a, b]∩]t − ε2, t + ε2[ is distance-preserving. Let ε = min{ε1, ε2} and let
V (t) = [a, b]∩]t − ε, t + ε[. Then V (t) is a neighborhood of t in [a, b] and we have,
for all t ′ and t ′′ in V (t),

|γ ′(t ′)− γ ′(t ′′)| = |f (γ ′(t ′))− f (γ ′(t ′′))| = |γ (t ′)− γ (t ′′)| = |t ′ − t ′′|.
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This shows that the restriction of γ ′ to V (t) is a geodesic. We conclude that γ ′ is a
local geodesic.

Next, we prove uniqueness. As before, for all s satisfying a ≤ s ≤ b, γs denotes
the path γ|[a,s].

Let J be the set of real numbers s in [a, b] such that γs can be lifted in a unique
way to a path starting at x.

The set J is nonempty since it contains the point a. It is also clear that J is an
interval having a as an initial point. We prove that J is open and closed in [a, b]; this
will imply that J = [a, b].

Let (sn)n≥0 be a sequence of real numbers in J converging to a point s, and let
us prove that s is in J . Without loss of generality, we can suppose that for every
integer n ≥ 0, we have sn < s (otherwise, s is trivially in J ). For each n ≥ 0, the
path γsn can be lifted in a unique way to a local geodesic γ ′

sn
: [a, b] → X satisfying

γ ′
sn
(a) = x. Furthermore, for all j ≤ n, the path γ ′

sn
: [a, sn] → X is an extension

of the local geodesic γ ′
sj

: [a, sj ] → X (we are using the uniqueness of lifts). The
sequence of points (γ ′

sn
(sn)) is then a Cauchy sequence inX and sinceX is complete,

this sequence converges to a point xs in X. We then define γ ′
s : [a, s] → X by setting

γ ′
s (t) = γ ′

sn
(t) for any t in [a, sn] and γ ′

s (s) = xs . The local geodesic γ ′
s is a lift of

the path γs and, again by the uniqueness of lifts, γ ′
s is an extension of any path γsn ,

for every integer n ≥ 0. Likewise, the uniqueness of the lifts of the paths γsn shows
that γ ′

s is the unique lift of γs starting at x. Thus, J is a closed subset of [a, b].
Now let us prove that J is an open subset of [a, b].
Let s a real number in [a, b[ satisfying [a, s] ⊂ J and let γ ′

s : [a, s[→ X be the
unique lift of γs satisfying γ ′

s (a) = x. Let us take an open neighborhood V
(
γ ′
s (s)

)
of

γ ′
s (s) such that f induces an isometry between V

(
γ ′
s (s)

)
and the open neighborhood

f
(
V
(
γ ′
s (s)

))
of f

(
γ ′
s (s)

) = γ (s). Using the inverse image of γ ([s, b])∩f (V (γ ′
s (s)

))
by this isometry, we obtain a real number s′ satisfying s < s′ ≤ b such that γ|[s,s′]
can be lifted in a unique way in a path γ ′′ that satisfies γ ′′(s) = γ ′

s (s). Then the path
γ ′
s′ , defined as the concatenation of γ ′

s with γ ′′, is a path that is a lift of γs′ and that
satisfies γ ′

s′(a) = x, and it is clear by construction that this is the unique path that
satisfies these properties. This shows that J is an open subset of [a, b].

Thus, we have proved that J = [a, b].
It remains to show that if γ is geodesic, then γ ′ is also geodesic.
In case γ is a geodesic path, we have L(γ ) = |γ (a) − γ (b)|. Hence, by Propo-

sition 3.4.4 (A local isometry is length-preserving), we have L(γ ′) = |γ (a)− γ (b)|.
By Corollary 3.4.5 (A local isometry is non-expanding), we have |γ (a) − γ (b)| ≤
|γ ′(a) − γ ′(b)|. Therefore we obtain L(γ ′) ≤ |γ ′(a) − γ ′(b)|, which implies
L(γ ′) = |γ ′(a) − γ ′(b)|. Thus, γ ′ is a geodesic path. This completes the proof
of Proposition 3.4.11. 
�

Proposition 3.4.12. LetX and Y be two uniquely geodesic metric spaces such thatX
is complete and let f : X → Y be a local isometry. Let γ : [a, b] → Y be a geodesic
path and let x be a point in f−1(γ (a)). Then there exists a unique geodesic path
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γ ′ : [a, b] → X that satisfies γ ′(a) = x and γ ′(b) ∈ f−1(γ (b)) and whose length is
equal to |γ (a)− γ (b)|. Furthermore, γ ′ is the unique local geodesic path starting at
x that is a lift of γ .

Proof. By Proposition 3.4.11, there exists a unique local geodesic γ ′ : [a, b] → X

(which in fact is a geodesic, sinceX is uniquely geodesic) that is a lift of γ and satisfies
γ ′(a) = x. In particular, γ ′(b) is in f−1(γ (b)). By Proposition 3.4.11, we have

L(γ ′) = L(f (γ ′)) = L(γ ) = |γ (a)− γ (b)|.
Let γ ′′ : [a, b] → X be an arbitrary geodesic satisfying γ ′′(a) = x and γ ′′(b) ∈
f−1(γ (b)) and whose length is equal to |γ (a) − γ (b)|. To prove that γ ′ = γ ′′, it
suffices to prove that γ ′′ is a lift of γ . The path f � γ ′′ joins the points γ (a) and γ (b),
and its length is equal to |γ (a) − γ (b)|. We conclude that this path is geodesic. By
the uniqueness of the geodesic segment joining γ (a) and γ (b), we have f � γ ′′ = γ .
Then, by the uniqueness of lifts (Proposition 3.4.11), we have γ ′ = γ ′′. This competes
the proof of Proposition 3.4.12. 
�

3.5 Covering spaces

A covering map between two topological spaces X and Y is a continuous map
f : X → Y such that every point y in Y has an open neighborhood V such that
f−1(V ) is a disjoint union of sets {Vα}α∈� , for some set � and for all α in � , the
restriction of f to Vα is a homeomorphism between Vα and V . Such an open set V
is called a distinguished neighborhood of x. The space X is called a covering space
of Y , and Y is called the base space of the covering. Every covering map is a local
homeomorphism but there are standard examples of local homeomorphisms that are
not coverings (for instance, the map x �→ (cos x, sin x) from ]0, 3π [ to the circle S1).
For the bases of the theory of coverings, we refer the reader to the books [98] and
[114] by Massey and by Munkres.

There is a geometric theory of covering spaces that is particularly well adapted
to the setting of metric spaces, and in that theory, it is assumed that a covering map
f : X → Y is a local isometry. In this geometrical setting, there are useful sufficient
conditions for a local homeomorphism between metric spaces to be a covering. In
this section, we present some of these conditions.

The classical theory of covering spaces associates to a space X that is locally
arcwise connected and semi-locally simply connected a covering space X̃ that is
simply connected, which is called the universal covering ofX. The universal covering
is uniquely defined up to a natural equivalence relation between covering spaces. For
the definition of X̃, one starts by choosing a basepoint x in X, and then one considers
the set Cx of all paths inX starting at x. As a set, the space X̃ is the quotient of Cx by
the equivalence relation that identifies two elements γ and γ ′ in Cx whenever these
paths have the same endpoint and if there exists a homotopy between these two paths
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that leaves the endpoints fixed. In Chapter 9 we shall see that the universal covering
of a space whose distance function satisfies some convexity condition that we study
there is naturally realized as a set of local geodesics starting at x.

We start with the following

Proposition 3.5.1 (The length metric induced on a covering). Let X be a Hausdorff
topological space that is arcwise connected, let Y be a length space and let f : X → Y

be a covering map. Then there exists a unique length metric onX such that f : X → Y

is a local isometry.

Proof. Since f is a local surjective homeomorphism, we take on X the pull-back
length metric provided by Proposition 3.4.7. 
�

If p : X → Y is a covering map, then a homeomorphism of X is called a deck
transformation if it satisfies p � f = p. A deck transformation is also called an
automorphism of the covering, and the deck transformations form a group called the
automorphism group of the covering.

Proposition 3.5.2. Let X be a length space and let p : X → Y be a covering map
that is a local isometry. Then each deck transformation f : X → X of this covering
is an isometry.

Proof. Since p is a local isometry and since p � f = p, we deduce easily that f is
also a local isometry. By Proposition 3.4.6, a homeomorphism that is a local isometry
is an isometry. 
�

By the classical theory of coverings, if f : X̃ → X is a universal covering map,
then there is a canonical isomorphism between the fundamental group of X and the
group of deck transformations. We also recall that a group acts freely on a space if
every element of the group except the identity is fixed point-free. Finally, we recall that
a group acts properly discontinuously if every element of the space has a neighborhood
K such that the set of elements g in the group satisfying gK ∩K 	= ∅ is finite.

We record the following consequence of Proposition 3.5.2:

Corollary 3.5.3. Let X be a length space. Then the fundamental group of X is iso-
morphic to a group acting freely and properly discontinuously by isometries on a
simply connected length space.

Proof. We consider the universal covering space f : X̃ → X. The space X is Haus-
dorff, and this implies that X̃ is Hausdorff. Using Proposition 3.5.2, we equip X̃ with
a length metric such that f is a local isometry. The fundamental group ofX acts on X̃
as the group of deck transformations. By Proposition 3.5.2, each deck transformation
is an isometry of X̃, and the group of deck transformations satisfies all the required
properties. This proves Corollary 3.5.3. 
�
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We now study some basic properties of covering spaces of metric spaces, in which
the covering map is a local isometry.

Theorem 3.5.4. Let X and Y be two complete, locally compact and locally uniquely
geodesic length spaces and let f : X → Y be a local isometry. Then f is a covering
map.

Proof. Let y be a point in Y and let B = B(y, r) be an open ball of center y and of
positive radius r . We choose r small enough so that B is uniquely geodesic. We claim
that B is a distinguished neighborhood of y, that is, that f−1(B) = ⋃

x∈f−1(y) Bx ,

where for all x in f−1(y), Bx is a neighborhood of x such that f|Bx : Bx → B is
a homeomorphism and such that for all distinct points x and x′ in f−1(y), we have
Bx ∩ Bx′ = ∅. This will imply that f is a covering map.

To prove the claim, let x be an arbitrary point in f−1(y). (Such a point ex-
ists since f is surjective.) For every q in B, let γ : [0, |y − q|] → B be the
unique geodesic starting at y and ending at q (that is, the unique such geodesic with
[0, |y − q|] as domain). By Propositions 3.4.11 and 3.4.12, there exists a unique
geodesic γ ′ : [0, |y − q|] → X starting at x, parametrized by [0, |y − q|], whose
endpoint γ ′(|y − q|) is in f−1(γ (|y − q|)), that is a lift of γ and that satisfies
L(γ ′) = L(γ ) = |y − q|. We denote by Bx the set of points p = γ ′(|y − q|)
in X that can be obtained as endpoints of such geodesics γ ′. In particular, we have
|x − p| = |y − q|. Let us note that Bx contains the point x itself since this point is
the endpoint of the geodesic of length 0. We denote by ψx : B → Bx the map that
associates to any point q in B the point p provided by this construction. For all q
in B, we have f � ψx(q) = q. Therefore the map ψx is injective. We conclude that
the restriction of f to Bx is a bijection between Bx and B. Since Y is complete and
locally compact, the open ball B is relatively compact (Theorem 2.1.16). Therefore
the map induced by f between Bx and B, which is bijective and continuous, is a
homeomorphism. In particular, Bx is a neighborhood of x in X.

Now let us prove that f−1(B) = ⋃
x∈f−1(y) Bx . Let p be in f−1(B) and let

q = f (p). Since q is in B, there is a unique geodesic γ : [0, |y − q|] → Y start-
ing at q and ending at y. By Proposition 3.4.12, there exists a unique geodesic
γ ′ : [0, |y − q|] → X starting at p and ending at a point in f−1(y). Let x be
this point. We have |p − x| = |y − q|, which implies that p is in Bx . Thus,
f−1(B) ⊂ ⋃

x∈f−1(y) Bx . Now let x be a point in f−1(y) and let us prove that

Bx ⊂ f−1(B). For all p in Bx , we have, by construction, f (p) ∈ B, which implies
that f (Bx) ⊂ B, that is, Bx ⊂ f−1(B). Therefore we have f−1(B) = ⋃

x∈f−1(y) Bx .
To prove that f is a covering map, it remains to show that if x and x′ are two

distinct points of f−1(y), then Bx ∩ Bx′ = ∅. Thus, let us take two such points x
and x′ and let us suppose that there exists a point p in the intersection Bx ∩ Bx′ . Let
q = f (p) and let γ : [0, |y − p|] → B be the geodesic in B that joins p to y. Then
there exist two geodesics γ ′

1 : [0, |y − p|] → B and γ ′
2 : [0, |y − p|] → B that start

at p and satisfy γ ′
1(|y − p|) = x, γ ′

2(|y − p|) = x′ and L(γ ′
1) = L(γ ′

2) = |y − p|.
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Thus, we obtain two distinct geodesics that are lifts of γ and that start at p, which
is a contradiction. Therefore we have Bx ∩ Bx′ = ∅. This completes the proof of
Theorem 3.5.3. 
�

We shall use the following result in Chapter 9.

Proposition 3.5.5. LetX andY be two length spaces and let f : X → Y be a covering
map that is a local isometry. If Y is complete, then X is complete.

Proof. Suppose that Y is complete. Let (xn)n≥1 be a Cauchy sequence inX. For every
n ≥ 1, let us set yn = f (xn). The map f being non-expanding (Proposition 3.4.5),
the sequence (yn) is a Cauchy sequence in Y . Since Y is complete, this sequence
converges. Let y be its limit. To prove that (xn) converges, we first suppose that f is
a homeomorphism. Let x = f−1(y) and let B = B(y, r) be the open ball of center y
and radius r , where r is small enough so that if B ′ = B(x, r), then f|B ′ : B ′ → B is
an isometry. There exists an integer n0 such that yn is in B for all n ≥ n0. Then B ′
contains xn for all n ≥ n0, and since f|B ′ : B ′ → B is an isometry, (xn) converges to x.
We conclude that every Cauchy sequence inX converges, and thereforeX is complete.
Now let us consider the general case where f is not necessarily a homeomorphism. Let
r be a positive real number such that the ball B(y, r) is a distinguished neighborhood
of y and let x′ and x′′ be two distinct points in f−1(y). The open balls B(x′, r) and
B(x′′, r) are disjoint and therefore we have |x′ −x′′| ≥ 2r .We conclude that for every
z′ in B(x′, r/2) and z′′ in B(x′′, r/2), we have |z′ − z′′| > r . Taking n large enough,
we have yn ∈ B(y, r/2), which implies xn ∈ f−1

(
B(y, r/2)

)
. Now we take k large

enough so that |xn − xm| ≤ r/2 whenever n and m are ≥ k. The sequence (xn)n≥k is
then contained in a ballB(x, r/2) for some x in f−1(y). In the same way as in the case
where f is homeomorphism, the fact that f induces an isometry between B(x, r/2)
and B(y, r/2) implies that (xn) converges to x. We conclude that X is complete. 
�

Definition 3.5.6 (Locally uniquely locally geodesic space). A metric space X is said
to be locally uniquely locally geodesic if every point x inX has a neighborhood V (x)
such that for allp and q inV (x), there exists a unique local geodesic γ : [0, |p−q|] →
V (x) that joins p and q.

Examples of such spaces are the nonpositively curved Riemannian manifolds and
the locally convex metric spaces that we consider in Chapter 8.

Proposition 3.5.7. Let f : X → Y be a local isometry, where X and Y are complete
locally compact length spaces such that the space X (or, equivalently, Y ) is locally
uniquely geodesic and locally uniquely locally geodesic. Then for all y in Y , there
exists an open ballB = B(y, r) of radius r > 0 such that f−1(B) is the disjoint union
of open balls B(x, r) with x ranging in f−1(y) and such that for each x in f−1(y)

the map f|B(x,r) : B(x, r) → B(y, r) is a homeomorphism.
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Proof. We use the notations of the proof of Theorem 3.5.4 and we suppose furthermore
that the open ball B(y, r) is uniquely geodesic and uniquely locally geodesic. Let us
prove that the set Bx is then the open ball B(x, r) of center x and of radius r . For
every q in B, we have |x−ψx(q)| = |y− q| < r , which implies Bx ⊂ B(x, r). Now
if p is an arbitrary point in B(x, r), then, since X is geodesic, there exists a geodesic
path γ ′ : [0, |x − p|] → X that joins x to p. The image of this path is contained in
B(x, r). Let γ = f � γ ′ and let q = γ (|x − p|). We have L(γ ) = L(γ ′) < r and
γ is a local geodesic whose image is contained in the ball B(y, r). Since this ball is
uniquely locally geodesic, γ is the unique geodesic that joins y to q, and therefore we
have p = ψx(q), which shows that B(x, r) ⊂ Bx . Thus, we have Bx = B(x, r). This
completes the proof of Proposition 3.5.7. 
�

Proposition 3.5.8. Let X be a compact length space that is locally uniquely locally
geodesic and let f : X → X be a covering map that is a local isometry. Then f is an
isometry.

Proof. Let us first prove that f is a homeomorphism. Let y be a point in X. By
Proposition 3.5.7, there exists an open ball B = B(y, r) of positive radius r such
that f−1(B) is the disjoint union of open balls B(x, r), with x ranging in the set
f−1(y), and such that for every such x the map f|B(x,r) : B(x, r) → B(y, r) is a
homeomorphism. Since f is a covering map, the cardinality of the fiber f−1(y) does
not depend on the choice of the point y. If f is not a homeomorphism, this cardinality
is ≥ 2. Let x1 and x2 be two distinct points in f−1(y). Since the balls B(x1, r) and
B(x2, r) are disjoint, we have |x1 − x2| > 2r .

In the same way, we can find two distinct points x1
1 and x2

1 in f−1(x2), and two
distinct points x1

2 and x2
2 in f−1(x1). Furthermore, for all integers i and j = 1, 2 and

for all k 	= �, we have xki 	= x�j , since the images by f 2 = f � f of these two points

are distinct. We conclude that the four points x1
1 , x2

1 , x1
2 and x2

2 are the centers of balls
of radius r that are disjoint, and the distance between any two points among these four
points is > 2r .

By iterating n times this construction, we obtain, for any integer n ≥ 0, a sequence
of 2n points in X whose mutual distances are all > 2r . This contradicts the fact that
X is compact. We deduce that f is a homeomorphism.

The inverse of the homeomorphisms f is also a local isometry. By Proposi-
tion 3.4.5, f and f−1 are non-expanding maps. This implies that f is a isometry.
This completes the proof of Proposition 3.5.8. 
�

Remark. The result of Proposition 3.5.8 does not remain true if instead of a covering
f : X → X we take a covering f : X → Y between two different metric spaces X
and Y that satisfy the hypotheses of the proposition (that is, if X and Y are compact
length spaces that are locally uniquely locally geodesic). To see this, let X and Y be
the circle S1, f : S1 → S1 defined by z �→ z2, with the metric on the range being
the length metric θ induced by the inclusion of the circle S1 in the Euclidean plane
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(θ is the “angular metric”) and with the metric on the domain being the length metric
induced by θ by the local homeomorphism z �→ z2 as in Proposition 3.5.2.

Notes on Chapter 3

Fixed point theory. Several results in Section 2 of this chapter concern fixed points
of maps, and it is worth mentioning, since convexity is the main topic of this book, that
fixed point theory is closely related to convexity theory. For instance, it was realized
a long time ago that the famous fixed point theorem of Brouwer [21], stating that a
continuous map of an n-dimensional simplex has a fixed point, holds for a continuous
map of any closed convex set in an n-dimensional topological vector space.

The fixed point theorem for contractions (Theorem 3.2.10) is due to Banach. This
is Theorem 6, p. 160 of the paper [9] which constitutes the doctoral thesis of Banach,
presented to the University of Leopol (Lvov) in 1922. This result of Banach was
historically a starting point for a whole series of results in functional analysis that deal
with fixed points and approximation theory.

Corollaries 3.2.5 and 3.2.6 are classical instances of results in the theory of fixed
points for non-expanding maps, and this subject is vast. To give a more elaborate
example, we mention the following result due to E. Rakotch (see [123]). Let X be a
complete metric space, let f : X → X be a map and suppose there exists α in ]0, 1[
such that every x in X has a neighborhood V (x) such that |f (y)− f (z)| ≤ α|y − z|
for every y and z in V (x). (The author calls such a map α-locally contractive). If
there exists a point x0 in X such that x0 and f (x0) can be joined by a rectifiable path,
then f has a fixed point. In the same paper, the author gives an example of a complete
and connected space X with an α-locally contractive mapping f : X → X that has
no fixed point, and he proves that if any two points in X can be joined by a rectifiable
path, then f has a unique fixed point.

Busemann’s theory of covering spaces. Busemann worked on a theory of covering
spaces for completeG-spaces, where covering maps are locally isometric maps. This
theory is developed in [25], chap. IV and [28], §27, and it is used by Busemann in his
study of the isometries of G-spaces. A version of Theorem 3.5.4 is contained in [28]
(Theorem 27.9) with different hypotheses. The hypotheses that we put here on the
space X and Y will be satisfied when we take X and Y to be locally convex spaces, in
Chapters 7 and 8 below. Likewise, Proposition 3.5.8 is due to Busemann, with slightly
different hypotheses (see [25], Theorem 12.15 and [28], Theorem 27.14).

The Carathéodory and the Kobayashi pseudo-metrics for coverings. IfX → Y is
a holomorphic covering between complex manifolds, the pull-back of the Kobayashi
pseudo-metric of Y is the Kobayashi pseudo-metric of X. This means that the
Kobayashi pseudo-distance satisfies a property analogous to the property described in
Proposition 3.4.7 for metrics; see [126]. The Carathéodory pseudo-metric does not
satisfy this property. This is due to the fact (which we mentioned in Chapter 2) that
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the Kobayashi pseudo-distance is a length pseudo-distance whereas the Carathéodory
pseudo-distance is not.



Chapter 4

Distances

Introduction

In this chapter, we use the word “distance” in the following broad sense: a distance is
a function on the product space of a set with itself, that satisfies some of the axioms
of a metric, but not necessarily all of them. (In general, the axiom that will not be
satisfied will be the separation axiom, that is, d(x, y) = 0 ⇒ x = y.) Of course, we
shall be interested in knowing under which additional conditions on the base set such
a generalized distance defines a genuine metric.

We shall deal with two kinds of such generalized distances:

• distances between subsets of metric spaces;

and

• distances between isometries of a metric space.

We study these two notions of distances in the same chapter because there are
similarities in the definitions and in the developments.

We shall use some of the results in later chapters, but this chapter can also be
regarded as a study of examples of metric spaces.

Let X be a metric space. Given two nonempty subsets A and B of X, their
Hausdorff distance is defined as

dH (A,B) = inf{ε ≥ 0 such that N(A, ε) ⊃ B and N(B, ε) ⊃ A},
where N(A, ε) denotes the ε-neighborhood of the set A, that is,

N(A, ε) = {x ∈ X such that dA(x) ≤ ε}.
Equivalently, we have

dH (A,B) = sup
x∈X

|dA(x)− dB(x)|,

where dA(x) is the distance from x to the set A.
This notion of “distance” between subsets of a metric space is a useful tool in

topology, but in general, it does not satisfy the axioms of a metric. For instance,
for every subset A of X, we have dH (A, Ā) = 0, therefore dH does not necessarily
separate points. Furthermore, IfA is bounded and B unbounded, then their Hausdorff
distance is infinite. This last property is certainly the major inconvenience of the
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function dH . To remedy to this, one considers the set F (X) of nonempty closed
subsets of X and one chooses a point p in X and defines a map dp on the product
F (X)× F (X) by setting, for each A and B in F (X),

dp(A,B) = sup
x∈X

|dA(x)− dB(x)|e−|p−x|.

This map is a genuine metric on F (X). The family (dp)p∈X of metrics on F (X) has
been considered by Busemann, and in this chapter, we shall treat it in some detail.
Since each metric in this family is defined by scaling the Hausdorff distance, we call
it a Busemann–Hausdorff metric. For any p and q in X, the metrics dp and dq are
commensurable.

There are several notions of limits of subsets in a metric space that are related
to Hausdorff distance and to Busemann–Hausdorff distances, and we shall consider
them here.

Given a sequence of nonempty subsets (An)n≥0 of subsets of X, its lower closed
limit is the set of points x in X such that every neighborhood of x contains points in
all but finitely many sets An, and its upper closed limit is the set of points x inX such
that every neighborhood of x contains points in infinitely many sets An. We say that
(An) has a closed limit if the lower and upper closed limits of this sequence are equal,
and in this case the closed limit is the common value of the lower and upper closed
limits.

We shall see some relations between convergence with respect to the Hausdorff
distance and the existence of lower and upper limits. For instance, if dH (An,A) → 0
whereA is some bounded subset ofX, then limAn = Ā. In the case where the metric
space X is compact, we have the following converse: if (An) has a nonempty closed
limit A, then dH (An,A) → 0.

There are analogous results for the Busemann–Hausdorff distance. Given a point
p inX, if dp(An,A) → 0 for some subsetA ofX, then limAn = Ā. In the case where
X is proper, the following converse holds: if limAn = A, then dp(An,A) → 0.

In the same spirit as for the distances d and dp (for p ∈ X) on subsets, there are
distances d and dp (p ∈ X) on the isometry group Isom(X) of a metric space X. The
definitions are as follows.

For f and g in Isom(X) and for any point p in X, we set

d(f, g) = |f − g| = sup
x∈X

|f (x)− g(x)|

and

dp(f, g) = |f − g|p = sup
x∈X

|f (x)− g(x)|e−|p−x|.

In the special case where X is compact, the map d is a metric on Isom(X). For
any metric space X and for each p in X, the map dp is a metric on Isom(X). For any
p and q in X, the metrics dp and dq are commensurable.
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The outline of this chapter is as follows.
In Section 1, we start by recalling some basic facts about the distance from a

point to a subset, about ε-neighborhoods of subsets and about the Hausdorff distance
between two subsets of a metric space X. Restricted to the set B(X) of nonempty
closed bounded subsets of X, the Hausdorff distance is a genuine distance (that is, it
satisfies the axioms of a metric space).

In Section 2, we consider the family of Busemann–Hausdorff distances (dp)p∈X
on the set F (X) of all nonempty closed subsets of X. We prove that for any p and q
in X, the metrics dp and dq are commensurable.

In Section 3, we consider the notions of upper closed limit, lower closed limit
and closed limit of a sequence of subsets of an arbitrary metric space and we make
the relation between these notions and the Hausdorff and the Busemann–Hausdorff
distances.

Section 4 concerns the distances d and dp (p ∈ X) on the space Isom(X).

4.1 The Hausdorff distance

Let X be a metric space. We recall that if x is a point in X and if A is a subset of X,
then the distance from x to A is defined as

dA(x) = inf
y∈A d(x, y).

We start with a few elementary properties of the map x �→ dA(x).

Proposition 4.1.1. If A and B are two nonempty subsets of X, then

(i) dA(x) = dĀ(x) for all x ∈ X;

(ii) dA(x) = 0 ⇐⇒ x ∈ Ā;

(iii) dA(x) = dB(x) for all x ∈ X ⇐⇒ Ā = B.

Proof. Properties (i) and (ii) follow trivially from the definitions. To prove (iii),
suppose that Ā 	= B. Up to interchanging the names of A and B, we can assume that
there is a point x in Ā \ B. Then, by (i), we have dA(x) = 0 and dB(x) 	= 0, which
shows that dA(x) 	= dB(x). The converse implication is trivial. 
�

Proposition 4.1.2 (The map dA is non-expanding). For any metric space X and for
any nonempty subset A of X, the map x �→ dA(x) is non-expanding.

Proof. For any x and y in X and for any z in A, we have, by the triangle inequality,

|d(x, z)− d(y, z)| ≤ d(x, y).
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Taking the infimum over z in A, we obtain

|dA(x)− dA(y)| ≤ d(x, y),

which is the required result. 
�

Definition 4.1.3 (Closed ε-neighborhood of a set). Let X be a metric space, let A be
a subset of X and let ε be in [0,∞[. The closed ε-neighborhood of A is the subset of
X defined by

N(A, ε) = {x ∈ X such that dA(x) ≤ ε}.
Equivalently, we have

N(A, ε) =
⋃
x∈A

B(x, ε)

where for each x in A, B(x, ε) denotes the closed ball in X of center x and radius ε.
Notice that in the case where A consists of a single point x, the set N(A, ε) is the

closed ball of center x and radius ε.
It is clear from the definition that if A and B are subsets of X satisfying A ⊂ B,

then for any ε ≥ 0 we have N(A, ε) ⊂ N(B, ε).
Notice also that the closed ε-neighborhood of any subset A is closed in X, since

it is the inverse image of the closed interval [0, ε] by the continuous map dA : X →
R. In Figure 4.1, we have drawn the closed ε-neighborhood of an (open or closed)
segment in R2. This is an example of an object that Busemann calls a “capsule” (see
Definition 9.2.6 below).

Figure 4.1. A capsule.

Proposition 4.1.4. Let X be a metric space. Then, for any subset A of X and for any
nonnegative real numbers ε1 and ε2, we have N

(
N(A, ε1), ε2

) ⊂ N(A, ε1 + ε2). In
the case where X is a geodesic space, we have N

(
N(A, ε1), ε2

) = N(A, ε1 + ε2).

Proof. The proof follows easily from the definitions. 
�

Proposition 4.1.5. Let X be a metric space. For any A ⊂ X and for any ε ≥ 0, we
have N(Ā, ε) = N(A, ε).
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Proof. Let x be a point in N(Ā, ε). Since Ā is closed, we can find a point x in Ā such
that |x − x| ≤ ε. Since x is in Ā, for every integer n ≥ 1, there exists a point xn in A
satisfying |x − xn| ≤ ε. Thus, we have

|x − xn| ≤ |x − x| + |x − xn| ≤ ε + 1/n,

which shows that dA(x) ≤ ε. Thus, x is in N(A, ε). This proves that N(Ā, ε) ⊂
N(A, ε). The other inclusion is obvious. 
�

Proposition 4.1.6. Let X be a proper metric space, let A and B be two subsets of X
and let δ = dH (A,B). Then, we have A ⊂ N(B, δ) and B ⊂ N(A, δ).

Proof. Without loss of generality, we can assume that δ is finite. Furthermore, since
N(A, δ) = N(Ā, δ) and N(B, δ) = N(B, δ) (Proposition 4.1.5), we can assume
without loss of generality that A and B are closed. Let x be an element of A. For any
integer n ≥ 1, we have X ⊂ N(B, δ + 1/n). Since B is closed, there exists yn ∈ B
such that |x − yn| ≤ δ + 1/n. Since X is proper, B is also proper, and the sequence
(yn)n≥1 has a convergent subsequence. If y is the limit of such a subsequence, we
have |x − y| ≤ δ, which shows that x is in N(B, δ). Thus, we obtain A ⊂ N(B, δ).
By symmetry, we also have B ⊂ N(A, δ). 
�

Definition 4.1.7 (Hausdorff distance). Let X be a metric space and let A and B be
two nonempty subsets of X. The Hausdorff distance dH (A,B) is defined as

dH (A,B) = inf{ε ≥ 0 such that N(A, ε) ⊃ B and N(B, ε) ⊃ A}.
We start with the following proposition whose proof follows easily from the defi-

nitions.

Proposition 4.1.8. Let X be a metric space. For any subsets A and B of X we have

(i) 0 ≤ dH (A,B) ≤ ∞, and if A and B are bounded, dH (A,B) < ∞;

(ii) dH (A,B) = dH (B,A);

(iii) dH (A, Ā) = 0;

(iv) dH (A,B) = dH (A,B);

(v) if A = {x} and B = {y}, then dH (A,B) = |x − y|. 
�

Notice that we can measure Hausdorff distances between objects of apparently
different nature. For instance, if X = R and if we take A = R and B = N, then
dH (A,B) = 1.

It is easy to see that if X is an arbitrary metric space and if A is a bounded and B
an unbounded subset of X, then dH (A,B) = ∞.

We now give a set of examples of subsets of metric spaces that are at mutual
finite Hausdorff distance and others at mutual infinite Hausdorff distance. In later
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chapters, we shall consider Hausdorff distances between images of geodesic rays and
of geodesic lines, and therefore we give examples of distances between such subsets
in the classical spaces.

Examples 4.1.9 (Hausdorff distance).

(i) Disks in Euclidean space. If A and B are open or closed disks in En of
centers respectively x1 and x2 and of radii respectively r1 and r2, then dH (A,B) =
|x1 − x2| + |r1 − r2|.

(ii) Geodesic rays and geodesic lines in Euclidean space. The Hausdorff distance
between two straight lines in En is finite if and only if these straight lines coincide
or if they span a 2-dimensional plane in En in which they are parallel in the sense
of Euclidean plane geometry. The Hausdorff distance between the images of two
geodesic rays in En is finite if and only if these images are contained in parallel
straight lines and if in a plane that contains them, the geodesic rays have the same
direction.

(iii) Geodesic rays and geodesic lines in hyperbolic space. LetBn be the conformal
ball model of hyperbolic space Hn and let r1 : [0,∞[→ Bn and r2 : [0,∞[→ Bn be
two geodesic rays. Then, dH (Im(r1), Im(r2)) is finite if and only if r1(t) and r2(t)
converge as t ∈ ∞ (with respect to the Euclidean metric of the ball) to the same point
on the boundary sphere Sn−1 of Bn. The proof can be done by a calculation using the
formula for the distance in Bn. In fact, if r1 : [0,∞[→ Bn and r2 : [0,∞[→ Bn are
two geodesic rays satisfying r1(∞) 	= r2(∞), then the projection of r1(t) on Im(r2)
tends to infinity as t → ∞. From this fact, we deduce that the Hausdorff distance
between the two straight lines in Hn is finite if and only if the two lines have the same
set of limit points in Sn, or, equivalently, if the images of these lines coincide.

(iv) Geodesic rays and geodesic lines in an R-tree. If T is an R-tree and if
r1 : [0,∞[→ T and r2 : [0,∞[→ T are two geodesic rays, thendH (Im(r1), Im(r2)) <
∞ if and only if Im(r1) and Im(r2) coincide up to a compact set, that is, if and only if
there exist two nonnegative real numbers t1 and t2 such that r1([t1,∞[) = r2([t2,∞[).
The case of straight lines in T is identical to the case of straight lines in Hn: the Haus-
dorff distance between the images is finite if and only if these two images coincide.

We already saw that for any subset A of X, we have dH (A, Ā) = 0. Thus, even
if we restrict the map dH to bounded subsets, dH does not satisfy the axioms of a
metric. We shall see below that it does satisfy them if we restrict the map to the set of
closed bounded subsets of X.

The following characterization of the Hausdorff distance is contained in [25].

Proposition 4.1.10. LetX be a metric space and letA andB be two nonempty subsets
of X. Then,

(4.1.10.1) dH (A,B) = sup
x∈X

|dA(x)− dB(x)|.
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Proof. Suppose first that dH (A,B) = 0. Then, for any ε > 0, we haveA ⊂ N(B, ε).
This shows that A ⊂ B and since B is closed, we obtain Ā ⊂ B. By symmetry, we
also have B ⊂ Ā. Therefore, Ā = B. By Proposition 4.1.1 (iii), this implies dA(x) =
dB(x) for all x in X. Thus, (4.1.10.1) is satisfied in the case where dH (A,B) = 0.

Suppose now that dH (A,B) = ∞. Then, up to interchanging the names of A and
B, we can assume that for each nonnegative integer n, we can find a point xn in A
that is not contained in N(B, n). Thus, dB(xn) ≥ n and since dA(xn) = 0, we obtain
supx∈X |dA(x)− dB(x)| = ∞. Thus, (1.1.10.1) is also satisfied in this case.

It remains to consider the case where 0 < dH (A,B) < ∞. Let n be a positive
integer satisfying dH (A,B) > 1/n. Up to interchanging the names of A and B, we
can assume that A 	⊂ N

(
B, dH (A,B) − 1/n

)
. Then, we can find a point z in A

satisfying dH (A,B)− 1/n < dB(z). Since dA(z) = 0, we have

dH (A,B)− 1/n < dB(z) = |dA(z)− dB(z)| ≤ sup
x∈X

|dA(x)− dB(x)|.

Letting n tend to infinity, we obtain dH (A,B) ≤ supx∈X |dA(x)− dB(x)|.
To prove the converse inequality, let x be an arbitrary point in X and let n be

a positive integer. We can find a point z in B such that |x − z| < dB(x) + 1/n.
Since z is also in N(A, dH (A,B) + 1/n), we can find a point y in A satisfying
|z− y| ≤ dH (A,B)+ 1/n. Thus, for every x in X, we have

dA(x)− dB(x) ≤ |x − y| − dB(x)

≤ |x − z| + |z− y| − dB(x)

≤ dB(x)+ 1/n+ dH (A,B)+ 1/n− dB(x)

= dH (A,B)+ 2/n.

Letting n tend to infinity, we obtain dA(x)−dB(x) ≤ dH (A,B). By symmetry, we
also have dB(x)−dA(x) ≤ dH (A,B). We conclude that |dA(x)−dB(x)| ≤ dH (A,B)

for every x in X. Summing up, we have |dA(x) − dB(x)| = dH (A,B), as required.
This completes the proof of Proposition 4.1.10. 
�

For any metric space X, we denote by B(X) the set of nonempty closed bounded
subsets of X. Of course, if X is proper, then B(X) is the set of nonempty compact
subsets of X

Proposition 4.1.11 (dH is a metric on B(X)). For any metric space X, the map
(A,B) �→ dH (A,B) defines a metric on B(X).

Proof. It is plain that for any A and B in B(X) we have 0 ≤ dH (A,B) < ∞,
dH (A,B) = dH (B,A) and A = B ⇒ dH (A,B) = 0. Let us show that

dH (A,B) = 0 ⇒ A = B.
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By Proposition 4.1.10, we have

dH (A,B) = 0 ⇒ dA(x) = dB(x) for all x ∈ X.
By Proposition 4.1.1 (iii), this implies Ā = B and sinceA and B are closed we obtain
A = B.

It remains to prove the triangle inequality. Let x be an arbitrary point in X and let
A, B and C be in B(X). We have, by the triangle inequality in R,

|dA(x)− dC(x)| ≤ |dA(x)− dB(x)| + |dB(x)− dC(x)|.
Taking the supremum over all points x in X, we obtain, using Proposition 4.1.10,

dH (A,C) ≤ dH (A,B)+ dH (B,C).

This proves Proposition 4.1.11. 
�

Remark. If instead of the set B(X)we consider the set of bounded subsets ofX, then
dH defines a pseudo-metric.

4.2 The Busemann–Hausdorff distance

We already noted that if one of the two subsetsA orB of a metric spaceX is unbounded,
then the Hausdorff distance dH (A,B) may be infinite. We need a distance function
that is more adapted to unbounded subsets. This is all the more useful because some
of the subsets that we shall deal with are images of geodesic rays and geodesic lines,
and we already saw that in Euclidean space, ifA andB are the images of two geodesic
rays, then dH (A,B) = ∞ unless A and B are contained in parallel Euclidean lines.
To obtain a distance function whose value is always finite, Busemann uses in [25]
a modified version of the Hausdorff distance, which we call here the Busemann–
Hausdorff distance. The definition of this distance is an adaptation of the Hausdorff
distance in the version which is provided by Proposition 4.1.10.

Definition 4.2.1 (Busemann–Hausdorff distance). LetX be a metric space, let p be a
point inX and let A and B be two nonempty subsets ofX. The Busemann–Hausdorff
distance with basepoint p, between A and B, is defined by

dp(A,B) = sup
x∈X

|dA(x)− dB(x)|e−|p−x|.

Proposition 4.2.2. Let X be a metric space and let p be a point in X. Then for any
two nonempty subsets A and B of X, the Busemann–Hausdorff distance dp(A,B) is
finite.
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Proof. Since the maps dA and dB are non-expanding (Proposition 4.1.2), we have, for
every x in X,

|dA(x)− dB(x)| ≤ dA(x)+ dB(x)

≤ dA(p)+ |p − x| + dB(p)+ |p − x|.
Using the fact that e−|p−x| < 1 and |p − x|e−|p−x| < 1, we obtain

|dA(x)− dB(x)|e−|p−x| ≤ (
dA(p)+ dB(p)+ 2|p − x|)e−|p−x|

≤ dA(p)+ dB(p)+ 2.

Thus, we obtain dp(A,B) < ∞, as required. 
�

Given a metric space X, we denote by F (X) the set of nonempty closed subsets
of X.

Proposition 4.2.3 (dp is a metric on F (X)). For any metric space X and for any p
in X, the map (A,B) �→ dp(A,B) is a metric on F (X).

Proof. It is clear that dp is symmetric and that A = B ⇒ dp(A,B) = 0. Let us
show that dp(A,B) = 0 ⇒ A = B. The proof is an adaptation of the proof of
Proposition 4.1.10.

From the definition, we have

dp(A,B) = 0 ⇐⇒ dA(x) = dB(x) for all x ∈ X.
Assume that A 	= B. Up to interchanging the names of A and B, we can suppose that
there exists a point x in B \ A. Then, dB(x) = 0 and, since A is closed, dA(x) 	= 0.
Therefore we have

dp(A,B) ≥ |dA(x)− dB(x)|e−|p−x| > 0.

Finally let us prove that dp satisfies the triangle inequality. For every A, B and C
in F (X) and for every positive integer n, we can find a point x in X such that

dp(A,C)− 1/n < |dA(x)− dC(x)|e−|p−x|

≤ (|dA(x)− dB(x)| + |dB(x)− dC(x)|
)
e−|p−x|

≤ |dA(x)− dB(x)|e−|p−x| + |dB(x)− dC(x)|e−|p−x|.

Thus, we obtain, for all n ≥ 1, dp(A,C)− 1/n ≤ dp(A,B)+ dp(B,C). Letting
n tend to infinity, we obtain

dp(A,C) ≤ dp(A,B)+ dp(B,C).

This completes the proof of Proposition 4.2.3. 
�
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Two metrics d1 and d2 defined on a metric spaceX are said to be commensurable if
the identity map (X, d1) → (X, d2) is bi-Lipschitz, that is, if there exist two constants
C1 and C2 such that for every x and y in X we have d1(x, y) ≤ C1d2(x, y) and
d2(x, y) ≤ C2d1(x, y). We recall that two commensurable metrics define the same
topology.

Proposition 4.2.4. Let X be a metric space. For any p and q in X, the two metrics
dp and dq on F (X) are commensurable.

Proof. For each x in X and for each A and B in F (X), we have, by the triangle
inequality in R,

|p − x| − |p − q| ≤ |q − x|
which implies

|dA(x)− dB(x)|e−|q−x| ≤ |dA(x)− dB(x)|e−|p−x|+|p−q|.

Taking the supremum over x in X, we obtain

dq(A,B) ≤ dp(A,B)e
|p−q|.

By symmetry, we also have

dp(A,B) ≤ dq(A,B)e
|p−q|.

This proves Proposition 4.2.4. 
�

4.3 Closed limits of subsets

This section concerns upper closed limits and lower closed limits of sequences of
subsets in a metric space and their relation to convergence with respect to the Hausdorff
and the Busemann–Hausdorff metrics. We start with the following definition, which
is due to Hausdorff (see [66] p. 168):

Definition 4.3.1 (Upper and lower closed limits of subsets). Let X be a metric space
and let (An)n≥0 be a sequence of nonempty subsets of X. The lower closed limit of
(An), denoted by lim inf An is the set of points x in X such that every neighborhood
of x contains points in all but finitely many sets An. The upper closed limit of (An),
denoted by lim supAn, is the set of points x in X such that every neighborhood of x
contains points in infinitely many sets An.

Equivalently, lim inf An is the set of limit points of sequences (xn)n≥0 withxn ∈ An
for all n ≥ 0, and lim supAn is the set of accumulation points of such sequences.

It is easy to see from these definitions that lim supAn and lim inf An are closed
subsets of X and that we always have

lim inf An ⊂ lim supAn
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Definition 4.3.2 (Closed limit of subsets). Let X be a metric space and let (An) be a
sequence of nonempty subsets of X. If lim inf An = lim supAn, then we say that the
sequence (An) has a closed limit, which we denote by limAn, and which is equal to
that common value:

limAn = lim inf An = lim supAn.

It is easy to see that if (An)n≥0 is an increasing sequence of subsets, i.e. if

A0 ⊂ A1 · · · ⊂ An ⊂ · · · ,
then limAn = ⋃

n≥0 An. Likewise, if (An)n≥0 is a decreasing sequence, i.e. if

A0 ⊃ A1 · · · ⊃ An ⊃ · · · ,
then limAn = ⋂

n≥0 An.
In the sequel, given a sequence (An) of subsets of a metric space, then the fact of

writing limAn = A will imply that the closed limit of (An) exists and is equal to A.

Figure 4.2. In the Euclidean plane, the vertical line is the closed limit of the sequence of circles.

Examples 4.3.3 (Limits of subsets). In the first two examples that follow, the ambient
space is the real line.

(i) For every integer n ≥ 0, let An = {n}. Then lim supAn = lim inf An = ∅.
Therefore, limAn = ∅.

(ii) For every integer n ≥ 0, let A2n = {1} and A2n+1 = {1/(2n + 1)}. Then
lim supAn = {0, 1} and lim inf An = ∅. Therefore, limAn does not exist.

(iii) IfX is an arbitrary metric space, if (xn)n≥0 is a sequence of points inX and if
for any n ≥ 0An = {xn}, then limAn exists if and only if the sequence (xn) converges
as n → ∞, and in that case limAn = limn→∞ xn.

(iv) Let A and B be two subsets of a metric space X and for every n ≥ 0, let
An+1 = A and An+2 = B. Then, lim inf An = A ∩ B and lim supAn = A ∪ B.
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Thus, the sequence (An) has a closed limit if and only if A ∪ B = A ∩ B, that is, if
and only if A = B.

(v) For any metric space X, choose a point x0 in X and a sequence (rn)n≥0 of
positive real numbers tending to infinity. For any n ≥ 0, let Bn be the open (or closed)
ball of center at xn and radius rn. Then limBn = X.

(vi) In the 2-dimensional Euclidean space E2, let D be a straight line, let p be a
point on D, let (rn)n≥0 be an increasing sequence of positive real numbers tending to
infinity and let Cn be a sequence of circles which are tangent to D at p and of radius
rn (Figure 4.2). Then, limCn = D.

(vii) Let X be a metric space, let r : [0,∞[→ X be a geodesic ray, let (tn)n≥0
be a sequence of positive numbers tending to infinity and let γn = r|[0,tn]. Then,
lim Im(γn) = Im(r).

Example 4.3.3 (i) shows that the closed limit of a sequence of subsets can be the
empty set. We shall use the term “nonempty closed limit” to denote this limit in
the case where it exists and is not empty. It follows easily from the definitions that
if lim supAn = ∅ then limAn exists and is equal to the empty set. The following
properties of limits of subsets are also easy to prove:

For any sequence (An) of subsets of X, we have

lim supAn = lim supAn

and

lim inf An = lim inf An.

Consequently, the sequence (An) has a nonempty closed limit if and only if the se-
quence of closures (An) has a closed limit.

If (Ani )i≥0 is a subsequence of (An)n≥0, then

lim inf An ⊂ lim inf Ani ⊂ lim supAni ⊂ lim supAn.

Thus, if a sequence (An) has a closed limit, then any subsequence of (An) has the
same closed limit.

Let us now give a few more examples:

Examples 4.3.4 (Limits of subsets in hyperbolic space). In the following examples,
Bn is the conformal ball model of hyperbolic space Hn and Sn−1 is its boundary.1

(i) Closed limits of geodesic lines in Hn. Let gn : R → Bn be a sequence of
geodesic lines. Then, the sequence (Im(gn)) has a closed limit if and only if the

1Convergence of sequences points in Bn ∪Sn−1 is understood here in terms of the metric induced from
the inclusion of these spaces in Euclidean space En.The reader probably knows that this is unnatural, and
that it is possible to discuss convergence of sequences of points in hyperbolic space Hn to points on the
boundary without making any reference to any model of Hn, in the way we do it in Chapter 10 below. But
here, in order to avoid a long digression, we stick to this (unnatural) setting of Bn and Sn−1 included in En.
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sequence
(
gn(−∞), gn(∞)

)
of corresponding endpoints inSn−1×Sn−1 is convergent.

The closed limit of (Im(gn)), when it exists, is nonempty if and only if the sequence(
gn(−∞), gn(∞)

)
converges to a point (p1, p2) in Sn−1 × Sn−1 satisfying p1 	= p2.

In this case, the closed limit of (Im(gn)) is the straight line in Hn whose endpoints are
p1 and p2.

(ii) Closed limits of spheres in Hn. For any point x in a metric space X and for
any nonnegative real number r , the sphere of center x and radius r is the set of points
in X whose distance at x is equal to r . It is a classical fact that in Bn, a sphere (with
respect to the hyperbolic metric) coincides, as a subset of Bn, with a Euclidean sphere
(which in general has a different center and a different radius). Let r : [0,∞[→ Bn

be a geodesic ray and for each integer n ≥ 0, let Sn be the sphere of center r(n) and
radius n. Any such sphere contains the point r(0). Then, the sequence (Sn)n≥0 has a
closed limit which, as a subset of Bn, is the Euclidean sphere whose diameter is the
segment [r(0), r(∞)] with the point r(∞) deleted (see Figure 4.3). This limit is an
unbounded set with respect to the hyperbolic metric, and it is called the horosphere
with central ray r passing through the point r(0). We shall deal with such objects in
Chapter 12.

Figure 4.3. A horosphere in Bn as a limit of spheres.

The following two results are due to Hausdorff ([66] p. 171 & 172). They make the
relation between convergence with respect to the Hausdorff metric and the existence
of a closed limit.

Proposition 4.3.5. Let X be a metric space, let (An)n≥0 be a sequence of subsets of
X and let A be a bounded subset of X. Then, we have

dH (An,A) → 0 ⇒ limAn = Ā.

Proof. Suppose that dH (An,A) → 0. We prove that

lim supAn ⊂ Ā ⊂ lim inf An.
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Since we always have lim inf An ⊂ lim supAn, this will imply Ā = lim inf An =
lim supAn.

Let x be in Ā and let ε be an arbitrary positive real number. For n large enough,
we have dH (An,A) = dH (An, Ā) < ε, which implies that x ∈ N(An, ε). Thus, we
can find a point xn in An such that dH (x, xn) ≤ ε. Therefore, x ∈ lim inf An. This
proves that Ā ⊂ lim inf An.

Now let x be a point in lim supAn. Then there exists a sequence ni (i = 0, 1, . . . )
of integers tending to infinity and for every i ≥ 0 a point xni inAni such that |xni−x| <
1/ni . Since dH (An,A) → 0, up to replacing the sequence Ani by a subsequence,
we can find, for every i ≥ 0, a point yni in A such that |xni − yni | < 1/ni . Thus,
we also have yni → x as i → ∞, which implies that x is in Ā. This proves that
lim supAn ⊂ Ā, which completes the proof of Proposition 4.3.5. 
�

The converse of Proposition 4.3.5 is false without further assumptions, as we can
see by taking X = R and An = [−n, n] for all n ≥ 0. Here, limAn = R and
dH (An,R) = ∞ for all n. However, we have the following partial converse:

Proposition 4.3.6. Let X be a compact metric space and let (An)n≥0 be a sequence
of subsets of X that has a nonempty closed limit A. Then, dH (An,A) → 0.

Proof. We reason by contradiction. Suppose that dH (An,A) 	→ 0. Then, there
exists a positive real number ρ and a subsequence (Ani )i≥0 of (An)n≥0 such that
dH (Ani , A) > ρ for every i ≥ 0. Thus, for every i ≥ 0, we can find a point xni in A
satisfying dAni (xni ) > ρ. By compactness of X, up to passing to a subsequence, we
can assume that the sequence xni converges to a point x in X, and since A is closed,
x is in A. Since the map x �→ dAni (x) is 1-Lipschitz, we have

|dAni (xni )− dAni (x)| ≤ |xni − x|.
Since xni → x, we have dAni (x) → 0 as i → ∞, which implies dAni (xni ) → 0,
which contradicts the fact that dAni (xni ) > ρ. This proves Proposition 4.3.6. 
�

The following two propositions give a relation between convergence with respect
to the Busemann–Hausdorff metric and the existence of a closed limit for sequences
of subsets. The results and the proofs are also due to Busemann (cf. [28], §3).

Proposition 4.3.7. Let (An)n≥0 be a sequence of nonempty subsets of a metric space
X, let p be a point in X and let A be a subset of X. Then we have

dp(An,A) → 0 ⇒ limAn = Ā.

Proof. Suppose that dp(An,A) → 0 and let us prove that

lim supAn ⊂ Ā ⊂ lim inf An.
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Let x be a point in Ā. We have

dAn(x)e
−|p−x| = |dAn(x)− dA(x)|e−|p−x| ≤ dp(An,A).

Therefore, dAn(x) → 0 as n → ∞. Thus, for every n ≥ 0, we can find a point yn in
An satisfying |x − yn| → 0 as n → ∞. This implies that x ∈ lim inf An. Thus, we
have Ā ⊂ lim inf An.

We now prove that lim supAn ⊂ Ā. For every y in lim supAn, we can find a
subsequence (Ani )i≥0 of (An)n≥0 such that for every i ≥ 0, there exists a point yni in
Ani with yni → y as i → ∞. We have

dp(Ani , A)e
|p−y| ≥ |dAni (y)− dĀ(y)|.

As i → ∞, we have dp(Ani , A) → 0, which implies |dAni (y)− dĀ(y)| → 0. Since

|y − yni | → 0, we obtain dAni (y) → 0 which gives dĀ(y) → 0 and therefore y ∈ Ā.

This proves that lim inf An ⊂ Ā.
Thus, we have

Ā ⊂ lim inf An ⊂ lim supAn ⊂ Ā,

and therefore all these inclusions are equalities. This proves that the closed limit of
(An)n≥0 exists and is equal to Ā. 
�

The following is a partial converse to Proposition 4.3.7.

Proposition 4.3.8. Let X be a proper metric space, let p be a point in X and let
(An)n≥0 be a sequence of nonempty subsets of X. Then

limAn = A ⇒ dp(An,A) → 0.

Proof. Let us first recall that since A is a closed limit of a sequence of subsets, then A
is closed.

To prove the proposition, we reason by contradiction. Assume thatdp(An,A) 	→ 0.
Then we can find a positive real number ε and a subsequence (Ani )i≥0 of (An)n≥0
such that

dp(Ani , A) ≥ 4ε > 0.

Thus, for each ni ≥ 0, we can find a point xni in X such that for all ni large enough,
we have

(4.3.8.1) |dAni (xni )− dA(xni )|e−|p−xni | > 3ε.

We claim that the sequence (|p − xni |)i≥0 is bounded.
To prove this claim, let z be in A. Then for each ni , we can find a point zni in Ani

such that (zni ) → z as i → ∞. We have

|dAni (xni )− dA(xni )| ≤ dAni (xni )+ dA(xni )

≤ |xni − zni | + |xni − z|
≤ 2|p − xni | + |p − zni | + |z− p|.
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Thus, we obtain

(2|p − xni | + |p − zni | + |z− p|)e−|p−xni | ≥ |dAni (xni )− dA(xni )|e−|p−xni |,

which implies

(4.3.8.2) (2|p − xni | + |p − zni | + |z− p|)e−|p−xni | > 3ε.

If the sequence (|p− xni |)were unbounded, then, up to passing to a subsequence,
we would have |p − xni | → ∞ as i → ∞, which implies

(2|p − xni | + |p − zni | + |z− p|)e−|p−xni | → 0,

which contradicts (4.3.8.2).
Now Inequality (4.3.8.1) implies |dAni (xni )−dA(xni )| > 3ε. Thus, up to replacing

the sequence (Ani ) by a subsequence, we can assume that either

(4.3.8.3) dAni (xni )− dA(xni ) > 3ε

or

(4.3.8.4) dA(xni )− dAni (xni ) > 3ε.

We first deal with the case where (4.3.8.3) occurs. For each i ≥ 0, let yni be a point
in A satisfying

(4.3.8.5) |xni − yni | < dA(xni )+ ε.

Since the sequence (|p − xni |) is bounded, the sequence (dA(xni )) is bounded,
therefore the sequence (yni ) is also bounded. Since X is proper, up to passing to a
subsequence, we can assume that (yni ) has a limit, which we denote by y. Since A is
closed, y belongs to A. We have

dAni (yni )+ ε ≥ dAni (xni )− |xni − yni | + ε (since dAni is non-expanding)

> dAni (xni )− dA(xni ) (by (4.3.8.5))

> 3ε (by (4.3.8.3)).

Now since yni → y as i → ∞, we have, for all ni large enough,

dAni (y) > dAni (xni )− ε > 3ε − 2ε = ε.

This contradicts the fact that y is in lim inf An. Thus, Inequality (4.3.8.3) cannot occur.
Suppose now that (4.3.8.4) is satisfied. For each i, we choose a point uni in Ani such
that

(4.3.8.6) |uni − xni | < dAni (xni )+ ε.
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The sequence (uni ) is bounded, since (xni ) is bounded and we have

dA(uni )+ ε ≥ dA(xni )− |xni − uni | + ε (since dA is non-expanding)

> dA(xni )− dAni (xni ) (by (4.3.8.6))

> 3ε (by (4.3.8.4)).

Thus, we obtain

(4.3.8.7) dA(uni ) > 2ε.

The spaceX being proper, since the sequence (uni ) is bounded, it has an accumu-
lation point u, which is in A since A = lim supAn. This contradicts (4.3.8.7). Thus,
we have dp(An,A) → 0 as n → ∞. This completes the proof of Proposition 4.3.8.
�

4.4 Metrics on the isometry group

We first recall the following

Definition 4.4.1 (Isometry and isometric spaces). LetX and Y be two metric spaces.
A map f : X → Y is called an isometry if f is distance-preserving and onto. The
spaces X and Y are said to be isometric if there exists an isometry f : X → Y .

It follows easily from this definition that an isometry is continuous and invert-
ible, that its inverse is also an isometry and that the relation of being isometric is an
equivalence relation between metric spaces.

In this section, we are interested in the case where Y = X. In this case, the
composition of two isometries is always well-defined and the set of isometries of the
metric space X forms a group that we denote by Isom(X).

We recall that a topological group is a groupG equipped with a topology satisfying
the following two properties:

• the map G → G defined by g �→ g−1 is continuous;

• the mapG×G → G defined by (f, g) �→ fg is continuous. (The spaceG×G
is equipped with the natural product topology.)

Proposition 4.4.2. Let X be a compact metric space. Then the map

d : Isom(X)× Isom(X) → R

defined by
d(f, g) = |f − g| = sup

x∈X
|f (x)− g(x)|

is a metric on Isom(X). This metric is invariant under the left and the right actions of
the group Isom(X) on itself, and this group, equipped with this metric, is a compact
topological group.
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Proof. First we note that since X is compact, then for every f and g in Isom(X), the
value of |f (x)− g(x)| is uniformly bounded (by the diameter of X). Thus d(f, g) is
finite. It is easy to check that d is a metric. To prove left-invariance, we let f , g and
h be arbitrary elements of Isom(X). Since h is an isometry, we have, for each x inX,

|h � f (x)− h � g(x)| = |f (x)− g(x)|.

Taking the supremum over all x inX, we obtain the equality |h �f −h �g| = |f −g|,
that is, the left-invariance of the action. The right invariance can be proved in the same
way.

Now let us prove that Isom(X), equipped with this metric, is compact. Let (fn)n≥0
be a sequence of elements in Isom(X). Since X is compact, it is separable and by
Ascoli’s Theorem, (fn) has a convergent subsequence (fni )i≥0. Let f be the limit of
that subsequence. We must show that f is an isometry. For each x and y inX and for
each integer i ≥ 0, we have |fni (x) − gni (y)| = |x − y|. Letting i tend to infinity,
we obtain |f (x) − g(x)| = |x − y|. Thus, f is distance-preserving. To prove that
f is surjective, we can use the fact that any distance-preserving map from a compact
metric space to itself is surjective (Corollary 3.3.5), or we can use the sequence of
inverses (f−1

ni
)i≥0 to produce an inverse for f . Thus, f is an isometry. This shows

that Isom(X) is compact.
Finally, let us show that Isom(X), equipped with this metric, is a topological group.

For any f and g in Isom(X), we have

|f − g| = sup
x∈X

|f (x)− g(x)|

= sup
x∈X

|g−1 � f (x)− x| (since g−1 is an isometry)

= sup
x∈X

∣∣g−1(f (x))− f−1(f (x))∣∣
= sup
y∈X

|g−1(y)− f−1(y)| (by setting y = f (x))

= |f−1 − g−1|.

This proves that the map f �→ f−1 is distance-preserving and therefore contin-
uous. Let us prove now that the map (f, g) �→ fg is continuous. We recall that the
topology onG×G is induced by the metric

(
(f1, f2), (g1, g2)

) �→ |f1−f2|+|g1−g2|.
We have

|f2 � g2 − f1 � g1| = sup
x∈X

|f2 � g2(x)− f1 � g1(x)|
≤ sup
x∈X

|f2(g2(x))− f1(g2(x))| + |f1(g2(x))− f1(g1(x))|
= sup
x∈X

|f2(g2(x))− f1(g2(x))| + |g2(x)− g1(x)| =
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= sup
y∈X

|f2(y)− f1(y)| + |g2(x)− g1(x)|

= |f2 − f1| + |g2 − g1|.
This proves the continuity of the map (f, g) �→ fg, which completes the proof of
Proposition 4.4.2. 
�

In the case whereX is not compact, the map d of Proposition 4.4.2 does not define,
in general, a distance on Isom(X). For instance, with such a definition, if we take X
to be the Euclidean plane, then the distance between the identity and any isometry that
is not a translation would be infinite. Busemann defines in [28] a distance function on
the isometry group of an arbitrary metric space by modifying the formula for d. In
fact, he defines a family of metrics on Isom(X), in which the parameter space is the
space X itself, and we now recall his definition.

Let us choose a point p in X. We define a map dp on Isom(X) × Isom(X) by
setting, for every f and g in Isom(X),

dp(f, g) = |f − g|p = sup
x∈X

|f (x)− g(x)|e−|p−x|.

Proposition 4.4.3. For every metric spaceX and for every p inX, the map dp defines
a metric on Isom(X).

Proof. We first show that for every f and g in Isom(X), we have |f − g|p < ∞. For
x in X, we have

|f (x)− g(x)| ≤ |f (x)− p| + |p − g(x)|
= |x − f−1(p)| + |g−1(p)− x|
≤ |x − p| + |p − f−1(p)| + |x − p| + |p − g−1(p)|
= 2|x − p| + |p − f−1(p)| + |p − g−1(p)|.

Therefore, we have

|f (x)− g(x)|e−|p−x| ≤ (2|x − p| + |p − f−1(p)| + |p − g−1(p)|)e−|p−x|

= 2|x − p|e−|p−x| + (|p − f−1(p)| + |p − g−1(p)|)e−|p−x|.

Using the fact that e−t ≤ 1 and te−t < 1 for all t ≥ 0, we obtain

|f (x)− g(x)|e−|p−x| ≤ 2 + |p − f−1(p)| + |p − g−1(p)|.
Thus, |f (x) − g(x)|e−|p−x| is bounded by a constant that is independent of x,

which implies that |f − g|p is finite.
Now we must prove that dp satisfies the properties of a distance function. All the

properties except the triangle inequality are trivially satisfied. Let us prove the triangle
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inequality. For all ε > 0, for every x in X and for every f , g and h in Isom(X), we
have

|f − h|p − ε ≤ |f (x)− h(x)|e−|p−x|

≤ (|f (x)− g(x)| + |g(x)− h(x)|)e−|p−x|

≤ |f − g|p + |g − h|p.
By making ε → 0, we obtain |f − g|p ≤ |f − g|p + |g − h|p. This completes the
proof of Proposition 4.4.3. 
�

Proposition 4.4.4. Let X be a metric space. Then,

(i) the metric dp on Isom(X) is invariant by the left-action of Isom(X) on itself;

(ii) for every f , g and h in Isom(X), we have |f � h− g � h|p = |f − g|h(p).

Proof. Left-invariance can be proved in the same way as left-invariance of the metric
d in Proposition 4.4.2. We prove (ii). We have

|f � h− g � h|p = sup
x∈X

|f � h(x)− g � h(x)|e−|p−x|

= sup
y∈Y

|f (y)− g(y)|e−|p−h−1(y)|

= sup
y∈Y

|f (y)− g(y)|e−|h(p)−y|

= |f − g|h(p). 
�
Proposition 4.4.5. Let X be a metric space. Then,

(i) for any p and q in X, the metrics dp and dq on Isom(X) are commensurable;

(ii) Isom(X), equipped with any metric dp is a topological group.

Proof. For every p, q and x in X, we have |q − x| ≥ |p − x| − |p − q|. Therefore,
e−|q−x| ≤ e−|p−x|e|p−q|. Thus, we obtain

|f − g|q = sup
x∈X

|f (x)− g(x)|e−|q−x|

≤ sup
x∈X

|f (x)− g(x)|e−|p−x|e−|p−q|

= |f − g|pe−|p−q|.

In the same way (or by symmetry), we have |f −g|p ≤ |f −g|qe−|p−q|. This implies
that the two metrics are commensurable. This proves (i).

The fact that Isom(X) is a topological group can be proved in the same way as in the
proof Proposition 4.4.2, using left-invariance of the metric dp and using Property (ii)
of Proposition 4.4.4 instead of right-invariance. 
�
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The next proposition compares pointwise convergence of isometries with conver-
gence with respect to the metric dp. It shows in particular that the two notions coincide
in the case where the space X is proper.

Proposition 4.4.6. Let X be a metric space and let p be in X. Then,

(i) for any sequence (fn)n≥0 in Isom(X), for any element f in Isom(X) such that
|fn − f |p → 0 and for every x in X, we have |fn(x)− f (x)| → 0;

(ii) if X is proper, if (fn)n≥0 is a sequence in Isom(X) and if f is an element in
Isom(X) satisfying |fn(x)−f (x)| → 0 for every x inX, we have |fn−f |p → 0.

Proof. Property (i) follows from the fact that for every x in X, we have |fn(x) −
f (x)|X ≤ |fn − f |p e|p−x|.

We prove (ii) by contradiction. Suppose that |fn−f |p does not converge to 0. For
every n ≥ 0, we set αn = supx∈X |fn(x)− f (x)|e−|p−x|. We can find a subsequence
(fni )i≥0 of (fn)n≥0 and a real number ε > 0 satisfying αni ≥ ε for every i ≥ 0.
Thus, taking α = ε/2, we can find, for every integer i ≥ 0, a point xni in X such that
|fni (xni )− f (xni )|e−|p−xni | ≥ α > 0.

Now since X is proper, we can suppose, up to replacing the sequence (fni ) by
a subsequence, that either |p − xni | → ∞ as i → ∞, or that the sequence (xni )
converges to a point x in X. We show that neither of these two cases can occur; this
will imply that |fn − f |p → 0 as n → ∞.

If the first case occurs, then we have

α ≤ |fni (xni )− f (xni )|e|p−xni |

≤ (|fni (xni )− fni (p)| + |fni (p)− f (p)| + |f (p)− f (xni )|)e−|p−xni |

= (|xnip| + |fni (p)− f (p)| + |p − xni |)e−|p−xni |

≤ 2|p − xni |e−|p−xni | + |fni (p)− f (p)|e−|p−xni |.

Since |p − xni | → ∞ as i → ∞, the expression in the last line tends to 0 as
i → ∞, and this contradicts the fact that it is bounded below by α.

In the second case, we have

α ≤ |fni (xni )− f (xni )|e−|p−xni |

≤ |fni (xni )− fni (x)| + |fni (x)− f (x)| + |f (x)− f (xni )|
= 2|x − xni | + |fni (x)− f (x)|.

Since |x − xni | → 0 as i → ∞, the expression in the last line tends to 0, and this
gives again a contradiction. This completes the proof of Proposition 4.4.6. 
�

The following result is also due to Busemann (cf. [28] p. 17).

Theorem 4.4.7. Suppose that X is a proper metric space. Then for every p in X, the
metric space (Isom(X), dp) is proper.
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Proof. To prove that (Isom(X), dp) is proper, consider an arbitrary bounded se-
quence (fn)n≥0 in Isom(X), and let us show that we can extract from it a convergent
subsequence. Since (fn) is bounded, there exists a real number α > 0 satisfying
|fn − fm|p < α for each m and n ≥ 0. This implies that for each x in X, we have
|fm(x) − fn(x)| < αe−|p−x|. Thus, for each x in X, the sequence

(
fn(x)

)
n≥0 is

bounded. Furthermore, since every map fn is distance-preserving, the sequence of
maps (fn)n≥0 is equicontinuous. By Ascoli’s theorem (Theorem 1.4.9), there exists a
subsequence (fni )i≥0 of (fn)n≥0 and a map f : X → X such that |fni (x)−f (x)| → 0
for each x in X. By taking limits, we obtain |f (x)− f (y)| = |x − y| for every x and
y in X. Thus, f is distance-preserving.

Now let us prove that f is surjective. Let y be an arbitrary element of X. For
each i ≥ 0, we have |f−1

ni
(y) − p| = |y − fni (p)|, which converges to |y − f (p)|

as i → ∞. Thus, the sequence (f−1
ni
(y))i≥0 is bounded. Therefore, up to taking a

subsequence, we can assume that f−1
ni
(y) converges to a point x in X. We then have

|y − f (x)| = lim
i→∞ |y − fni (x)| = lim

i→∞ |f−1
ni
(y)− x| = 0.

Thus, we have y = f (x), which shows that f is surjective.
Since fni (x) converges to f (x) for every x in X, we have, by Proposition 4.4.6,

|fni − f |p → 0. Thus, the sequence (fni ) converges to f , and this completes the
proof of Theorem 4.4.7. 
�

Notes on Chapter 4

Distances between subsets. In [66], Hausdorff defined (what is now called) the
Hausdorff distance dH (A,B), which he denoted by AB, between subsets A and B of
a metric space, and he established its main properties. The modified version dp(A,B)
which we study in Section 1 was defined by Busemann in [28], §3. In [66], Hausdorff
considered several other “distances” between subsets of a metric space. For instance,
if A and B are subsets of a metric space X, he defined their “lower distance” by

δ(A,B) = inf
x∈A,y∈B |x − y|

and their “upper distance” by

d(A,B) = sup
x∈A,y∈B

|x − y|.

In particular, d(A,A) is the diameter ofA and for x inX, δ({x}, A) is equal to the
distance from x to A, a quantity that we denoted by dA(x).

The value of d(A,B) is finite if and only if both A and B are bounded.
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The “distance functions” δ and d do not necessarily separate points in X (that is,
the distance between two sets can be zero without the sets being equal). For instance,
take A to be a non-closed set and B = Ā.

Hausdorff also defined the quantity ρ(A,B) by

ρ(A,B) = inf{ε ≥ 0 such that B ⊂ N(A, ε)}.
It is easy to see that in general this function ρ is not symmetric. As Hausdorff

notes, one always has the inequalities

δ(A,B) ≤ ρ(A,B) ≤ d(A,B).

The Hausdorff distance dH (A, b) is a symmetrization of ρ(A,B):

dH (A,B) = max
(
ρ(A,B), ρ(B,A)

)
.

Floyd’s distance and Floyd’s boundary of a finitely generated group. The idea of
changing a distance function by scaling it by a factor that depends on the distance to
a basepoint, as in the definitions of the Busemann–Hausdorff metric on subsets of a
metric space X or in that of the metric dp on the isometry group of X, is recurrent in
geometry. We mention as another beautiful example the distance defined in the paper
[48] by W. Floyd on the Cayley graph of a finitely generated group. This distance
is used to define what is now called “Floyd’s boundary” of the group. We recall the
definition. Let � be a finitely generated group equipped with a finite generating set S
and let C(�, S) be the associated Cayley graph equipped with the length metric d in
which the length of each edge is equal to 1 (see Example 2.1.3 (v)). Floyd’s metric
on C(�, S) is then obtained by scaling the metric d in the following way: we choose
a basepoint, say a vertex v, in C(�, S) and we multiply the length of each edge e by
a factor f (M) where M = M(e, v) is the least number of edges separating v from e

and where f : N → R∗+ is a function that satisfies the following two conditions:

•∑∞
M=0 f (M) < ∞;

• for any k in N, there exists two positive constants c1 and c2 such that c1f (M) ≤
f (kM) ≤ c2f (M) for any M in N.

For instance, one can take f (M) = M−2. Then, the Floyd metric d ′ is the length
metric on C(�, S) associated to the new set of lengths of edges. This metric is not
complete (except if the group is finite) and its completion C(�, S) is called a Floyd
completion of the group �. The set C(�, S) \C(�, S) is Floyd’s boundary of �. This
construction is reminiscent of the definition of the boundary Sn−1 of n-dimensional
hyperbolic space, as it appears in Example 2.4.3. Indeed, the Euclidean metric of
the unit ball Bn can be obtained by scaling the hyperbolic metric (we recall that at
each point of Bn, the hyperbolic length element is a multiple of the Euclidean length
element by a factor that depends only on the distance from the point to the origin of
Bn, and this factor satisfies the properties required for the above function f ). The
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Euclidean metric of the ball is not complete, and its completion is the closed ball Bn.
The boundary Sn−1 of hyperbolic space is then the set Bn \ Bn. For the definitions
and for applications of the Floyd boundary, we refer the reader to Floyd’s paper [48].



Chapter 5

Convexity in vector spaces

Introduction

Our purpose in this chapter is to describe several facets of the classical theory of affine
convex subsets of vector spaces, with a view on applications of convexity in general
metric spaces.

We recall that all the vector spaces that we consider in these notes are real vector
spaces.

An (affinely) convex set in a vector space E is a subset X of E such that for any
pair of points in X, the affine segment joining them is contained in X.

The outline of this chapter is as follows.
In Section 1, we give definitions, examples and some basic properties of affinely

convex sets. Convexity is stable under taking closure, interior, intersection, increasing
union, sums and products.

In Section 2, we study the notions of convex hull, closed convex hull and convex
kernel.

In Section 3, we consider normed vector spaces. A norm on a vector space provides
some natural classes of convex subsets of this space. Closed balls and open balls are
examples of such subsets, but of course there are many others. Normed vector spaces
are important examples of geodesic metric spaces, but, as we shall see, these spaces
are not necessarily uniquely geodesic. We shall also see that any metric space can be
embedded by a distance-preserving map in a complete geodesic metric space.

In Section 4, we present a construction due to Minkowski that associates to each
convex subsetB in a finite-dimensional vector spaceE, such thatB is closed, bounded,
symmetric about the origin and contains the origin in its interior, a norm on E whose
closed unit ball is B.

In Section 5, we describe the Hilbert metric associated to a nonempty bounded
open convex subset of Rn. Besides the intrinsic importance of this metric, it will
provide us with beautiful examples of geodesic metric spaces. A special case of the
Hilbert metric is a model for hyperbolic space Hn, namely, the Klein model.

5.1 Affinely convex subsets

Definition 5.1.1 (Affine segment). Let E be a vector space and let x and y be two
points in E. The subset {(1 − t)x + ty : t ∈ [0, 1]} of E is called the affine segment
joining x and y and is denoted by [x, y].
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We note right away that if the space E is equipped with a metric induced from
a norm (and this will be the case for any metric that we shall consider on E in this
book), then any affine segment in E is a geodesic segment, so that the notation [x, y]
that we use here is consistent with the one we introduced before, where [x, y] denoted
a geodesic segment joining x and y. However, there is a large class of normed vector
spaces in which there exist geodesic segments that are different from the affine segment
joining them.

Definition 5.1.2 (Affinely convex subset). Let E be a vector space. A subset X ⊂ E

is said to be affinely convex if for all x and y inX, the affine segment [x, y] is contained
in X (Figure 5.1).

Figure 5.1. The left vase is convex, and the one on the right is not convex.

We shall also say a convex subset instead of an affinely convex subset, provided
there is no ambiguity. (We recall that we already encountered other notions of con-
vexity: geodesic convexity in uniquely geodesic metric spaces and Menger convexity
in arbitrary metric spaces, and we shall see other notions of convexity in the sequel.)

We start with the following two convexity criteria:

Proposition 5.1.3. Let E be a vector space and let X be a subset of E. Then X is
convex if and only if for every x inX and for every t in [0, 1], the homothety of center
x and factor t sends the set X into itself.

Proof. For every x and y in E and for every t in [0, 1], we can write (1 − t)x + ty =
x+t (y−x), which shows that the point (1−t)x+y is the image of y by the homothety
of center x and factor t . From this, the result follows easily. 
�

Proposition 5.1.4. LetE be a vector space and letX be a subset ofE. The following
two properties are equivalent:
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(i) X is convex;

(ii) for every integer n ≥ 0, for every t0, . . . , tn in [0, 1] satisfying t0 + · · · + tn = 1
and for every x0, . . . , xn in X, we have t0x0 + · · · + tnxn ∈ X.

Proof. Property (ii) with n = 1 implies (i). Let us prove that (i) ⇒ (ii). We use
induction. Property (ii) is trivially satisfied for n = 0. For n = 1, this property
follows from (i). Thus, let us suppose that (ii) is satisfied for some integer n ≥ 1
and let us show that for every t0, . . . , tn+1 in [0, 1] satisfying t0 + · · · + tn+1 = 1
and for every x0, . . . , xn+1 in X, we have t0x0 + · · · + tn+1xn+1 ∈ X. We can
assume that t0 	= 1, for otherwise every ti for i ≥ 1 would be 0 and the desired
result would be trivially satisfied. Let t = t1 + · · · + tn+1. Then t 	= 0. For every
i = 1, . . . , n + 1, let us set t ′i = ti/t . Then t ′1 + · · · + t ′n+1 = 1. The induction
hypothesis implies that t ′1x1 + · · · + t ′n+1xn+1 ∈ X. Since X is convex, we also have
(1 − t)x0 + t (t ′1x1 + · · · + t ′n+1xn+1) ∈ X, that is, t0x0 + · · · + tn+1xn+1 ∈ X, which
completes the proof of Proposition 5.1.4. 
�

The following is a useful notion that generalizes the notion of a point on the affine
segment joining two points.

Definition 5.1.5 (Affine convex combination). Let E be a vector space and let
{x0, . . . , xn} be a finite set of points inE. An affine convex combination of {x0, . . . , xn}
is a point of the form t0x0 + · · · + tnxn where for each i ≥ 0, ti is a nonnegative real
number and t0 + · · · + tn = 1.

Thus, Proposition 5.1.4 says that a subset X of a vector space E is convex if and
only if for every finite subset F of E, any affine convex combination of F is in X.

Now, let us give a few examples of convex sets:

Examples 5.1.6 (Convex sets).

(i) Affine subspaces. For any vector space E, any vector subspace of E and, more
generally, any affine subspace of E, is a convex subset of E. (We recall that a subset
A of E is said to be an affine subspace if there exists a vector subspace V of E and an
element a of E such that A = V + a.)

(ii) Convex subsets of R. If E = R, then the convex subsets of E are the intervals.

(iii) Function spaces. Let E = C([a, b]) be the vector space of real-valued
functions defined on an interval [a, b]. It is easy to see that the subsets

{f ∈ E such that |f (x)| ≤ 1 for all x ∈ E}
and

{f ∈ E such that |f (x)| < 1 for all x ∈ E}
of E are convex. This is a special case of a general result (Proposition 5.3.13 below)
which says that in a normed vector space, closed balls and open balls are convex.
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(iv) Images and inverse images by affine maps. Let E and F be two vector spaces
and let f : E → F be a linear map or, more generally, an affine map (that is to say, a
linear map up to an additive constant). Then the image by f of any convex subset of
E is a convex subset of F and the inverse image by f of any convex subset of F is a
convex subset of E. A non-zero linear form or, more generally, a non-constant affine
form f : E → R defines a hyperplane in E; this is the set of points x in E satisfying
f (x) = 0. Hyperplanes are convex. The linear formf defines two other special closed
(respectively open) convex subsets of E that are bordered by the hyperplane f−1(0);
these are the sets f−1(] − ∞, 0]) and f−1([0,∞[) (respectively f−1(] − ∞, 0[)
and f−1(]0,∞[)). These sets are called the closed (respectively open) half-spaces
bordered by the hyperplane f−1(0). All these sets are convex, as inverse images of
intervals of R by affine maps.

Related to the last example, we mention the following notion, which is of central
importance in convexity theory:

Definition 5.1.7 (Convex polyhedron). A convex polyhedron in a vector space is the
intersection of a finite number of closed half-spaces.

A convex polyhedron is an affinely convex subset, since it is the intersection of
affinely convex subsets.

It is clear from Definition 5.1.7 that a finite intersection of convex polyhedra is a
convex polyhedron.

Example 5.1.8 (Convex polyhedra). Closed half-spaces, cubes and simplices are ex-
amples of convex polyhedra in Rn. The standard cube of dimension n of Rn, denoted
by Cuben, is the convex polyhedron defined as

Cuben = {(x1, . . . xn) , |xi | ≤ 1 for all i = 1, . . . , n}.
The standard co-cube of dimension n in Rn, denoted by Co-cuben, is the convex
polyhedron defined as

Co-cuben =
{
(x1, . . . xn),

n∑
i=1

|xi | ≤ 1
}
.

The standard cube and co-cube are the closed unit balls of the �∞ and the �1 norms
respectively on Rn, and we shall deal with them below. Let us note right away that the
standard cube and co-cube of dimensions 1 or 2 are isometric, but that in dimension
n ≥ 3, this is not the case. Indeed, for all n ≥ 1, the faces of a standard cube of
dimension n+ 1 are cubes, whereas those of a standard co-cube of dimension n+ 1
are (regular)n-simplices andn-simplices and cubes of dimensionn are combinatorially
different if n ≥ 2.
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Let us review a few operations that preserve convexity of sets.

Intersection. It follows directly from Definition 5.1.2 that the intersection of a family
of convex subsets of E is convex.

Increasing union. Likewise, an increasing union of convex subsets of E is convex.

Homothety. If X is a convex subset of E, then for every real number λ, the set λX
defined as

λX = {λx such that x ∈ X}
is convex.

Vector sum of subsets. If X and Y are two subsets of E, we recall that X + Y is the
subset of E defined as

X + Y = {x + y such that x ∈ X and y ∈ Y }.
IfX and Y are convex, thenX+Y is also convex. To see this, let us take two arbitrary
elements x+y and x′ +y′ inX+Y , with x and x′ inX, and y and y′ in Y . IfX and Y
are convex, then for all t in [0, 1] we have (1 − t)x+ ty ∈ X and (1 − t)x′ + ty′ ∈ Y ,
which implies that (1 − t)(x + x′)+ t (y + y′) is in X+ Y . This shows that X+ Y is
convex.

The notion of vector sum of subsets is due to Minkowski, and the vector sum of two
convex bodies is sometimes called their Minkowski sum. Equipped with this operation,
the set of nonempty convex subsets of a vector space is an abelian semigroup, whose
identity element is the origin ofE. This semigroup, equipped with the extra operation
of homothety, has the structure of a convex cone.1

Product. Let E and F be two vector spaces and let X and Y be convex subsets of E
and F respectively. Then the product X × Y is a convex subset of the product space
E × F .

Now, we study some properties of convexity that involve topology.
Any finite-dimensional vector space has a natural topology, which is the topology

associated to an arbitrary norm. The fact that these norms induce the same topol-
ogy follows from the fact that all norms on a finite-dimensional vector space are
commensurable. Thus, the topological results that we collect below are valid in any
finite-dimensional vector space, which we shall always assume to be equipped with
its natural topology, without making reference to any norm.

We also note that even though we restrict ourselves here to finite-dimensional
vector spaces, these results are in general valid in any topological vector space E.

1In relation to this abelian semigroup structure, we mention the following nice convexity criterion due
to J. M. Borwein and R. C. O’Brien (see [19]) which uses cancellation in this semi-group: a compact subset
X of a finite-dimensional vector space E is convex if and only if for every compact convex subsets Y and
Z of E, we have

X + Y = X + Z ⇒ Y = Z.
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We shall denote the closure and the interior of a subset X of E by X and
�
X

respectively. We start with the following:

Proposition 5.1.9 (The closure of a convex set is convex). LetE bea topological vec-
tor space and let X be an affinely convex subset of E. Then the closure of X is also
affinely convex.

Proof. By Proposition 5.1.3, X is convex if and only if for every x in X and for every
t in [0, 1], the homothety of factor t and center x sends X into itself. In a topological
vector space, a homothety is continuous, and if a continuous map sends a subset X
into itself, then it sends its closure X into itself. Thus, any homothety centered at a
point in X and of factor t ∈ [0, 1] sends the space X into itself. By continuity, any
homothety of E centered at a point in X and of factor t ∈ [0, 1] sends X into itself.
This shows that X is convex. This proves Proposition 5.1.9 
�

There is a similar result concerning the interior of a convex subset. Before stating
it, we prove a lemma that will be useful in the proof of that result as well as in other
circumstances.

We first introduce a notation. If x0 and x1 are two points in a vector space E, then
the open affine segment with endpoints x0 and x1 is the set of points in E that are of
the form (1 − t)x0 + tx1 with 0 < t < 1. We denote this set by ]x0, x1[.

Lemma 5.1.10. Let E be a topological vector space and let X be an affinely convex

subset of E. For every x0 in X and for every x1 in
�
X, the open affine segment ]x0, x1[

is contained in
�
X.

Proof. Let B = B(x1, r) be the open ball in E of radius r > 0 and center x1, where
r is small enough so that this ball is contained in X. Since X is convex, then, by
Proposition 5.1.3, for all t in ]0, 1], the homothety centered at x0 and of factor t sends
B homeomorphically onto an open ball Bt , that is contained in X. The open ball Bt
has positive radius rt and it is centered at xt = (1 − t)x0 + tx1. Therefore, the point

xt is contained in
�
X. This proves the lemma. 
�

We deduce the following

Proposition 5.1.11 (The interior of a convex set is convex). Let E be a topological
vector space and let X be an affinely convex subset of E. Then the interior of X is
also affinely convex.

Proof. By Lemma 5.1.10, if x0 and x1 are in
�
X, then the whole segment [x0, x1] is

in
�
X. 
�
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5.2 Convex hull

Definition 5.2.1 (Affine convex hull). Let E be a vector space and let X be a subset
of E. The (affine) convex hull of X, denoted by C(X), is the intersection of all the
affinely convex subsets of E that contain X.

The convex hull C(X), being an intersection of convex subsets of E, is convex.
It is the smallest (with respect to inclusion) convex subset of E containing X. The
following properties are easy to check:

If X and Y are two subsets of X, then C(X + Y ) = C(X) + C(Y ). If E′
is another vector space and if X and Y are respectively subsets of E and E′, then
C(X × Y ) = C(X)× C(Y ). If f : E → E′ is a linear (or, more generally, an affine)
map, then C(f (X)) = f (C(X)).

A polytope in a vector space E is, by definition, the affine convex hull of a finite
subset of E. Examples of polytopes are convex polygons in a plane. Other examples
are the n-simplices, which are affine convex hulls of affinely independent n+1 points
in E (that is, n+ 1 points that span n-dimensional affine subspaces.)

Proposition 5.2.2. Let E be a vector space and let X be a subset of E. The convex
hull C(X) ofX is the set of affine convex combinations of finite subsets ofX. In other
words, C(X) is equal to the subset L(X) of E defined by

L(X) =
{ n∑
i=0

tixi with n ≥ 0, xi ∈ X such that ti ≥ 0 for all i = 1, . . . , n

and t0 + · · · + tn = 1
}
.

(We shall prove in the next proposition that if E has finite dimension d, then we can
take n = d.)

Proof. Let us first prove that L(X) is contained in C(X). It suffices to prove that
if X′ is an arbitrary affinely convex subset of E that contains X, then X′ contains
L(X). Let x be an element in L(X). Then there exists a sequence x0, . . . , xn in X
and a sequence of nonnegative real numbers t0, . . . , tn satisfying t0 + · · · + tn = 1
such that x = t0x0 + · · · + tnxn. By Proposition 5.1.4, x is in X′. This shows that
L(X) ⊂ C(X).

Now, we prove that C(X) is contained in L(X). It suffices to prove that L(X) is
affinely convex. Let x and y be two elements in L(X). Then there exist nonnegative
real numbers t0, . . . , tn and t ′1, . . . , t ′m satisfying t0 +· · ·+ tn = 1 and t ′1 +· · ·+ t ′m = 1
such that x = ∑n

i=1 tixi for some x0, . . . , xn in X, and y = ∑m
i=1 t

′
i yi for some

y0, . . . , ym in X. We must show that the affine segment [x, y] is contained in L(X).
Let t be a real number in [0, 1]. Then

(1 − t)x + ty = (1 − t)t0x0 + · · · + (1 − t)tnxn + t t ′1y0 + · · · + t t ′mym
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and

(1 − t)t0 + · · · + (1 − t)tn + t t ′1 + . . . t t ′m = (1 − t)+ t = 1.

Therefore, the point (1 − t)x + ty is in L(X), which shows that [x, y] ⊂ L(X). This
completes the proof of Proposition 5.2.2. 
�

For example, if x and y are two points in E, then C({x, y}) is the affine segment
[x, y] joining these two points. More generally, one can show that ifX and Y are two
convex subsets ofE, then C(X∪Y ) is the union of all the affine segments of the form
[x, y] with x in X and y in Y .

The following result is usually referred to as Carathéodory’s theorem.

Proposition 5.2.3 (Carathéodory). If E is a vector space of dimension d, then, for
every subset X of E, every element in the convex hull C(X) is an affine convex com-
bination of d + 1 elements in X.

Proof. Let x be in C(X). By Proposition 5.2.2, we can find a nonnegative integer n
such that there exist n+1 elements x0 . . . , xn inX and n+1 nonnegative real numbers
t0, . . . , tn satisfying t0 +· · ·+ tn = 1 and x = t0x0 +· · ·+ tnxn. Let n be the smallest
such integer. We claim that n ≤ d , and this will prove the proposition.

We prove this claim by contradiction. Suppose that n > d. Then, the n+1 vectors
x0, . . . , xn are linearly dependent and we can find n+ 1 real numbers λ0, . . . , λn that
are not all equal to 0 and such that λ0x0 + · · · + λnxn = 0. By elementary linear
algebra, we can assume without loss of generality that λ0 + · · · + λn = 0. We then
consider the following subset of R:

K = {t ∈ R such that tλi + ti ≥ 0 for all i = 0, . . . , n}.

The setK , being the intersection of finitely many closed sets, is closed. It contains 0,
and it is not equal to R, since otherwise we would have λi = 0 for all i = 0, . . . , n.
Let L be the least upper bound of K . We have L > 0, again because otherwise we
would have λi = 0 for all i = 0, . . . , n. The real number L belongs to the frontier of
K , which means that for each i = 0, . . . , n, we have Lλi + ti ≥ 0, and there exists
j ∈ {0, . . . , n} such that Lλj + tj = 0. Now we can write

x = (Lλ0 + t0)x0 + · · · + (Lλn + tn)xn,

with the coefficient Lλj + tj equal to 0, which contradicts the minimality in the
definition of the integer n. We conclude that n ≤ d, which completes the proof of
Proposition 5.2.3. 
�

Proposition 5.2.4. Let E be a topological vector space and let X be an arbitrary
open subset of E. Then the convex hull C(X) of X is open in E.
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Proof. Since X is contained in C(X) and since X is open, X is in the interior
�
C(X)

of C(X). Since C(X) is convex, its interior
�
C(X) is also convex (Proposition 5.1.11).

Since C(X) is contained in any convex set containing X, then C(X) ⊂ �
C(X). Thus,

C(X) = �
C(X), which shows that C(X) is open. 
�

Proposition 5.2.5. Let E be a finite-dimensional topological vector space and let X
be a compact subset of E. Then the convex hull C(X) of X is compact.

Proof. Let (xn)n≥0 be a sequence in C(X) and let us prove that this sequence has a
convergent subsequence. Let d = dim(E). By Proposition 5.2.3 (Carathéodory), for
every n = 0, 1, . . . , we can write

xn =
d∑
k=0

tn,kpn,k

with pn,k ∈ X, tn,k ≥ 0 and tn,1 + . . . tn,d = 1 for every k = 0, . . . , d.
The sequence (pn,0)n≥0, being in the compact setX, has a convergent subsequence.

Let (pn1,0)n≥0 be such a subsequence. Next, consider the sequence (pn1,1)n≥0 inX. It
also has a convergent subsequence (pn2,1)n≥0. Then, consider the sequence (pn2,2)n≥0
and so on. Applying this reasoning d + 1 times, we end up with a sequence (nd)n≥0
of nonnegative integers such that the d + 1 sequences (pnd ,0)n≥0, (pnd ,1)n≥0, . . . ,
(pnd ,d)n≥0 are convergent.

We consider now the sequence of real numbers (tnd ,0)n≥0. Being in the compact
interval [0, 1], it has a convergent subsequence. Repeating the argument above d + 1
more times, we end up with a sequence (n2d+1)n≥0 of nonnegative integers such
that the d + 1 sequences (pn2d+1,0)n≥0, (pn2d+1,1)n≥0, . . . , (pn2d+1,d )n≥0 in X are
convergent and the d + 1 sequences (tn2d+1,0)n≥0, (tn2d+1,1)n≥0, . . . , (tn2d+1,d )n≥0 in
[0, 1] are convergent. Then (by taking a linear combination) it is easy to see that the
subsequence (xn2d+1)n≥0 of (xn)n≥0 is convergent. 
�

After Propositions 5.2.4 and 5.2.5, it is good to note that the convex hull of a closed
set is not always closed, as the following example shows:

Example 5.2.6. Let D be a straight line in R2, let P be a point in R2 that is not on
D and let X be the subset P ∪ {D} of R2. Then C(X) = R ∪ D ∪ {P } where R is
the open region contained between the lineD and the parallel line toD passing by P
(Figure 5.2). Thus, X is a closed subset of R2 but its convex hull C(X) is not closed.

Nevertheless, there is another notion of “convex hull” that can be useful and which,
applied to a closed set, gives a closed set. It is defined as follows.

Definition 5.2.7 (Closed convex hull). Let E be a vector space and let X be an ar-
bitrary subset of E. The closed (affine) convex hull of X, denoted by C(X), is the
intersection of all the closed convex subsets of E that contain X.
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.

D

P

Figure 5.2. The convex hull of the line D and the point P .

As an intersection of convex sets, C(X) is convex, and as an intersection of closed
sets, C(X) is closed. Furthermore, C(X) contains C(X) since C(X) is contained in
any convex set that contains X, and, in fact, we have the following:

Proposition 5.2.8. The closed convex hull C(X) is equal to the closure C(X) of the
convex hull C(X) of X.

Proof. Since the set C(X) is a closed set that contains C(X), it contains the closure
C(X). Conversely, the closed set C(X) is convex (Proposition 5.1.9) and it contains
C(X), therefore it contains C(X). Thus, we have C(X) = C(X). 
�

Definition 5.2.9 (Star-shaped subset). Let E a vector space, let X be a subset of E
and let x be a point in X. We say that X is star-shaped with respect to x if for any y
in X, the affine segment [x, y] is contained in X.

It is plain from the definitions that a subset X of E is convex if and only if it is
star-shaped with respect to any of its points.

Another useful notion is that of convex kernel, which in a certain sense is dual to
that of convex hull. It is defined as follows:

Definition 5.2.10 (Convex kernel). LetE be a vector space and letX be a subset ofE.
The convex kernel ofX is the set of points inX with respect to whichX is star-shaped.
We shall denote the convex kernel of X by Ker(X).

The notion of convex kernel is due to Hermann Brunn [23], and the following
proposition is sometimes referred to as “Brunn’s Theorem”.

Proposition 5.2.11. Let E a vector space. For every subsetX of E, its convex kernel
Ker(X) is convex.

Proof. Let x and y be two distinct points in Ker(X). We must prove that [x, y] ⊂
Ker(X). Since X is star-shaped with respect to x, then for every point p in X we
have [x, p] ⊂ X. Now, since X is star-shaped with respect to y, then X contains any
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segment joining y to a point on [x, p]. Thus, the triangle xyp is contained in X and
for every u on [x, y], the segment [u, p] is contained in X. Since p is an arbitrary
point in X, u is in Ker(X). 
�

The following step-by-step construction of the convex hull is analogous to the
construction given in Proposition 2.5.5 in the context of uniquely geodesic metric
spaces; it is usually attributed to Hermann Brunn.

Proposition 5.2.12. Let E be a vector space and let X be a subset of E. We set
C0(X) = X and for every n ≥ 0, we let Cn+1(X) be the union of all geodesic
segments joining pairs of points in Cn(X). Then, the convex hull C(X) of X is given
by

C(X) =
⋃
n≥0

Cn(X).

Proof. The proof is the same as that of Proposition 2.5.5. (We note however that this
proposition is not a special case of Proposition 2.5.5 since a vector space in general is
not a uniquely geodesic space.) 
�

Related to this construction, one makes the following

Definition 5.2.13 (Brunn’s number). The Brunn number of a subset X in a vector
space E is the least element k in N ∪ ∞ such that

C(X) =
⋃

0≤n≤k
Cn(X).

In the case where E is finite-dimensional, k is an element of N and in [22], Brunn
gives a lower and an upper bound for k in terms of the dimension of E.

5.3 Convexity in normed vector spaces

We recall the definition of a norm. Of course, we assume that most of our readers
are familiar with this notion, but we need to record its various components in order to
refer to them later on.

Definition 5.3.1 (Norm). A normed vector space E is a vector space equipped with
a map x �→ ‖x‖ from E to [0,∞[ (called the norm) that satisfies the following three
properties:

• (homogeneity) ‖λx‖ = |λ|.‖x‖ for all x in E and for λ in R;

• (triangle inequality) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for all x and y in E;

• (positive definiteness) ‖x‖ = 0 ⇒ x = 0.
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A finite-dimensional normed vector space is called a Minkowski space.
The class of Minkowski spaces gives various interesting examples of metric spaces.

In fact, Minkowski spaces are certainly the first non-Riemannian metric spaces whose
geometry has been thoroughly studied. We should mention that these spaces are also
important because as tangent spaces, they play in some sort the role of local spaces in
Riemannian geometry and more generally in Finsler geometry.

A normed vector space is equipped with a canonical metric, defined by setting
the distance between two points x and y to be equal to ‖x − y‖. Equipped with this
metric, a normed vector space is a geodesic metric space. More generally, we have
the following

Proposition 5.3.2. Let X be an affinely convex subset of a normed vector space E.
Then X, equipped with the induced metric, is a geodesic metric space.

Proof. For every x and y in X with x 	= y, let γ : [0, ‖x − y‖] → E be the map
defined by

t �→ γ (t) =
(

1 − t

‖x − y‖
)
x + t

‖x − y‖y.

Then for every t1 and t2 in [0, ‖x − y‖], we have

|γ (t1)− γ (t2)|E =
∥∥∥∥
((

1 − t1

‖x − y‖
)
x + t1

‖x − y‖y
)

−
((

1 − t2

‖x − y‖
)
x + t2

‖x − y‖
)∥∥∥∥

= 1

‖x − y‖‖(t2 − t1)x + (t1 − t2)y‖

= 1

‖x − y‖ |t1 − t2|.‖x − y‖
= |t1 − t2|.

This shows that the path γ is geodesic. For every t in [0, ‖x − y‖], let us set
t ′ = t/‖x−y‖.SinceX is affinely convex and since t ′ is in [0, 1], γ (t) = (1−t ′)x+t ′y
is in X. We conclude that the image of γ is a geodesic segment in X joining x to y.
This completes the proof of Proposition 5.3.2. 
�

Corollary 5.3.3. A normed vector space is a geodesic metric space.

Proof. This follows from Proposition 5.3.2 by taking X = E. 
�

We shall prove a result (Corollary 5.3.6 below) which implies that in principle, the
study of metric spaces can be reduced to the study of complete normed vector spaces
and their subsets. (Of course, this is only theoretical.)
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Let X be an arbitrary metric space and let �∞(X) be the vector space of bounded
real-valued functions on X equipped with the �∞ norm, that is, the norm defined by
‖f ‖∞ = supx∈X |f (x)| for any bounded function f : X → R.

Proposition 5.3.4. The normed vector space �∞(X) is complete.

Proof. Let (fn)n≥0 be a Cauchy sequence in �∞(X). We fix a positive real number
ε. There exists an integer N = N(ε) ≥ 0 such that if m and n are integers that are
≥ N , then ‖fm − fn‖∞ ≤ ε, that is, supx∈X|fm(x) − fn(x)| ≤ ε. Thus, for any
fixed x in X, the sequence of real numbers (fn(x))n≥0 is a Cauchy sequence, and
therefore it is convergent. Let f (x) be its limit. For a fixed n ≥ N , the sequence
(|fm(x) − fn(x)|)m≥0 converges to |f (x) − fn(x)| as m → ∞. Thus, we have
|f (x)− fn(x)| ≤ ε for all n ≥ N , that is, supx∈X |f (x)− fn(x)| ≤ ε for all n ≥ N .
This shows that the map fn−f is in �∞(X), for all n ≥ N . Since fn is in �∞(X), we
have f ∈ �∞(X). The last inequality also shows that ‖f − fn‖∞ → 0 as n → ∞.
Therefore, fn converges to f as n → ∞. This proves that �∞(X) is complete. 
�

Let E be a normed vector space and let us choose a basepoint x0 in X. We define
an embedding i : X → E by taking as the image of each point x in X the map

ix : X → R

defined by
ix(y) = |x0 − x|X − |x − y|X

for each y inX. Using the triangle inequality, we have |ix(y)| ≤ |x0 −x|X. Therefore,
the map ix : X → R is in �∞(X) for all x.

Proposition 5.3.5. The map i : X → �∞(X) is distance-preserving.

Proof. If x and x′ are two arbitrary points in X, we have

|ix − ix′ |E = sup
y∈X

∣∣|x0 − y|X − |x − y|X − (|x0 − y|X − |x′ − y|X)
∣∣

= sup
y∈X

∣∣|x − y|X − |x′ − y|X
∣∣

= |x − x′|X. 
�

Corollary 5.3.6. Any metric space admits a distance-preserving embedding in a com-
plete vector space.

Proof. This is a consequence of Propositions 5.3.4 and 5.3.5. 
�

Now we turn back to the study of affine segments in an arbitrary normed vector
space.
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Proposition 5.3.7. Let E be a normed vector space and let x and y be two arbitrary
points in E. Then the affine segment [x, y] is a geodesic segment; in fact, it is the
image of the geodesic path γ : [0, ‖x−y‖] → X that joins x and y and that is defined
by the formula

γ (t) =
(

1 − t

‖x − y‖
)
x + t

‖x − y‖y.

Proof. The proof is contained in that of Proposition 5.3.2. 
�

Definition 5.3.8 (Affine geodesic). We shall call the geodesic γ of Proposition 5.3.7
the affine geodesic joining x and y

In an arbitrary normed vector space, there might exist other geodesic paths than
the affine one, as we shall now see.

Even though in a finite-dimensional vector space all the norms define the same
topology, the metrics associated to these norms can be quite different. For instance,
the metric on Rn that is associated to the Euclidean norm, which is defined by ‖x‖2 =
(
∑n
i= |xi |2)1/2, is uniquely geodesic (the affine segment joining two arbitrary points

is the unique geodesic joining them), but neither the metric associated to the �1 norm,
defined by ‖x‖1 = ∑n

i= |xi |, nor the one associated to the �∞ norm, defined by
‖x‖∞ = supi=1,...,n |xi |, is uniquely geodesic. Let us see some examples of distinct
geodesic segments joining two points in these spaces. We can limit ourselves to the
case of dimension 2.

Example 5.3.9 (Non-uniquely geodesic Minkowski spaces). Consider the metric on
R2 induced by the �∞ norm. It is easy to see that any segment that has the form of
an escalator (Figure 2.6 in Chapter 2), or, more generally (by passing to the limit),
any segment that is the image of a monotonous function is a geodesic segment for
that metric. Thus, if two points x and y in R2 have distinct first coordinates and
distinct second coordinates, there are infinitely many geodesic segments joining them.
Likewise, consider the metric on R2 induced from the �1 norm. We have represented
in Figure 5.3 two distinct geodesic segments between the origin of R2 and the point x
whose coordinates are (1, 1): the affine segment [0, x] and the segment obtained by
concatenating the affine segments [0, y] and [y, x]. In this figure, the square ABCD
is the unit ball of the norm �1 and the point y can be taken to be any point on the face
AB of that ball.

It should be noted that since there is an automorphism of R2 sending the unit ball
of the �1 norm onto the unit ball of the �∞ norm, the two spaces in Example 5.3.9 are
isometric, and therefore showing that one of them is non-uniquely geodesic implies the
same property for the other one. However, Rn, for n ≥ 2, equipped with the �1 norm
is not isometric to Rn equipped with the �∞ norm. (We already mentioned that the
standard cube and co-cube in dimension n ≥ 3 are not isomorphic, see Example 5.1.8
above).



5.3 Convexity in normed vector spaces 141

 

 

C

B

O

D

x

y

A

Figure 5.3. R2 is equipped with the �1 norm. Two distinct geodesic segments joining O to x.
The square in dotted lines is the unit ball of the �1 norm.

The following proposition establishes a relation between affine convexity and
Menger convexity (see Section 5 of Chapter 2).

Proposition 5.3.10. Let E be a Minkowski space and let X be a closed subset of E
equipped with the induced metric. ThenX is Menger convex if and only ifX is affinely
convex.

Proof. The vector space E, being finite-dimensional, is proper, and X being a closed
subset of a proper space is itself proper for the induced metric. Then, Theorem 2.5.2
says that X is Menger convex if and only if it is a geodesic space, that is, if and only
if two arbitrary points in X can be joined by a geodesic in X. A priori, this geodesic
is not necessarily the affine geodesic in E that joins these two points, but the proof of
Theorem 2.5.2 shows that we can take it to be the affine geodesic. Thus, the space X
is Menger convex if and only if it is an affinely convex subset of E. 
�

In a normed vector space, there are convex subsets that are particularly interesting.
The open and closed balls in such a space are examples of such sets, but there are several
others.

We recall that for any subset A of a metric space X and for any nonnegative real
number ε, the closed ε-neighborhood of A is the set

N(A, ε) = {x ∈ X such that dA(x) ≤ ε}.

We now turn back to the special case whereX is a normed vector space. It is easy
to see that in this case, if B is an open ball in E of center x and radius r > 0, then, for
any ε ≥ 0, N(B, ε) is the closed ball in E of center x and radius r + ε.

The following description of the closed ε-neighborhood of a set is useful:
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Proposition 5.3.11. LetE be a normed vector space and let U denote the closed unit
ball in X. Then for every subset A of X and for every ε ≥ 0, we have

N(A, ε) = A+ εU.

Proof. The proof follows easily from the definitions. 
�

Proposition 5.3.12. Let E be a normed vector space. Then, for every convex subset
A of X, the closed ε-neighborhood N(A, ε) of A is convex.

Proof. We first consider the case where A is a single point x, and therefore N(A, ε)
is the open ball B of center x and radius ε. For every y and z in B and for every t in
[0, 1], we have

‖x − (
(1 − t)y + tz

)‖ = ‖(1 − t)(x − y)+ t (x − z)‖
≤ ‖(1 − t)(x − y)‖ + ‖t (x − z)‖
= (1 − t)‖x − y‖ + t‖x − z‖
≤ (1 − t + t)ε = ε.

Thus, (1 − t)y + tz is in B, which shows that B is convex. In the case where A is
an arbitrary convex subset of E, we have, by Proposition 5.3.11, N(A, ε) = A+ εU

where U is the unit closed ball in E which, by the special case we considered, is
convex. Using the fact that convexity is preserved by homothety and by vector sum
of subsets, we deduce that N(A, ε) is convex. 
�

Let us note two consequences.
We already mentioned the notion of capsule in Rn (see Figure 4.1 of Chapter 4).

A capsule in a vector space is an ε-neighborhood of some geodesic segment, for some
ε ≥ 0. We shall again encounter this notion in Chapter 9.

We deduce the following from Proposition 5.3.12:

Corollary 5.3.13. LetE be a normed vector space. Then, any capsule inE is convex.

Proposition 5.3.14. Let E be a normed vector space. Then, any closed or open ball
in E is convex.

Proof. The case of a closed ball is contained in Proposition 5.3.12. For an open ball,
the proof is the same as for a closed ball, up to replacing some of the large inequalities
by strict inequalities. 
�
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5.4 Limits of convex sets

Let E be a normed vector space. We recall that ifX and Y are subsets of E, then their
Hausdorff distance is equal to

dH (X, Y ) = sup
x∈E

|dX(x)− dY (x)|,

where dX(x) denotes the distance from the point x to the set X. In Chapter 4, we
studied general properties of Hausdorff distances between subsets of arbitrary metric
spaces. For subsets of vector spaces, the Hausdorff distance satisfies further properties,
for instance, the following one, which says that the Hausdorff distance is translation-
invariant:

Proposition 5.4.1. Let E be a normed vector space and let X and Y be two subsets
of E. Then, for any vector v in E, we have

dH (X, Y ) = dH (X + v, Y + v).

Proof. Since the distance |x − y| between any two points x and y in E is translation-
invariant, we have

dH (X, Y ) = sup
x∈E

|dX(x)− dY (x)|
= sup
x∈E

|dX(x + v)− dY (x + v)|
= dH (X + v, Y + v) 
�

Proposition 5.4.2. Let E be a finite-dimensional normed vector space and let X and
Y be two nonempty subsets of E. Then, we have

dH (C(X), C(Y )) ≤ dH (X, Y ).

Proof. Let δ = dH (X, Y ). Since E is finite-dimensional, it is proper, and by Propo-
sition 4.1.6 , we have

Y ⊂ N(X, δ) ⊂ N(C(X), δ).

By Proposition 5.3.12,N(C(X), δ) is convex. Therefore, we haveC(Y )⊂N(C(X), δ).
By symmetry, we have alsoC(X) ⊂ N(C(Y ), δ). This implies dH (C(X), C(Y )) ≤ δ.


�

We obtain immediately the following

Corollary 5.4.3. Let E be a finite-dimensional normed vector space, let (Xn)n≥0
be a sequence of nonempty subsets of E and A a nonempty subset of E such that
dH (Xn,A) → 0 as n → ∞. Then, dH (C(Xn), C(A)) → 0. 
�
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We recall that the Hausdorff distance restricted to the set of nonempty closed
bounded subsets of E (which is also the set of compact subsets of E, since E is finite-
dimensional) is a genuine metric (Proposition 4.1.1). Since in a metric space limits of
subsequences are unique, we have the following consequence of Corollary 5.4.3:

Corollary 5.4.4. Let E be a finite-dimensional normed vector space and let (Xn)n≥0
be a sequence of nonempty compact convex subsets ofE that is convergent with respect
to the Hausdorff metric. Then, the limit of this sequence is convex.


�

5.5 Minkowski’s construction

We already observed that in any normed vector space, the open and closed unit balls
are affinely convex (Proposition 5.3.13). Conversely, there is a beautiful construction
due to Minkowski (cf. [111]) that associates a norm to any (say closed) convex subset
B of a vector space containing the origin and satisfying certain natural conditions that
we now state. B will be the unit ball for that norm. In this section, we describe this
construction.

First, we recall a few classical definitions.

If B is a subset of a metric space, then the frontier of B is the set B \ �
B.

Let E be a vector space and let x be a point in E that is distinct from the origin.
Then the (linear) ray in E passing through x is the subset rx of E defined as

rx = {λx, with λ ≥ 0}.
The next proposition follows easily from the definitions:

Proposition 5.5.1. Let E be a vector space with origin O and let B be a subset of
E that is star-shaped with respect to O and that contains O in its interior. Then, for
every x in E that is distinct from O, the intersection of B with the ray rx is an affine
segment of the form [O, e(x)] where e(x) is a point in the frontier of B and where the

open affine segment ]O, e(x)[ is contained in
�
B.

Proof. Since B is star-shaped with respect to O, the intersection of B with the ray rx
is convex. SinceB is bounded, this intersection is bounded and therefore it is an affine
segment. Thus, it is of the form [O, e(x)]. By Lemma 5.1.10, any point on the open

segment ]O, e(x)[ is in
�
B. Therefore, the point e(x) is the unique point in B ∩ rx that

is in the frontier of B. 
�

The notion that we now introduce is due to Minkowski. It is important in convexity
theory, and we shall use it below.
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Definition 5.5.2 (Convex body). Let E be a topological vector space. A convex body
is a convex subset of E that has non-empty interior.

We start with the following result.

Proposition 5.5.3. Let B be a convex body in E. Then
�
B is dense in B.

Proof. Let x0 be a point in B and let x be an interior point of B. Without loss of
generality, we can assume that x is distinct from x0. By convexity, the segment [x, x0]
is contained in B and, by Lemma 5.1.10, any point on the open segment ]x, x0[ is in
�
B. Thus, any point in B is a limit of a sequence of points in

�
B. This completes the

proof of Proposition 5.5.3. 
�

In the rest of this section, E is a finite-dimensional vector space, and its origin is
denoted by O.

Given a convex body B in E, we shall consider the following three properties:

• B is closed and bounded. (We note that boundedness of B means that this set
has finite diameter for some norm on E or, equivalently, for any norm on E.)

• B contains the origin O in its interior.

• B is symmetric with respect to O. In other words, for all x in E, we have the
following equivalence: x ∈ B ⇐⇒ −x ∈ B.

Definition 5.5.4 (The Minkowski function). Let B be a convex body in E satisfying
the three properties above. The Minkowski function

μB : E → [0,∞[
associated to B is defined by

μB(x) =
{

0 if x = O

λ(x) if x 	= O,

where λ(x) is the unique real number satisfying x = λ(x)e(x), using the notations of
Proposition 5.5.1.

One can easily see that for every x in E that is distinct from the origin, we have

(5.5.4.1) μB(x) = inf
{
λ > 0 such that

x

λ
∈ B

}
.

From this, we deduce the following useful property:
For every λ > 0 and for every x in X, we have

(5.5.4.2)
x

λ
∈ B ⇐⇒ μB(x) ≤ λ.
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Theorem 5.5.5. Let B be a convex body in E satisfying the three properties that are
stated after Definition 5.5.3. Then the associated Minkowski function μB is a norm
on E. Furthermore, B is the closed unit ball of this norm, the interior of B is its open
unit ball and the frontier of B is its unit sphere.

Proof. We must show that the three properties of Definition 5.3.1 (Norm) are satisfied.
Let us start by showing that the map μB is homogeneous. First of all, it is clear

from the definition of μB that this map is positively homogeneous, that is, that for
all λ > 0 and for all x in B, we have μB(λx) = λμB(x). As the convex body B
is symmetric with respect to the origin, we have μB(−x) = μB(x). From this, we
deduce that μB(λx) = λμB(x) for all x in B and for all λ ∈ R, which proves the
homogeneity.

Next, let us prove that μB satisfies the triangle inequality. Let us fix a positive real
number ε, let x and y be two points in E and let us choose two real numbers λ and μ
satisfying

μB(x) < λ < μB(x)+ ε

and
μB(y) < μ < μB(y)+ ε.

By (5.5.4.2), the points x/λ and y/μ are in B. Let

z = x + y

λ+ μ
=
(

λ

λ+ μ

)
x

λ
+
(

μ

λ+ μ

)
y

μ
.

The point z belongs to the affine segment [x/λ, y/μ]. Since B is convex, z is in B.
Therefore, using again (5.5.4.2), we have

μB(x + y) ≤ λ+ μ < μB(x)+ μB(y)+ 2ε.

Since ε is an arbitrary positive number, we conclude thatμB(x+y) ≤ μB(x)+μB(y),
which proves the desired property.

Finally, let us show that the map μB is positive definite. Let x be a point in E that
is distinct from the origin. Since B is compact, we can find a positive real number
λ0 such that for all λ in [0, λ0], we have x/λ /∈ B, which implies (using 5.5.4.2) that
μB(x) ≥ λ0. Therefore, we have μB(x) > 0. Thus, the map μB is a norm on E.

By (5.5.4.2), we have the equivalence x ∈ B ⇐⇒ μB(x) ≤ 1, which shows that
B is the closed unit ball of the norm.

Let S be the frontier of B and let us show that S is the unit sphere of μB , i.e., that
S = {x ∈ E : μB(x) = 1}. This will also imply that the interior of B is the open unit
ball of μB .

Let x be a point in E such that μB(x) = 1. By (5.5.4.1), we can find a sequence
of real positive numbers (λi)i≥0 satisfying x/λi ∈ B for all i ≥ 0, with λi → 1 as
i → ∞. Since λi → 1, the sequence (x/λi) converges to x, and therefore x is in B.

On the other hand, x is not in
�
B, since the sequence (λix), which is in the complement

of B, also converges to x. Therefore, x is in S.
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Now suppose that for some x in E, we have μB(x) < 1. Then we have x ∈
[O, e(x)[, where e(x) belongs to B. By Lemma 5.1.10, we obtain x ∈ �

B. This
implies that B is the open unit ball of the norm μB . This completes the proof of
Theorem 5.5.5. 
�

Thus, all the beautiful convex bodies in R3 are the unit balls of certain norms on this
space. For instance, the regular octahedron centered at the origin and of radius 1 is the
unit ball for the �1 norm, that is, the norm defined by ‖(x1, x2, x3)‖ = |x1|+|x2|+|x3|.
In fact, this octahedron is the standard co-cube of R3.

There are several interesting metric characterizations of Minkowski spaces that
are contained in the two books by Busemann [24] and [28]; see also [27]. We note
also that the Minkowski construction gives a Euclidean norm if and only if the convex
body B is an ellipsoid (see [24] p. 58).

As an application of Minkowski’s construction, we give the following proposition
which besides being important in itself, gives a preliminary taste of a general result that
we shall prove later on, that says that any convex metric space convex is contractible
(Proposition 8.1.9). We note by the way that this proposition remains valid without
the hypothesis that A is bounded.

Proposition 5.5.6. Let A be an open nonempty bounded convex subset of E. Then A
is homeomorphic to E.

Proof. By performing a translation, we can assume, without loss of generality, that
the set A contains the origin of E. Let B be the closure of A. Then B is a closed
convex body satisfying the hypotheses of Definition 5.5.4. Let f : E → E be the map
defined by setting, for all x in E,

f (x) = x

μB(x)+ 1
,

where μB : E → [0,∞[ is Minkowski’s function that is associated to B. Since μB is
homogeneous, we have, for all x in E,

μB(f (x)) = μB(x)

μB(x)+ 1
< 1.

By Theorem 5.5.5, we obtain f (x) ∈ �
B = A. Now let us show that any point in A is

in the image of f . Given y in A, we set

x = y

1 − μB(y)
.

Then we have

f (x) = x

μB(x)+ 1
= y/(1 − μB(y))

(μB(y)/1 − μB(y))+ 1
= y,
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which shows that y is in the image of f . This formula also shows that as a map from
E to A, f is continuous and possesses an inverse map, defined by

x �→ x

1 − μB(x)
,

which is clearly continuous. Thus, f defines a homeomorphism between E and A.
This completes the proof of Proposition 5.5.6 
�

5.6 The Hilbert geometry

In all this section, by a line we mean a Euclidean line.
We start by recalling the definition of the cross ratio.

Definition 5.6.1 (Cross ratio). Consider four ordered points a1, a2, b1, b2 in Rn sat-
isfying a1 	= b1 and a2 	= b2. Then the cross ratio [a1, a2, b2, b1] is defined by the
formula

[a1, a2, b2, b1] = d(a2, b1)d(a1, b2)

d(a1, b1)d(a2, b2)
,

where d denotes the Euclidean metric of Rn.

In all that follows, we shall only use the cross ratio for points that are aligned. We
start with a elementary property, which is usually referred to as the “cocycle property”.

To avoid lengthy considerations of special cases, in the rest of this chapter, each
time we prove a property involving the cross ratio of four points, we shall tacitly
assume that these points are pairwise distinct. One can easily deal with the cases
where some of the points coincide, when such considerations are needed.

Proposition 5.6.2 (Cocycle property). Letb1, a1, a2, a3, b2 befive points inRn. Then
we have

[a1, a2, b2, b1] × [a2, a3, b2, b1] = [a1, a3, b2, b1].

Proof. From the definition of the cross ratio, we have

[a1, a2, b2, b1] = d(a2, b1)d(a1, b2)

d(a1, b1)d(a2, b2)

and

[a2, a3, b2, b1] = d(a3, b1)d(a2, b2)

d(a2, b1)d(a3, b2)
.

We then obtain

[a1, a2, b2, b1] × [a2, a3, b2, b1] = d(a3, b1)d(a1, b2)

d(a1, b1)d(a3, b2)
= [a1, a3, b2, b1],

which proves Proposition 5.6.2. 
�
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We shall use an invariance property of the cross ratio, and before stating it we need
to recall the following classical notion:

Definition 5.6.3 (Perspectivity). Let b1, a1, a2, b2 be four points in Rn situated in
that order on a line D, let b′

1, a′
1, a′

2, b′
2 be four points in the same space that

are also contained in a line and let O be an arbitrary point in the extended space
Rn ∪ {∞}. We say that the ordered quadruple b1, a1, a2, b2 is obtained from the
ordered quadruple b′

1, a
′
1, a

′
2, b

′
2 by a perspectivity of center O if b1, a1, a2, b2 is the

image of b′
1, a′

1, a′
2, b′

2 by the projection of center O on the line D. The restriction of
this projection to the set {b′

1, a
′
1, a

′
2, b

′
2} is called a perspectivity of center O.

In Figures 5.4 and 5.5 respectively, we have represented the effect of a perspectivity
in the case where O is a point in Rn and in the case where O is the point ∞.

b′
1

a′
1

a′
2

b′
2

b1 a1 a2 b2

Figure 5.4. A perspectivity.

Proposition 5.6.4 (Cross ratio is invariant under perspectivities). Let b′
1, a

′
1, a

′
2, b

′
2

be an ordered quadruple of aligned pairwise distinct points in Rn and let b1, a1, a2,
b2 be an ordered quadruple that is obtained from b′

1, a
′
1, a

′
2, b

′
2 by a perspectivity of

center O ∈ Rn ∪ {∞}. Then we have [a1, a2, b2, b1] = [a′
1, a

′
2, b

′
2, b

′
1].

Proof. We first consider the case whereO 	= ∞. The proof is based on the computation
of the areas of the triangles Oa2b1, Oa1b2, Oa1b1 and Oa2b2 in Figure 5.4. Let L
be the distance from the point O to the line D. This distance is a height for each of
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b′
1 a′

1 a′
2 b′

2

b1
a1

a2
b2

Figure 5.5. A perspectivity whose center is the point at infinity.

these triangles and therefore we have:

Area(Oa2b1) = 1

2
Ld(a2, b1) = 1

2
d(O, a2)d(O, b1) sin 	 a2Ob1,

Area(Oa1b2) = 1

2
Ld(a1, b2) = 1

2
d(O, a1)d(O, b2) sin 	 a1Ob2,

Area(Oa1b1) = 1

2
Ld(a1, b1) = 1

2
d(O, a1)d(O, b1) sin 	 a1Ob1

and
Area(Oa2b2) = 1

2
Ld(a2, b2) = 1

2
d(O, a2)d(O, b2) sin 	 a2Ob2.

Thus, we obtain

[a1, a2, b2, b1]

= d(a2, b1)d(a1, b2)

d(a1, b1)d(a2, b2)

=
(
d(O, a2)d(O, b1) sin 	 a2Ob1/L

)(
d(O, a1)d(O, b2) sin 	 a1Ob2/L

)
(
d(O, a1)d(O, b1) sin 	 a1Ob1/L

)(
d(O, a2)d(O, b2) sin 	 a2Ob2/L

)
= sin 	 a2Ob1 sin 	 a1Ob2

sin 	 a1Ob1 sin 	 a2Ob2
.

This shows that the cross ratio [a1, a2, b2, b1] depends only on the angles that the
four Euclidean linesOa1,Oa2,Ob1 andOb2 make at the pointO, and therefore it is
equal to [a′

1, a
′
2, b

′
2, b

′
1].
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In the case where O = ∞, the perspectivity of center O is simply a parallel
projection (Figure 5.5), and instead of the above computation, an application of the
theorem of Thales gives the result. 
�

Let A be a nonempty bounded open convex subset of Rn. For any pair of distinct
points a1, a2 inA, consider the Euclidean lineD containing them. This line intersects
the boundary ofA in exactly two points (as follows for instance from Lemma 5.1.10).
Let us denote by b1 and b2 these two intersection points, the names being chosen in
such a way that the four points b1, a1, a2, b2 are aligned in that order onD (Figure 5.6).
We define the map hA : A× A → R by the formula

hA(a1, a2) =
{

ln[a1, a2, b2, b1] if a1 	= a2,

0 if a1 = a2.

b1

a1

a2

b2 D

Figure 5.6

It follows from the fact that the four points b1, a1, a2, b2 are aligned in that order
that we have d(a2, b1)/d(a1, b1) > 1 and d(a1, b2)/d(a2, b2) > 1, which implies
[a1, a2, b2, b1] > 1. Therefore hA(a1, a2) > 0 if a1 	= a2. We shall prove that
hA defines a metric on A. The definition of this metric is due to David Hilbert who
described it in [69], and hA is referred to as the Hilbert metric of A.

We first consider the case n = 1. Here, A is an open finite-length interval of R.
Although the next proposition is a special case of Theorem 5.6.6 below, we start by
proving it because we shall use it in the proof of that theorem.

Proposition 5.6.5 (The Hilbert metric of a bounded open interval). Let I be a finite-
length open interval of R. Then the map hI : I × I → [0,∞[ is a distance function,
and the metric space (I, hI ) is a proper geodesic metric space that is isometric to the
real line R equipped with its usual metric.

Proof. We already saw that hI (a1, a2) ≥ 0 for every a1 and a2 in A and that
hI (a1, a2) > 0 if and only if a1 	= a2. To prove symmetry, we call b1 and b2, with
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b1 < b2, the endpoints of the interval I . We can suppose, without loss of generality,
that a1 < a2. Then we have

hI (a1, a2) = ln[a1, a2, b2, b1] = ln

(
d(a2, b1)d(a1, b2)

d(a1, b1)d(a2, b2)

)

and

hI (a2, a1) = ln[a2, a1, b1, b2] = ln

(
d(a1, b2)d(a2, b1)

d(a2, b2)d(a1, b1)

)
.

This shows that hI (a1, a2) = hI (a2, a1). Finally, for the proof of the triangle in-
equality, we consider three points a1, a2 and a3 in A and we suppose without loss of
generality that a1 < a2 < a3. By Proposition 5.6.2 we have

[a1, a2, b2, b1] × [a2, a3, b2, b1] = [a1, a3, b2, b1]
which implies

ln[a1, a2, b2, b1] + ln[a2, a3, b2, b1] = ln[a1, a3, b2, b1].
Thus, we have the (degenerate) triangle inequality

hI (a1, a3) = hI (a1, a2)+ hI (a2, a3).

Thus proves that hI is a metric on I . It is clear from the definition of this metric
that the closed balls are compact and therefore the space (I, hI ) is proper. From the
equality hI (a1, a3) = hI (a1, a2) + hI (a2, a3) for any a1 and a2 and a3 satisfying
a1 < a2 < a3, it follows that the metric space (I, hI ) is a geodesic metric space.
(We can apply the criterion that uses Menger convexity, Theorem 2.5.2.) Finally,
since lim hA(a1, a2) = ∞ as a1 → b1 and lim hI (a1, a2) = ∞ as a2 → b2, we can
construct, for any point in I , a geodesic line in I that starts at this point and which
establishes an isometry between R and the space (I, hI ). This completes the proof of
Proposition 5.6.5. 
�

Next, we consider the case where the domain A is the interior of a triangle, and
we prove the following

Proposition 5.6.6 (The case of a triangle).2 Let w, u and t be three non-collinear
points in R2 and let A be the open region bounded by the triangle wut . Let v be a
point on the segment [w, t], let z be a point on the segment [u,w] and let c be the
intersection of the segments [u, v] and [z, t]. Finally, let a and b be two points on the
segments [u, c] and [t, c] respectively. Then we have

hA(a, b) = hA(a, c)+ hA(c, b).

2The Hilbert metric of a triangle has beautiful properties. For instance, B. B. Phadke proved in [118]
that circles in such a space are hexagons. P. de la Harpe showed in [64] that the isometry group of that space
is isometric to R2 equipped with a norm whose unit ball is a regular hexagon. The paper [64] contains
other interesting results on the isometry group of a simplex, some of them valid in all dimensions, as well
as several open problems.
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Proof. Let a′ and b′ be the intersection of [a, b] with [u,w] and [t, w] respectively and
let d be the intersection point of [w, c] with [a, b] (Figure 5.7). By the invariance of the
cross ratio by perspectivities (Proposition 5.6.4), we have [a, c, v, u] = [a, d, b′, a′]
and [c, b, t, z] = [d, b, b′, a′]. By the cocycle property (Proposition 5.6.2), we have

[a, b, b′, a′] = [a, d, b′, a′] × [d, b, b′, a′].
Therefore we obtain

[a, b, b′, a′] = [a, c, v, u] × [c, b, t, z],
which implies

ln[a, b, b′, a′] = ln[a, c, v, u] + ln[c, b, t, z],
that is, hA(a, b) = hA(a, c)+ hA(c, b). 
�

t

b′

v

w

b

c

a

z

a′

u

Figure 5.7

Theorem 5.6.7 (The Hilbert metric of a bounded open convex body). For each non-
empty bounded open convex subsetA of Rn, the associated map hA : A×A → [0,∞[
is ametric, themetric space (A, hA) is a proper geodesic space and each affine segment
in A is a geodesic segment for the metric hA. Furthermore, the metric space (A, hA)
is uniquely geodesic if and only if the (Euclidean) boundary of the convex set A does
not contain any pair of affine segments that span a two-dimensional affine plane.

Proof. All the properties that make hA a metric are contained in Proposition 5.6.5
(The Hilbert metric of a bounded open interval), except the triangle inequality. For
the proof of this property, we follow Hilbert’s argument contained in [69]. Consider
three distinct points a, b and c inA. By Proposition 5.6.5, if these points are collinear,
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then the three distances between them satisfy (degenerate) triangle inequalities. Thus
we now suppose that these three points are not collinear. We prove that in this case,
the values of the map hA on the three pairs of points (a, b), (a, c) and (b, c) satisfy
the triangle inequalities and that these inequalities are strict if the boundary of A does
not contain two affine segments whose span is a two-dimensional affine plane.

By taking the intersection of the convex body A with the affine plane containing
the three points a, b and c, we are reduced to the case where A is 2-dimensional. We
use the following notations (see Figure 5.8), which are those used by Hilbert in [69]:

x

u

x′

z

w

a

c

b

v

y′

t

y

Figure 5.8

The points x and y are the intersection points of the segment [a, b] with the
boundary of A and the points x, a, b, y are aligned in that order.

The pointsu and t are the intersection points of the segment [a, c]with the boundary
of A and the points u, a, c, v are aligned in that order.

The points z and t are the intersection points of the segment [c, b] with the boundary
of A and the points z, c, b, t are aligned in that order.

The point x′ is the intersection point of the segments [u, z] and [x, y].
The point y′ is the intersection point of the segments [t, v] and [x, y].
The point w is the intersection point of the lines uz and tv. (It is possible that this

point w is the point ∞.)
We have

hA(a, b) = ln[a, b, y, x],
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hA(a, c) = ln[a, c, v, u],
and

hA(c, b) = ln[c, b, t, z].
Let B denote the interior of the triangle wut . Then B is a bounded open convex

subset of the plane A, and it is equipped with its own map hB : B ×B → [0,∞[. We
can see directly from the definitions of the maps hA and hB that we have hA(a, c) =
hB(a, c) and hB(c, b) = hB(c, b). Now let us compare the values hA(a, b) and
hB(a, b). We have

[a, b, y′, x′] = d(b, x′)
d(a, x′)

d(a, y′)
d(b, y′)

≤ d(b, x)

d(a, x)

d(a, y)

d(b, y)
= [a, b, y, x].

Thus, we obtain

(5.6.7.1) hA(a, b) ≤ hB(a, b)

By Proposition 5.6.6, we have hB(a, b) = hB(a, c) + hB(c, b). Thus, we obtain
hA(a, b) ≤ hA(a, c) + hA(c, b), which completes the proof of the fact that hA is a
metric on A. The closed balls for this metric are clearly compact and therefore this
metric is proper.

Proposition 5.6.5 implies that any affine segment in A is a geodesic segment for
the metric hA. Thus, (A, hA) is a geodesic metric space. Furthermore, the proof
of Inequality (5.6.7.1) shows that this inequality is strict unless we have x′ = x

and y′ = y, that is, unless the affine segments [u, z] and [t, v] are contained in the
boundary of A. Thus, if there are no affine segments in the boundary of A that span a
2-dimensional plane, the triangle inequality hA(a, b) ≤ hA(a, c) + hA(c, b) is strict
provided the three points a, b and c are not collinear. We conclude that in this case,
the affine segments in A are the unique geodesic segments for the metric hA.

Conversely, suppose that there exist two affine segments in the boundary of A
whose span is an affine plane. Consider the plane spanned by these segments. In that
plane, we can find, using the preceding argument, three non-collinear points a, b and c
such that Inequality (5.6.7.1) is an equality, and therefore the distances between these
points satisfy hA(a, b) = hA(a, c)+ hA(c, b). This implies that the union of the two
affine segments [a, c] and [c, b] is a geodesic segment joining a and c and therefore
that the affine segment [a, b] is not the unique geodesic segment joining these points.
Thus, in the case considered, the metric space (A, hA) is not uniquely geodesic. This
completes the proof of Theorem 5.6.7. 
�
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Notes on Chapter 5

Convexity. Convexity is one of the most beautiful subjects in mathematics. As a field
in itself, convexity theory started at the end of the 19th century, but its roots are in Greek
antiquity. For instance, the Pythagoreans of the fifth century B.C. already knew about
the classification of the regular solid convex polyhedra in 3-dimensional space, and
Archimedes, in the third century B.C., did substantial work on the properties of convex
subsets of the plane. In fact, we owe to him the first definition of a convex curve in the
plane and of a convex surface in 3-space. In his work On the sphere and the cylinder
(see [67]), Archimedes studies lines in the plane which he describes as “concave in the
same direction”. He characterizes such a line by the property that “if any two points on
it are taken, then either all the straight lines connecting the points fall on the same side
of the line, or some fall on one and the same side while others fall on the line itself, but
none on the other side”. (This is Heath’s translation, cf. [67] p. 2.) Of course, the work
of Archimedes on centers of gravity, in his book “On the equilibrium of planes, or the
centers of gravity of planes” (see [67] p. 189), is also intimately related to convexity
theory. The work on convex curves that was started by Archimedes was pursued
in the 17th century by several eminent mathematicians including Descartes, Fermat
and Huygens, who contributed to convexity theory while working in various different
areas. One also has to mention Johannes Kepler (1571–1630) who worked extensively
on the relations between astronomy, convex polyhedra and music (relations that also
date back to the Pythagoreans). The major writing by Kepler on this subject is his
Harmonices Mundi (see [83]). After the 17th century, research on convexity went on
uninterrupted, and we recall the works of Euler, Cauchy and Legendre on the rigidity
of convex polyhedra in 3-space that we already mentioned in the introduction of this
book.

The first modern definition of a convex set is due to H. Minkowski. Minkowski’s
interest in convex sets was motivated by number theory, and, more precisely, by a
subject that is usually called the “geometry of numbers” (see [110]). To give an idea
of the relation between convexity and number theory, we mention Minkowski’s famous
theorem on convex bodies (1896), which asserts that for any closed convex body A in
Rn of volume V that is symmetric with respect to the origin and for any point lattice
in Rn whose determinant is bounded from above by 2−nV , there exists a point in the
lattice that is distinct from the origin and that belongs to A. Minkowski later on made
a systematic study of convex sets (see [111])

There is an extensive literature on convexity in vector spaces, and a good intro-
duction to this subject is the book [139] by F. Valentine.

The space of convex subsets. Let E be a finite-dimensional normed vector space
and let CB(E) be the set of compact convex nonempty subsets of E. We know from
Proposition 4.1.11 that CB(E), equipped with the Hausdorff distance, is a metric
space. This is an interesting space to study. There is a natural geodesic segment
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joining any two points A and B in that space, namely, the segment

[A,B] = {tA+ (1 − t)B, t ∈ [0, 1]}.
But there may be more than one geodesic segment joining A and B, and in his paper
[78], F. Jongmans analyzed geodesic segments in CB(E). He proved that given any
two points A and B in CB(E), either there are infinitely many geodesic segments
joining them, or there is a unique one (which is the natural geodesic described above).
We know that the first case occurs for instance ifE is a non-uniquely geodesic normed
vector space, with A = {x} and B = {y}, where x and y are any two distinct points
in E (we shall see several examples of such spaces in Chapter 7 below). In the same
paper, Jongmans asked for a characterization of pairs of points in a finite-dimensional
normed vector space that are joined by a unique geodesic segment. R. Schneider gave
an answer in [127]. Schneider’s result is formulated in terms of the uniqueness of the
middle point of the two points A and B, that is, of a point C satisfying |B − C| =
|A−C| = (1/2)|A−B| (see Proposition 2.6.2). Schneider proved thatA and B have
a unique middle point if and only if one of the following holds:

• there exists some r > 0 such thatA = B+B(O, r) orB = A+B(O, r), where
B(O, r) is the closed unit ball in E centered at the origin and of radius r ,

or

• A and B are contained in parallel hyperplanes and A = B + t , where t is some
vector in E that is orthogonal to these hyperplanes.

Finally, let us mention a result on the isometries of CB(E). In [57], P. M. Gruber
and G. Lettl show that a map f : CB(E) → CB(E) is an isometry if and only if
there exists a rigid motion i of E and an elementD of CB(E) such that f is the map
C �→ i(C)+D.

Minkowski’s construction. Minkowski’s construction, which is the subject of Sec-
tion 5, can be made in the more general setting of a locally convex topological vector
space E containing a non-empty bounded open set, that is, an open set V such that
for every open neighborhood N of the origin of E, there exists a positive real num-
ber α satisfying S ⊂ αN (cf. [139], Part III). Of course, a finite-dimensional vector
space equipped with its natural topology satisfies this property. We have described
Minkowski’s construction only in the case of finite-dimensional vector spaces to avoid
introducing more terminology. This setting of finite-dimensional vector spaces (that
is, of “Minkowski spaces”) is the setting that Minkowski worked in.

The cross ratio and the Hilbert metric. The Hilbert metric is studied by Busemann
in [28] §18 and by Busemann and Kelly in [31]. The most important property of the
cross ratio is certainly the fact that it is invariant under projective transformations of
Rn ∪ {∞} (considered as the real projective space Pn). In fact, this is essentially the
content of Proposition 5.6.4 which says that cross ratio is invariant by perspectivities.
(For the general case, one has to deal with the case where one of the points a1, a2, b1, b2
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is the point ∞, and then study compositions of projectivities.) The definition of the
Hilbert metric of a bounded open convex body in Rn can be made without reference to
the Euclidean metric of that space, but using only its affine structure. In the case where
A is the interior of an ellipsoid, thenA, equipped with the Hilbert metric, is a model for
hyperbolic space Hn. In other words, A, equipped with its Hilbert metric, is isometric
to the models that we described in Example 2.1.3 (v). In the special case where A
is the interior of the unit disk, this model of hyperbolic geometry is usually called
the Klein model. Thus, Hilbert metrics on convex bodies constitute in some sense a
non-Riemannian generalization of hyperbolic geometry. Hilbert gave the definition of
this metric in a letter he wrote to F. Klein onAugust 14, 1894, and he published the part
of the letter containing this definition as a memoir (cf. [69]). Later on, he included
this memoir in the second edition of his major work, the Foundations of Geometry
(Grundlagen der Geometrie, [70]). We also recall that Number IV of the famous
Hilbert problems (see [71]) asks for the characterization of the metrics on subsets of
finite-dimensional projective space Pn for which the geodesic lines are straight lines
in this space. Busemann calls such a space a “Desarguesian” space. Busemann made
a thorough study of these spaces in [28], Chapter II and in [30], Chapter II. From
the definition, it follows that a Desarguesian space is uniquely geodesic. The Hilbert
metric is an example of such a metric space.3

3Of course, the formulation of Hilbert’s Problem IV for abstract metric spaces is posterior to Hilbert,
but it is clear that Hilbert asked the question for non-Riemannian metrics, since for Riemannian metrics
the problem was already solved by Beltrami in 1865. Indeed, Eugenio Beltrami proved in [12] that any
Riemannian metric on a connected open subset of projective space whose geodesic lines are straight lines
is a metric of constant curvature. In fact, Beltrami only considered the case of the projective plane P2, but
the result for projective space Pn for any n ≥ 2 follows easily from that special case; see also [28] §15.



Chapter 6

Convex functions

Introduction

In this chapter, we collect some general properties of real-valued convex functions
that will be needed in the rest of this book.

A real-valued function defined on a convex subset C of a real vector space is said
to be convex if for every x and y in C and for every t in [0, 1], we have

f
(
(1 − t)x + ty

) ≤ (1 − t)f (x)+ tf (y).

Convexity of functions can also be expressed in terms of affine convexity of subsets:
f is convex if and only if its epigraph (that is, the set of points inC×R that are situated
above the graph of f ) is convex.

The definition of a convex function leads very rapidly to non-trivial results. We
shall prove the following properties of convex functions of one real variable: existence
of left and right derivatives at each point (Proposition 6.2.8), continuity on the interior
of the domain (Corollary 6.2.8), existence of a derivative on the complement of a
countable set (Proposition 6.2.7) and the remarkable property that says that if a function
is locally convex, then it is convex (Theorem 6.2.16). The property of having a
derivative is interesting in itself, but the main reason for which we include it here is that
we use it in the proof of the local-implies-global convexity property (Theorem 6.2.16).
This last property is at the basis of many applications of convex functions in geometry.
In particular, it is one of the main ingredients in the proof of the important theorem that
says that a complete geodesic locally compact locally convex metric space is globally
convex, that is, a space that we call a “Busemann space” (Theorem 9.3.4 below).

The outline of this chapter is as follows:
Section 1 contains the definitions and the main basic properties of convex functions.

We establish various conditions under which a function is convex. We study some
examples of convex functions that arise in geometry, namely distance functions and
projections onto closed convex subsets. These examples, that are defined on Euclidean
vector spaces, give a preliminary taste for analogous examples in the more general
context of Busemann metric spaces. In fact, most of the results of this section are
valid in the context of Busemann spaces, as we shall see in Chapter 8.

Section 2 contains additional basic results for the case of convex functions of one
variable that will be useful in the following chapters.

We recall that all the vector spaces considered in these notes are real vector spaces.
We recall also that for all n ≥ 1, En denotes the space Rn equipped with the Euclidean
norm.
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6.1 Convex functions

We start with the following classical definition:

Definition 6.1.1 (Convex and strictly convex function). Let E be a vector space and
let C ⊂ E be an affinely convex subset of E. Then a function f : C → R is said to
be convex if for every x and y in C and for every t in [0, 1], we have

f
(
(1 − t)x + ty

) ≤ (1 − t)f (x)+ tf (y).

The function f is said to be strictly convex if for every distinct points x and y in C
and for every t in ]0, 1[, we have

f
(
(1 − t)x + ty

)
< (1 − t)f (x)+ tf (y).

Proposition 6.1.2 (Restriction). Let E be a vector space and let C be an affinely
convex subset of E. If f : C → R is convex (respectively strictly convex) and if C′ is
an affinely convex subset of C, then the restriction of f to C′ is convex (respectively
strictly convex).

Proof. The proof follows clearly from the definitions. 
�

Proposition 6.1.2 admits a sort of a converse that is non-trivial, which says that a
locally convex function is convex. We shall prove this result in the special case where
E is one-dimensional (Theorem 6.2.16 below). We note that there is an analogous
result that is valid in any dimension.

Now let us give a few examples of convex functions:

Examples 6.1.3 (Convex functions).

(i) Linear, affine and sublinear maps. Let E be a vector space. Any linear map
f : E → R is convex. More generally, any affine map is convex. We recall that a map
f : E → R is affine if and only if there exists x0 in R and a linear map g : E → R

such that f (x) = g(x) + x0 for all x in E. We also note that an affine map is
never strictly convex. Another generalization of the class of linear maps is that of
sublinear maps. We recall that a map f : R → R is said to be sublinear if it satisfies
f (x + y) ≤ f (x)+ f (y) and f (λx) = λf (x) for every x and y in E and for every λ
in R. It follows easily from the definitions that sublinear maps are convex.

(ii) Norm. Let E be a normed vector space. Then the map x �→ ‖x‖ defined on E
is convex. Indeed, for all x and y in E and for all t in [0, 1], we have, by the triangle
inequality,

‖(1 − t)x + ty‖ ≤ ‖(1 − t)x‖ + ‖ty‖ = (1 − t)‖x‖ + t‖y‖.
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(iii) Positive linear combinations of (strictly) convex functions. Let C be an
affinely convex subset of a vector space. For every i = 1, . . . , n, let fi : C → R be
a convex (respectively strictly convex) function and let λi be a positive real number.
Then the function

∑n
i=1 λifi is convex (respectively strictly convex). We note that

the result is false if we allow some of the λi’s to be negative.

(iv) Distance to a point. If E is a normed vector space and if x0 is a point in E,
then the map x �→ ‖x−x0‖, defined onE, is convex. This result is more general than
example (ii) above, and it is a particular case of Proposition 6.1.4 below.

(v) Distance between two lines in En. Let t �→ x(t) and t �→ y(t) be two
affinely parametrized lines in n-dimensional Euclidean space En. Then the map t �→
‖x(t) − y(t)‖ is convex. Indeed, we can write x(t) = ta + b and y(t) = tc + d for
some a, b, c and d in E, which gives ‖x(t)− y(t)‖ = ‖t (a− c)+ b− d‖. The result
then follows from Proposition 6.1.18 below.

Example (v) is at the basis of the general theory of nonpositive curvature in the
sense of Busemann. Indeed, Busemann spaces are defined as metric spaces in which
the distance function between two arbitrary geodesic paths is convex. These spaces
will be our main subject of study in later chapters of this book.

The next proposition provides us with a family of examples of convex functions
defined on a normed vector space. It also establishes a relation between convex
functions and convex subsets of that vector space.

We recall that if X is a metric space and if Y is a subset of X, we have a map
dY : X → R, the “distance map from x to Y ”, defined by setting, for every x in X,

dY (x) = inf
y∈Y ‖x − y‖.

Proposition 6.1.4 (Distance to a convex set). LetE be a normed vector space and let
C be a nonempty closed convex subset of E. Then the map dC : E → R is convex.

Proof. Let ε be a positive real number. Given x0 and x1 in E, let x′
0 and x′

1 be two
points in C satisfying ‖x0 − x′

0‖ ≤ dC(x0) + ε and ‖x1 − x′
1‖ ≤ dC(x1) + ε. For

every t in [0, 1], let xt = (1 − t)x0 + tx1 and let x′
t = (1 − t)x′

0 + tx′
1. By convexity

of C, the point x′
t is in C and we have

‖xt − x′
t‖ = ‖(1 − t)x0 + tx1 − (1 − t)x′

0 − tx′
1‖

= ‖(1 − t)(x0 − x′
0)+ t (x1 − x′

1)‖
≤ (1 − t)‖x0 − x′

0‖ + t‖x1 − x′
1‖

≤ (1 − t)dC(x0)+ tdC(x1)+ ε.

Letting ε tend to 0, we obtain ‖xt − x′
t‖ ≤ (1 − t)dC(x0)+ tdC(x1). This implies

that dC(xt ) ≤ (1 − t)dC(x0)+ tdC(x1), which proves that the map dC is convex. 
�
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Definition 6.1.5 (Projection onto a subset). Let X be a metric space, let Y be a sub-
space of X and let x be a point in X. We say that a point x0 of Y is a projection of x
on Y if

‖x − x0‖ = inf
y∈Y ‖x − y‖.

It is easy to construct an example of a spaceX that contains a nonempty subspace
Y and a point x that has no projection on Y . If Y is nonempty and closed, such a
projection always exists but is not necessarily unique, even in the case where X is a
normed vector space and where Y is a closed convex subset of X. In the case where
the normed vector space is Euclidean space En, the projection is unique. This will
follow from Corollary 6.1.7 below. We shall see in Chapter 7 necessary and sufficient
conditions on normed vector spaces so that the projection on any closed convex subset
of such a space is unique. These conditions will depend on the geometry of the unit
ball in that space.

Lemma 6.1.6 (Projection onto a convex subset of En). Let C be a nonempty convex
subset of En, let x be a point in En \C and let x0 be a projection of x on C. Then for
every point x1 in C that is distinct from x0, the cosine of the angle made by the vectors
x − x0 and x1 − x0 is ≤ 0.

Proof. By convexity of C, we have (1 − t)x0 + tx1 ∈ C for all t in [0, 1]. We also
have

‖x − x0‖2 ≤ ∥∥x − (
(1 − t)x0 + tx1

)∥∥2 = ‖(x − x0)− t (x1 − x0)‖2.

Letting α be the angle made by the vectors x − x0 and x1 − x0 in En, we have, for all
t in [0, 1],

‖x − x0‖2 ≤ ‖x − x0‖2 − 2t‖x − x0‖.‖x1 − x0‖ cosα + t2‖x0 − x1‖2.

For all t ∈]0, 1], we therefore obtain

cosα ≤ t
‖x1 − x0‖
‖x − x0‖ .

Letting t tend to 0, we obtain cosα ≤ 0, which proves Lemma 6.1.6. 
�

We note the following corollary, which also follows from more general results
that are valid in strictly convex vector spaces (Proposition 7.1.4). We also note that
there are results of this type that are valid in general Busemann metric spaces (cf.
Proposition 8.4.7 below)

Corollary 6.1.7 (Uniqueness of the projection). Let C be a nonempty closed convex
subset of En. For all x in En, there exists a unique projection x0 of x on C.
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Proof. If x belongs to C, then x0 = x is the unique projection of x on C. Therefore,
we assume that x /∈ C. Then the existence of x0 follows from the fact that the set
C is closed. Indeed, we start with any sequence (yn)n≥0 of points in C satisfying
‖x − yn‖ → dC(x) as n → ∞. The sequence (yn) is bounded, and up to replacing
it by a subsequence, we can assume that it converges. Let x0 be its limit. We have
‖x−yn‖ → ‖x−x0‖, which gives dC(x) = ‖x−x0‖. To prove uniqueness, suppose
that there exists a point x1 in C that is distinct from x0 and that satisfies dC(x) =
‖x − x1‖. The triangle x, x0, x1 is non-degenerate, and in this triangle, we would
have, by Lemma 6.1.6, two angles whose cosines are ≤ 0, which is a contradiction.
This shows the uniqueness of the projection, and this proves Corollary 6.1.7. 
�

Proposition 6.1.8 (Projection is 1-Lipschitz). LetC be a closed convex subset of En.
Then the map that assigns to each point in En its projection on C is 1-Lipschitz.

Proof. Let x and y be two points in En and let x0 and y0 be their projections on C.
We assume that the four points x, y, x0 and y0 are distinct (otherwise, the proof is
simpler). Suppose that the quadrilateral xx0y0y is not contained in a 2-dimensional
affine subspace of En and letA be the 3-dimensional affine subspace of En that contains
this quadrilateral. We apply to A a rotation whose axis is x0y0, that transforms the
point y into a point y1 contained in the 2-dimensional affine subspace containing the
points x, x0 and y0, and such that in that plane, y is on the same side than x with
respect to the axis x0y0. We have ‖x − y‖ ≤ ‖x − y1‖. (In fact, y1 is the projection
of x on the closed disk in A that contains y in its frontier, whose center is on the axis
x0y0 and that is orthogonal to this axis.) Furthermore, the cosine of the angle made
by the two vectors y1 − y0 and x0 − y0 is equal to the cosine of the angle made by the
two vectors y − y0 and x0 − y0. Now in the planar quadrilateral xx0y0y1, the angles
at the vertices x0 and y0 are obtuse, and therefore we have ‖x0 − y0‖ ≤ ‖x − y1‖,
which implies ‖x0 − y0‖ ≤ ‖x − y‖. This proves Proposition 6.1.8. 
�

Since we are talking about uniqueness of projections, we mention the following
general result that concerns strictly convex functions:

Proposition 6.1.9 (Uniqueness of the minimum). Let E be a normed vector space
and let C ⊂ E be an affinely convex subset. Let f : C → R be a strictly convex
function. Then there exists at most one point in C where f attains a minimum.

Proof. Suppose that there exist two distinct points x and y in C such that f (x) =
f (y) = m = infx∈C f (x). Then, by convexity of C, we have (x+ y)/2 ∈ C, and, by
strict convexity of f , we obtain

m ≤ f

(
x + y

2

)
<

1

2

(
f (x)+ f (y)

) = m,

which is a contradiction. This proves Proposition 6.1.9. 
�
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Now, we give a few more properties of convex functions. Definition 6.1.10 below
and the proposition that follows it say that theoretically, the study of convex functions
is equivalent to the study of convex sets.

Definition 6.1.10 (Epigraph). Let E be a vector space, let C be an affinely convex
subset of E and let f : C → R be a function. The epigraph of f is the set

Ep(f ) = {(x, t) ∈ C × R, f (x) ≤ t}
(see Figure 6.1).

Figure 6.1. Epigraph.

We have the following relation between convexity of f and convexity of its epi-
graph.

Proposition 6.1.11 (Epigraph and convexity). Let E be a vector space and let C be
an affinely convex subset of E. A function f : C → R is convex if and only if its
epigraph is an affinely convex subset of E × R.

Proof. Suppose that f is convex, let (x, u) and (y, v) be in Ep(f ) and let t be in [0, 1].
By convexity of f , we have

f
(
(1 − t)x + ty

) ≤ (1 − t)f (x)+ tf (y) ≤ (1 − t)u+ tv.

Hence, (
(1 − t)x + ty, (1 − t)u+ tv

) ∈ Ep(f ),

that is,
(1 − t)(x, u)+ t (y, v) ∈ Ep(f ).

This shows that Ep(f ) is convex.
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Conversely, suppose that Ep(f ) is convex, let x and y be two points in C and let
t be in [0, 1]. Since

(
x, f (x)

)
and

(
y, f (y)

)
are in Ep(f ), we have

(
(1 − t)x + ty, (1 − t)f (x)+ tf (y)

) ∈ Ep(f ),

which means

f
(
(1 − t)x + ty

) ≤ (1 − t)f (x)+ tf (y).

Thus, f is convex. 
�

Remark (Strict epigraph). Let us note that we can also define the strict epigraph of a
function f : C → R by replacing, in Definition 6.1.10, the inequality f (x) ≤ t by the
strict inequality f (x) < t . Likewise, Proposition 6.1.11 remains valid if we replace
in its statement the word “epigraph” by “strict epigraph”. (The proof is the same, up
to replacing some of the inequalities by strict inequalities.)

We can use the notion of epigraph to obtain examples of convex functions that are
not necessarily continuous:

Example 6.1.12 (Non-continuity). Consider the non-continuous functionf : [0, 1] →
R defined by

f (x) =
{

0 if 0 ≤ x < 1,

1 if x = 1.

It is clear that the epigraph of f is a convex subset of [0, 1]×R. Thus, the function
f is convex.

The proofs of the following two propositions give another example of how prop-
erties of convex subsets imply properties of convex functions.

Proposition 6.1.13. Let E be a vector space, let C be a convex subset of E and let
f : C → R be a function. The following two properties are equivalent:

(i) f is convex;

(ii) for every integern ≥ 1, for every t1, . . . , tn in [0, 1] satisfying t1+· · ·+tn = 1and
for every x1, . . . xn inC, we have f (t1x1+· · ·+tnxn) ≤ t1f (x1)+· · ·+tnf (xn).

Proof. We have (ii) ⇒ (i) by taking n = 2. Let us show that (i) ⇒ (ii). Let E(f ) be
the epigraph of f , let t1, . . . , tn be n points in [0, 1] satisfying t1 + · · · + tn = 1 and
let x1, . . . xn be n points in C. For every i = 1, . . . , n, we have (xi, f (xi)) ∈ Ep(f ).
If f is convex, then Ep(f ) is convex, and therefore, we have, by Proposition 5.1.4,
t1(x1, f (x1)) + · · · + tn(xn, f (xn)) ∈ Ep(f ), which gives f (t1x1 + · · · + tnxn) ≤
t1f (x1)+ · · · + tnf (xn). 
�
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Proposition 6.1.14 (Upper limit of convex functions). LetE be a vector space, let C
be an affinely convex subset of E and let {fi}i∈I : C → R be a family of convex
functions. Suppose that we have, for all x in C, supi∈I fi < ∞. Then f = supi∈I fi
(which is called the upper limit of the family {fi}) is a convex function on C.

Proof. The epigraph of f = supi∈I fi is the intersection of the epigraphs of the fi’s.
Therefore, it is a convex subset of E. 
�

Proposition 6.1.11, together with its proof, give a “visual” characterization of
convexity (see Figure 6.2), that we state as a proposition:

x y

Figure 6.2. A convex function.

Proposition 6.1.15. Let E be a vector space, let C be an affinely convex subset of E
and let f : C → R be a map. Then f is convex if and only if for all distinct points x
and y in C, the affine segment joining (x, f (x)) and (y, f (y)) is above (in the large
sense) the graph of the restriction of the map f to the segment [x, y]. 
�

Proposition 6.1.16 (Pointwise limit of convex functions). Let E be a vector space
and let C be an affinely convex subset of E. If fi : C → R is a sequence of convex
functions that converges pointwise to a function f : I → R, then f is convex.

Proof. The proof follows easily from the definition of convexity. 
�
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Proposition 6.1.17 (Precomposition of a convex function with an affine function).
Let E be a vector space and let C be an affinely convex subset of E. If f : C → R

is a convex function, if D is an affinely convex subset of a vector space E′ and
if ψ : D → C is affine, then f � ψ : D → R is convex.

Proof. Associated to the affine map ψ , there is a linear map L : E′ → E and a vector
v in E such that ψ(x) = L(x) + v for every x in E′. Therefore, we can write, for
every x and y in D and for every t in [0, 1],

f � ψ((1 − t)x + ty)
) = f (L((1 − t)x + ty)+ v)

= f
(
(1 − t)L(x)+ tL(y)+ tv

)
= f

(
(1 − t)(L(x)+ v)+ t (L(y)+ v))

= f
(
(1 − t)(ψ(x))+ tψ(y)

)
≤ (1 − t)f � ψ(x)+ tf � ψ(y).

This shows that f � ψ : D → R is convex. 
�

The following result, which is a consequence of Proposition 6.1.17, will be useful
for us later on.

Proposition 6.1.18. Let x and y be two points in a normed vector space E. Then the
map t �→ ‖x + ty‖, defined on R, is convex.

Proof. For any x and y in E, the map t �→ x + ty defined on R is affine. We
saw in Example 6.1.3 (ii) that the function x �→ ‖x‖ is convex on E. Therefore, by
Proposition 6.1.17, the function t �→ ‖x + ty‖ is convex. 
�

It is not true that ifψ : C → R is a convex function and if f : R → R is an arbitrary
affine map, then the map ψ � f is always convex. (For instance, take f : R → R

be the map x �→ x2 and ψ : R → R the map x �→ −x.) However, the map ψ � f
is convex in the case where the affine map ψ is increasing. This is a special case
of Proposition 6.1.19 below. Likewise, he composition of two convex functions is
not necessarily a convex function. For instance, consider the composition of the two
functions x �→ x2 − 3 and x �→ x2 − 4 defined on R. The result is a function that has
more than one local extremum, and therefore it is not convex. Nevertheless, we have
the following result that will be useful for us later on:

Proposition 6.1.19 (Composition of convex functions). Let E be a vector space, let
C be an affinely convex subset of E and let f : C → R be a convex function. If
g : f (C) → R is an increasing convex (respectively strictly convex) function, then
g � f : C → R is convex (respectively strictly convex).
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Proof. First we consider the case where g is convex (in the large sense). For x and y
in C and for t in [0, 1], we have

f
(
(1 − t)x + ty

) ≤ (1 − t)f (x)+ tf (y),

which implies

g
(
f
(
(1 − t)x + ty

)) ≤ g
(
(1 − t)f (x)+ tf (y)

) ≤ (1 − t)g � f (x)+ tg � f (y),
which shows that g � f is convex. In the case where g is strictly convex, then, for all
t 	∈ {0, 1}, the last inequality is strict, and this shows that g � f is strictly convex. 
�

The following consequence of Proposition 6.1.19 is most useful, and we shall use
it in Chapter 8.

Corollary 6.1.20. If f : I → R is a positive convex function, then, for any α > 1,
the function f α is strictly convex. 
�

Proposition 6.1.21. Let E be a vector space, let C be an affinely convex subset of E
and let f : C → R be a continuous function satisfying

(6.1.21.1) f

(
x + y

2

)
≤ 1

2

(
f (x)+ f (y)

)
for all x and y in I . Then f is convex.

Proof. Let x and y be points in C and let us first consider a real number t in [0, 1]
that is of the form t = p/2q , where p and q are natural numbers. Dividing the
interval [0, 1] into 2q intervals of equal lengths and applying q times (6.1.21.1), we
obtain f

(
(1 − t)x + ty)

) ≤ (1 − t)f (x)+ tf (y). Now let t be an arbitrary number
in [0, 1]. Then there exists a sequence (ti)i≥0 in [0, 1] that converges to t , with
ti = pi/2qi , with pi and qi natural numbers. Therefore, for all i ≥ 0, we have
f
(
(1 − ti )x + tiy)

) ≤ (1 − ti )f (x) + tif (y). Since f is continuous, we obtain, by
taking the limit as i → ∞, f

(
(1 − t)x + ty)

) ≤ (1 − t)f (x) + tf (y). This proves
Proposition 6.1.21. 
�

We shall see another relation between convex functions and convex sets. First we
introduce the following definition:

Definition 6.1.22 (Sublevel set). Given a function f : C → R and given a real num-
ber α, the sublevel set of f of hight α is defined as

fα = {x ∈ C, f (x) ≤ α}.
The strict sublevel set of f of hight α is defined as

f ∗
α = {x ∈ C, f (x) < α}.
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We have the following

Proposition 6.1.23. Let E be a vector space, let C be an affinely convex subset of E
and let f : C → R be a convex function. Then, for every real number α, the sublevel
set fα and the strict sublevel set f ∗

α are convex subsets of E.

Proof. The proof is straightforward: for every α in R and for every x and y in fα , we
have f (x) ≤ α and f (y) ≤ α. Therefore, for t in [0, 1], we have, by the convexity
of f ,

f ((1 − t)x + ty) ≤ (1 − t)f (x)+ tf (y) ≤ (1 − t)α + tα = α.

This shows that fα is convex. The proof for f ∗
α is the same, up to replacing some large

inequalities by strict inequalities. 
�

We note however that it is not always true that if all the sublevel sets fα of a map
f are convex then f is convex. For instance, the map f : [0,∞[→ R defined by
f (x) = −x2 is not convex, although its sublevel sets are either the empty set or an
interval of R, and therefore they are convex. Of course, this example is somehow
superficial since the map x �→ −x2 is convex up to the minus sign. In fact, the
property for a map of having all of its sublevel sets convex sets is interesting and the
following definition can also be done in the general setting of metric spaces:

Definition 6.1.24 (Sublevel-convex function). Let E be a vector space and let C be
an affinely convex subset of E. Then, a map f : C → R is said to be sublevel-convex
if for every real number α, the sublevel set fα is convex.

We end this section by the following relation between general convex functions
and convex functions of one real variable. This will make the link with Section 2
below.

Proposition 6.1.25. Let E be a vector space and let C be an affinely convex subset of
E. Then a function f : C → R is convex (respectively strictly convex) if and only if for
all x and y in C, the function fx,y : [0, 1] → R defined by fx,y(t) = f ((1− t)x+ ty)
is convex (respectively strictly convex).

Proof. The proof is clear from the definitions. 
�

Proposition 6.1.25 says in some sense that in the study of convex functions, it
suffices to consider convex functions of one real variable. One can compare this
proposition with the general definition of a convex function on a metric space X: a
function f : X → R is convex if its restriction to geodesic paths in X in convex (see
Chapter 8). In any case, convex functions of one real variable play a prominent role
in convexity theory, and this is one of the reasons for which the rest of this chapter is
devoted to them.
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6.2 Convex functions of one variable

In this section, we collect a few properties of convex functions of one real variable
(that is, convex functions whose domain is an interval of R) that will be useful for
us in the sequel. As we already said, most of the important ideas in convexity theory
can be expressed in this one-dimensional setting, and for our needs in the rest of this
book, it suffices to consider the case of functions of one variable.

In the rest of this chapter, I denotes an arbitrary (finite or infinite) interval of R.

Proposition 6.2.1. Let f : I → R be a map. The following four properties are
equivalent:

(i) the map f is convex (respectively strictly convex);

(ii) for all x, y and z in I satisfying x < y < z, we have

f (y)− f (x)

y − x
≤ f (z)− f (x)

z− x

(and the inequality is strict in the case where f is strictly convex);

(iii) for all x, y and z in I satisfying x < y < z, we have

f (y)− f (x)

y − x
≤ f (z)− f (y)

z− y

(and the inequality is strict in the case where f is strictly convex);

(iv) For all x, y and z in I satisfying x < y < z, we have

f (z)− f (x)

z− x
≤ f (z)− f (y)

z− y

(and the inequality is strict in the case where f is strictly convex).

Proof. Let us show that (i) ⇒ (ii). For all x < y < z, there exists t in ]0, 1[ such that
y = (1 − t)x + tz. (More precisely, we take t = (y − x)/(z− x)).

If f is convex, then f (y) ≤ (1 − t)f (x)+ tf (z), or, equivalently,

f (y)− f (x) ≤ t
(
f (z)− f (x)

)
,

that is,

f (y)− f (x) ≤ (y − x)

(z− x)

(
f (z)− f (x)

)
,

which implies
f (y)− f (x)

y − x
≤ f (z)− f (x)

z− x
.

In the case where f is strictly convex, we have strict inequalities. Thus, we have
(i) ⇒ (ii). The proofs of (i) ⇒ (iii) and (i) ⇒ (iv) can be done in the same way.
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Conversely, each of Properties (ii), (iii) or (iv) implies (i). For instance, to see that
(ii) ⇒ (i), we can follow backwards the arguments of the proof of (i) ⇒ (ii) and we
obtain f

(
(1 − t)x + ty

) ≤ (1 − t)f (x) + tf (y) for all 0 < t < 1. For t = 0 or 1,
the desired convexity inequality is obviously satisfied. This completes the proof of
Proposition 6.2.1. 
�

Proposition 6.2.2. Let f : I → R be a convex function and let x, y and z be points
in I satisfying x < y < z. Then the point (z, f (z)) in R2 is above (in the large sense)
the line joining (x, f (x)) and (y, f (y)).

Proof. This follows from Property (iv) of Proposition 6.2.1. 
�

Proposition 6.2.2 is useful for the proof of the following result that will serve us
in Chapters 9 and 10.

Proposition 6.2.3. Let f : R → R be a convex function. If f is bounded from above,
then f is constant.

Proof. Let f : R → R be an non-constant convex function. Then, we can find two
points x and y in R satisfying x < y and f (x) 	= f (y). Let us first suppose that
f (x) < f (y). In this case, the slope of the straight line in the plane that passes
through the points (x, f (x)) and (y, f (y)) is positive, and, by Proposition 6.2.2, the
graph of the restriction of f to the interval [y,∞[ is above the graph of this straight
line. Thus, we have f (x) → ∞ as x → ∞. In the case where f (x) > f (y), an
analogous reasoning gives f (x) → ∞ as x → −∞. Thus, if f is bounded above, it
is necessarily constant. 
�

Proposition 6.2.4. Let f : I → R be a convex function, let x and y be two points in
I satisfying x < y and suppose that there exists t in ]0, 1[ satisfying

f
(
(1 − t)x + ty

) = (1 − t)f (x)+ tf (y).

Then, this equality is satisfied for all t in [0, 1]. (In other words, the restriction of f
to the interval [x, y] is affine.)

Proof. Let z = (1 − t)x + ty. Then we have x < z < y, and the hypothesis implies
that the point (z, f (z)) is on the line D joining the points (x, f (x)) and (y, f (y)) in
the plane. Consider a point M on the graph of f . By 6.2.2, the point M is above the
line D. By convexity of the map f , the point M is below the line D. Therefore, the
point M is on D. This completes the proof of the proposition. 
�

Corollary 6.2.5. Let f : I → R be a convex function. Then f is strictly convex if
and only if there exist no points x and y in I satisfying x < y such that the restriction
of f to the interval [x, y] is an affine map 
�
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Proposition 6.2.6. Let f : I → R be a convex (respectively strictly convex) function.
Then, for all a in I , the function fa : I \ {a} → R defined by

fa(x) = f (x)− f (a)

x − a

is increasing (respectively strictly increasing).

Proof. The proof follows from Property (iv) of Proposition 6.2.1. 
�

Proposition 6.2.7 (Existence of left and right derivatives). Let f : I → R be a con-

vex function. Then, at each point x in
�
I (the interior of I ), f admits a left derivative

f ′
l (x) and a right derivative f ′

r (x) that are both finite. Furthermore, for all x and y

in
�
I satisfying x < y, we have

f ′
l (x) ≤ f ′

r (x) ≤ f ′
l (y) ≤ f ′

r (y).

Proof. Let us fix a point a in
�
I . For all x in

�
I with x 	= a, the value fa(x) =

(f (y)− f (a))/(y − a) is the slope of the affine line joining the points (x, f (x)) and
(a, f (a))on the graph off . Iff is convex, then, by Condition (iii) of Proposition 6.2.1,
we have fa(x) < fa(y) for all x and y in I satisfying x < y < a. Thus, fa(x) is an
increasing function of x, for x in the interval I∩]−∞, a[. Furthermore, this function
is bounded from above since, for all x and z in I satisfying x < a < z, we have,
by Condition (iv) of Proposition 6.2.1, fa(x) ≤ fa(z). We conclude that fa(x) has a
finite limit as x tends to a (with x < a). By definition, this limit is the left derivative
f ′
l (a) of f at the point a. In the same manner, we can show that f has a right derivative

f ′
r (a) at every point a in

�
I . Furthermore, we have shown that for all x, y and a in

�
I

satisfying x < a < y, we have

f (x)− f (a)

x − a
≤ f ′

l (a) ≤ f ′
r (a) ≤ f (y)− f (a)

y − a
,

which implies

f ′
l (x) ≤ f ′

r (x) ≤ f (y)− f (x)

y − x
≤ f ′

l (y) ≤ f ′
r (y).

This completes the proof of Proposition 6.2.7. 
�

Corollary 6.2.8 (Continuity of convex functions). Let f : I → R be a convex func-

tion. Then f is continuous on
�
I .

Proof. From Proposition 6.2.7, at each point in
�
I , the map f has a finite right and a

finite left derivative. Therefore, this map has a right and a left limit at each point, and
it is therefore continuous. 
�
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Proposition 6.2.9 (Existence of a derivative in the complement of a countable set).
Let f : I → R be a convex function. Then the set of points in I where f does not
have a derivative is at most countable.

Proof. Suppose that there exist two points x and y in I , with x < y, at which f
does not have a derivative. By Proposition 6.2.7, the left and right derivatives at
each of these points exist, but they are distinct. Thus, we have, again by Proposi-
tion 6.2.7, f ′

l (x) < f ′
r (x) ≤ f ′

l (y) < f ′
r (y). Therefore, the two open intervals

]f ′
l (x), f

′
l (x)[ and ]f ′

l (y), f
′
l (y)[ are disjoint. Thus, to each point x where f does not

have a derivative, we can associate a rational number in the open nonempty interval
]f ′
l (x) < f ′

r (x)[, and we obtain in this manner an injection from the set of points at
which f does not have a derivative into the set of rational numbers. This shows that
the set of points in I where f does not have a derivative is at most countable. 
�

Busemann introduced in [28] (p. 109) a new terminology to describe a certain
property of a real-valued function of a real variable, which is more general than
convexity and which he uses in his theory of geodesics in metric spaces. We recall it
here:

Definition 6.2.10 (Peakless function). A continuous function f : I → R is said to be
peakless if there exists a sub-interval I0 (which may be empty) of I on which f is
constant and such that the complement of I0 in I is the union of two sub-intervals
Il and Ir , with f strictly decreasing on Il and strictly increasing on Ir . In the case
where I0 is nonempty, the interval Il is either empty or situated to the left of I0, and
the interval Ir is either empty or situated to the right of I0. The function f is said to
be strictly peakless if I0 is either a single point or empty.

Thus, the graph of a peakless function f has the aspect described in Figure 6.3.

Figure 6.3. A peakless function.

It is easy to see that the three intervals I0, Il and Ir that appear in Definition 6.2.10
are uniquely determined by the property described there.
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Peakless functions share some of the properties of convex functions. For instance,
if a peakless function has a maximum, then it is constant. From Proposition 6.2.7, we
deduce the following

Proposition 6.2.11 (Convex functions are peakless). Let f : I → R be a continuous
convex function. Then f is peakless.

Proof. This follows from the fact that the function x �→ f ′
r (x) is increasing on I

(Proposition 6.2.7). The interval I0 is the set of points where f ′
r = 0, the interval Il is

the set of points where f ′
r < 0 and the interval Ir is the set of points where f ′

r > 0. 
�

In particular, a convex functions (as a peakless functions) has the property that if
it is constant on some interval with nonempty interior, then every point of that interval
is a global minimum point.

The following corollary will also be useful for us:

Corollary 6.2.12. Let [x, y] be a compact interval of R and let f : [x, y] → R be a
nonnegative convex function satisfying f (x) = 0. Then f is increasing.

Proof. This follows directly from the fact that f is continuous on
�
I and from the

description of the variation of f given in Proposition 6.2.11. 
�

Proposition 6.2.13. Let [x0, x1] be a compact interval of R and let f : [x0, x1] → R

be a convex function. Then, for every x ∈ [x0, x1], we have

f (x) ≤ max{f (x0), f (x1)}.
Furthermore, if for some x in ]x0, x1[ we have

f (x) = max{f (x0), f (x1)},
then f is constant on [x0, x1].

Proof. Let M = max{f (x0), f (x1)}. Every point in [x0, x1] can be written as
xt = (1 − t)x0 + x1, with t ∈ [0, 1]. By convexity of f , we have

f (xt ) ≤ (1 − t)f (x0)+ tf (x1) ≤ (1 − t)M + tM = M.

The second part of the statement follows from the fact that f is continuous on ]x0, x1[
and from the fact that a continuous convex function is peakless. 
�

Proposition 6.2.14 (Characterization of convex functions). Let f : I → R be a map.
Then the following conditions are equivalent:

(i) f is convex (respectively strictly convex);
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(ii) f is continuous on
�
I , there is a countable set in I on the complement of which

f has a derivative, and the derivative of f , as a map defined on the set of points
where this derivative exists, is increasing (respectively strictly increasing).

Proof. We have (i) ⇒ (ii) by Propositions 6.2.8, 6.2.9 and 6.2.7. Let us prove (ii) ⇒ (i).
Suppose that Condition (ii) holds and let D be the set of points wheref has a derivative.
We reason by contradiction. If f were not convex, then by Proposition 6.2.1, we can
find points x, y and z in I such that x < y < z and such that

f (z)− f (y)

z− y
<
f (y)− f (x)

y − x
.

By the mean value theorem, we obtain

f (y)− f (x)

y − x
≤ sup
u∈D∩]x,y[

f ′(u)

and

inf
u∈D∩]y,z[ f

′(u) ≤ f (y)− f (x)

y − x
.

Thus, we have
inf

u∈D∩]y,z[ f
′(u) < sup

u∈D∩]x,y[
f ′(u),

which contradicts the fact that f ′ is increasing on D . 
�

Corollary 6.2.15. Letf : I → R be aC2-map. Thenf is convex (respectively strictly
convex) if and only if f ′′ ≥ 0 (respectively f ′′ > 0). 
�

Finally, we have the following

Theorem 6.2.16 (Locally convex implies convex). Letf : I → Rbea locally convex
function. (In other words, suppose that for all x in I , there is an open interval Ix ⊂ I

containing x such that the restriction of f to Ix is a convex function.)Then f is convex.

Proof. This follows directly from the characterization of convex functions that is given
in Proposition 6.2.14. 
�

Notes on Chapter 6

Convex functions. Convex functions have remarkable properties, and they have
applications in several branches of mathematics, including functional analysis, control
theory, economics, optimisation and, of course, geometry.
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The idea of studying a convex functions is already contained in [59], which is
one of the early papers by Hadamard. In this paper, Hadamard, studies Riemann’s
zeta function and he introduces a class of real-valued functions of one real variable
that have a derivative except at some finite set, and whose derivative is an increasing
function, a property which of course is very close to the definition of a convex function.

Several of the results in this chapter will be proved in the more general context of
convex functions defined on geodesically convex subspaces of Busemann spaces. For
instance, Corollary 6.1.7 is a special case of Proposition 8.4.8 of Chapter 8.

Inequality (ii) of Proposition 6.1.13 is generally referred to as Jensen’s inequality.
J. L. Jensen is considered generally as being the first mathematician who studied
convex functions in a systematic way. His foundational papers on the subject are [76]
and [77].1 In these papers, Jensen defines a convex function as a function f on a
compact interval [a, b] ⊂ R satisfying inequality

(∗) f

(
x + y

2

)
≤ 1

2

(
f (x)+ f (y)

)
for all x and y in [a, b] (without a continuity hypothesis). He proved that if such a
function is bounded above, then it is continuous on the open interval ]a, b[, and it
possesses at every point of ]a, b[ a left and a right derivative. It is now a classical
result that if a function f defined on a convex subset C of a vector space satisfies (∗)
and if f is bounded on some open subset of C, then f is convex.

Another result of Jensen says that inequality (∗) holds for all x and y in [a, b] if
and only if the following inequality

(∗∗) f (t1x1 + · · · + tnxn) ≤ t1f (x1)+ · · · + tnf (xn)

(that is, inequality (ii) of Proposition 6.1.13) holds for every integer n ≥ 1, for all
t1, . . . , tn ∈ [0, 1] satisfying t1 +· · ·+ tn = 1 and for all x1, . . . xn ∈ I . Inequality (∗)
is inequality 6.1.21.1 of Proposition 6.1.21, in which we suppose that f is continuous.
In [77], Jensen attributes Inequality (∗∗) to Otto Hölder (1859–1937) who, in his paper
[72], establishes it for a C2-map f whose second derivative is nonnegative.

Otto Stolz (1842–1905) proved in [129] that if f : [a, b] → R is continuous and
if it satisfies (∗) for all x and y in [a, b], then f has a right and a left derivative at each
point of the open interval [a, b].
Peakless functions. Peakless functions (Definition 6.2.10) were defined by Busemann
in [28] p. 109. According to that definition, a continuous function f : I → X is
peakless if for every x1, x2 and x3 in I satisfying x1 < x2 < x3, we have

f (x2) ≤ max{f (x1), f (x3)},
1We mention that the Danish mathematician Johann Ludwig Jensen was as an engineer doing research

in mathematics at his spare time. Furthermore, he was completely self-taught for what concerns higher
mathematics.
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and equality implies that f (x1) = f (x3). (This is equivalent to Definition 6.2.10
above.) Thus, Proposition 6.2.13 is equivalent to the fact that the function f in that
statement is peakless on the interval ]x0, y0[.

Busemann introduced peakless functions to define a notion of a “metric space
in which the distance function is peakless”. Such spaces generalize his “negatively
curved spaces” that is, the spaces we call Busemann spaces, which are characterized
by the fact that the distance function between two geodesics is convex. We refer the
reader to the notes on Chapter 9 below for a more precise statement.



Chapter 7

Strictly convex normed vector spaces

Introduction

In this chapter, we study strictly convex normed vector spaces as examples of geodesic
spaces.

A normed vector space E is strictly convex if for all distinct x0 and x1 in E
satisfying ‖x0‖ = ‖x1‖ = 1 and for all t in ]0, 1[, we have

‖(1 − t)x0 + tx1‖ < 1.

Strictly convex normed vector spaces are uniquely geodesic. We note right away
that strictly convex normed vector spaces are also examples of Busemann spaces, that
we shall study in Chapter 8.

The outline of this chapter is as follows.
In Section 1, we give the definition and various characterizations of strictly convex

normed vector spaces. Some of these characterizations can be formulated as follows
(we shall give precise statements below):

• the spheres are strictly convex;

• the distance function to any point is strictly convex;

• any projection map onto a closed affinely convex subset is strictly convex.

In Section 2, we show that a normed vector space is strictly convex if and only
if it is uniquely geodesic, and we give several other metric characterizations of strict
convexity of normed vector spaces in terms of inequalities involving distances between
a finite number of points in such a space.

In Section 3, we study the strict convexity of vector spaces equipped with norms
arising from inner products and with the familiar �p norms.

7.1 Strictly convex normed vector spaces

We saw in Chapter 5 that normed vector spaces are examples of geodesic metric
spaces. Not all these vector spaces are uniquely geodesic. The property of being
uniquely geodesic is related to the geometry of the unit ball of the space. We already
saw that the (closed or open) unit ball in a normed vector space is affinely convex
(Proposition 5.3.14). We shall prove below that a normed vector space is uniquely
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geodesic if and only if it satisfies the following property, which in some sense expresses
the fact that the closed unit ball is strictly convex:

Definition 7.1.1 (Strictly convex normed vector space). A normed vector space E is
said to be strictly convex if for all distinct x0 and x1 in E satisfying ‖x0‖ = ‖x1‖ = 1
and for all t in ]0, 1[, we have ‖(1 − t)x0 + tx1‖ < 1.

The next proposition is merely a reformulation of this definition, but it expresses
more clearly strict convexity of a normed vector space in terms of an affine property
of its unit sphere (or of any sphere) in that space.

Proposition 7.1.2 (Strict convexity of spheres). A normed vector space E is strictly
convex if and only if its unit sphere (or equivalently, any sphere of positive radius) in
E does not contain any affine segment that is not reduced to a point.

Proof. The proof in the case of the unit sphere follows trivially from Definition 7.1.1.
The case of an arbitrary sphere of positive radius follows by applying to that sphere a
translation followed by a homothety of E, that send this sphere onto the unit sphere,
and using the fact that these transformations preserve the affine properties. 
�

Thus, by looking at the pictures of the unit spheres (Figure 7.1), we can see that
the vector space R2 equipped with the �2 norm is strictly convex, whereas the same
vector space equipped with the �1 or with the �∞ norm is not strictly convex.

Figure 7.1. The outer square is the unit sphere for the �∞ norm, the inner square is the unit
sphere for the �1 norm, and the circle in between is the unit sphere for the �2 norm.

Proposition 7.1.3 (Strict convexity of the distance function). A normed vector space
E is strictly convex if and only if for every point x in E and for every distinct points
x0 and x1 in E satisfying ‖x − x0‖ = ‖x − x1‖, the distance from x to the point
xt = (1 − t)x0 + tx1 is a strictly convex function of t in [0, 1]. In other words, the
map

t �→ ‖x − (1 − t)x0 − tx1‖,
defined on [0, 1], is strictly convex.
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Proof. We reason by contradiction. Suppose that there exist three points x, x0 and
x1 in E, with x0 and x1 distinct and satisfying ‖x − x0‖ = ‖x − x1‖, and such that
the distance function t �→ ‖x − xt‖ is not strictly convex. Performing, if necessary, a
translation followed by a homothety of E, we can assume that x is the origin of E of
and that x0 and x1 are at distance 1 from the origin. Thus, from Definition 7.1.1, E is
not strictly convex.

Conversely, suppose that for any x in E and for any distinct points x0 and x1 in E
satisfying ‖x−x0‖ = ‖x−x1‖, the map t �→ ‖x−xt‖ is strictly convex. Taking x to
be the origin of E and taking x0 and x1 to be any points at distance 1 from this origin,
we see from Definition 7.1.1 that E is strictly convex. This completes the proof of
Proposition 7.1.3. 
�

Proposition 7.1.4 (Projection onto a closed convex subset). A normed vector space
E is strictly convex if and only if for every x in E and for every affinely convex closed
subset C of E, there is a unique projection of x on C.

Proof. Suppose that E is strictly convex, let C be an affinely convex closed subset
of E, let x be a point in E and suppose that x has two distinct projections x0 and x1
on C. Since C is convex, the affine segment [x0, x1] is contained in C. For every t
in [0, 1], let xt = (1 − t)x0 + tx1. We have ‖x − x0‖ = ‖x − x1‖. Therefore, by
Proposition 7.1.3, the map t �→ ‖x − xt‖ is strictly convex, which gives, for all t in
]0, 1[,

‖x − xt‖ < ‖x − x0‖ = ‖x − x1‖.
This contradicts the fact that x0 and x1 are projections of x on C. Thus, the projection
of x on C is unique.

Conversely, suppose that for every x in E and for every affinely convex closed
subset C of E, there is a unique projection of x on C. Suppose that the unit sphere
of E contains an affine segment. This segment is a closed convex subset of E, and
we call it C. The distance from the origin O to any point in C is equal to 1, and each
point in C is therefore a projection of O on C. By the uniqueness of the projection,
the segment C must be reduced to a point. Proposition 7.1.2 then implies that E is
strictly convex. This completes the proof of Proposition 7.1.4. 
�

7.2 Uniquely geodesic spaces

The next proposition gives several characterizations of strict convexity for normed
vector spaces.

Proposition 7.2.1. Let E be a normed vector space and let O denote its origin. The
following nine properties are equivalent:

(i) as a metric space, E is uniquely geodesic;
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(ii) for every x in E, there exists a unique geodesic segment joining O to x;

(iii) if x and y are two points in E satisfying ‖x‖ + ‖y‖ = ‖x + y‖, then either
y = O or there exists a nonnegative real number λ such that x = λy;

(iv) if x, y and z are three points inE satisfying ‖x− y‖+‖y− z‖ = ‖x− z‖, then
there exists t in [0, 1] such that y = (1 − t)x + tz;

(v) the normed vector space E is strictly convex;

(vi) for all distinct x and y in E satisfying ‖x‖ = ‖y‖ = 1, we have ‖x + y‖ < 2;

(vii) for every x and y in E that are not collinear, we have ‖x + y‖ < ‖x‖ + ‖y‖;

(viii) for every x and y in E with x 	= y and for every p in ]1,∞[, we have∥∥∥∥x + y

2

∥∥∥∥
p

<
1

2
(‖x‖p + ‖y‖p);

(ix) for every x and y in E with x 	= y and for every p in ]1,∞[, the map on E
defined by x �→ ‖x‖p is strictly convex.

Proof. Implication (i) ⇒ (ii) is trivial and (v) ⇒ (vi) follows from Definition 7.1.1 by
taking t = 1/2.

We begin by proving (ii) ⇒ (iii). Let x and y be two points in E. If x = O, then
we have x = λy with λ = 0 and the conclusion of (iii) is satisfied. Therefore we can
assume that x 	= O. Consider the path γ : [0, ‖x‖ + ‖y‖] → E defined by

γ (t) =
⎧⎨
⎩

t
‖x‖x if 0 ≤ t ≤ ‖x‖ ,(
1 − t−‖x‖

‖y‖
)
x + t−‖x‖

‖y‖ (x + y) if ‖x‖ ≤ t ≤ ‖x‖ + ‖y‖.

(Of course, the second case is useful in this definition if and only if ‖y‖ 	= O.)
The path γ is obtained by concatenating two affine geodesics, namely the affine

geodesic joining O to x and the affine geodesic joining x to x + y. These two affine
geodesics are parametrized by arclength. Therefore, by Proposition 1.2.7, γ is also
parametrized by arclength. Thus, γ joins O to x + y, it is parametrized by arclength
and it satisfies L(γ ) = ‖x‖ + ‖y‖. If ‖x‖ + ‖y‖ = ‖x + y‖, then L(γ ) = ‖x + y‖
and Proposition 2.2.7 implies that γ is geodesic. Now if Condition (ii) is satisfied,
then any point on the image of γ is on the image of the affine geodesic joining O to
x + y. In particular, there exists a real number λ′ in [0, 1] such that x = λ′(x + y).
Hence, (1 − λ′)x = λ′y, and if y 	= O we have λ′ 	= 1, which implies x = λy with
λ = λ′/(1 − λ′). This proves (ii) ⇒ (iii).

Now let us prove that (iii) ⇒ (iv). Let x and y be two points in E satisfying
‖x − y‖ + ‖y − z‖ = ‖x − z‖. If (iii) is satisfied, then either y = z or there exists
λ ≥ 0 such that x − y = λ(y − z), or, equivalently,

y = x/(1 + λ)+ λz/(1 + λ).
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Therefore Property (iv) is satisfied with t = λ/(1 + λ).
Let us show that (iv) ⇒ (i). Let x and z be two arbitrary points in X. The affine

segment {(1 − t)x + tz, t ∈ [0, 1]} is a geodesic segment joining x to z. Suppose that
y is a point on a geodesic segment joining x and z. Then by Proposition 2.2.7, we
have ‖x − y‖ + ‖y − z‖ = ‖x − z‖ . Therefore Property (iv) implies that y is on the
affine segment {(1 − t)x + tz, t ∈ [0, 1]}. Thus, this segment is the unique geodesic
segment joining x and z.

Let us show that (iii) ⇒ (v). Let x and y be two distinct vectors of norm one and
let t be in ]0, 1[. We claim that there does not exist any nonnegative real number λ
satisfying tx = (1 − t)λy. Indeed, this equality would imply that x and y are situated
on the same line through the origin, and since both vectors have norm 1, this would
imply x = ±y. Then x = y using again the equality tx = (1 − t)λy. Thus, if
Condition (iii) is satisfied, then

‖tx + (1 − t)y‖ < t‖x‖ + (1 − t)‖y‖ = t + (1 − t) = 1,

which implies that Condition (v) is satisfied.
Let us show that (v) ⇒ (iii). Suppose that Condition (v) is satisfied and let x

and y be two non-zero vectors in E. Let us set u = x/‖x‖, v = y/‖y| and t =
‖x‖/(‖x‖ + ‖y‖). Then we have ‖u‖ = ‖v‖ = 1, 0 < t < 1 and tu + (1 − t)v =
(x + y)/(‖x‖ + ‖y‖). If no nonnegative real number λ exists such that x = λy, then
u 	= v, and therefore we obtain, from Condition (v), ‖tu + (1 − t)v‖ < 1. Hence,
‖x + y‖ < ‖x‖ + ‖y‖. Therefore Condition (iii) is satisfied.

We prove that (vi) ⇒ (vii) by contradiction. Suppose that x and y are not collinear
and that

(7.2.1.1) ‖x + y‖ = ‖x‖ + ‖y‖,
and let us show that (vi) cannot hold. Dividing the two members of (7.2.1.1) by
max{‖x‖, ‖y‖}, we can suppose, up to interchanging the names of x and y, that
‖y‖ = 1 and ‖x‖ ≤ 1. The map t �→ ‖tx + y‖, defined on [0,∞[, is convex
(Proposition 6.1.18), and it is bounded above by the linear map t �→ t‖x‖ + ‖y‖,
defined on the same interval. Furthermore, the two maps coincide for t = 0 and for
t = 1. By Proposition 6.2.4, these two maps coincide on [1,∞[. Thus, we have∥∥tx + y

∥∥ = t‖x‖ + ‖y‖ for all t ≥ 1. Taking t = 1/‖x‖, we obtain∥∥∥∥ x

‖x‖ + y

∥∥∥∥ = ‖x‖
‖x‖ + |y‖ = 2,

which shows that (vi) is not satisfied. Thus, we have (vi) ⇒ (vii).
Now we prove that (vii) ⇒ (viii). If (vii) is satisfied, then if x and y are not

collinear, we have, ‖x + y‖ < ‖x‖ + ‖y‖ which implies, for all p in ]1,∞[,∥∥∥∥x + y

2

∥∥∥∥
p

<

(‖x‖ + ‖y‖
2

)p
.
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By convexity of the map t �→ tp, we have

(‖x‖ + ‖y‖
2

)p
<

1

2
(‖x‖p + ‖y‖p).

Thus, we obtain ∥∥∥∥x + y

2

∥∥∥∥
p

<
1

2
(‖x‖p + ‖y‖p),

which is the desired inequality.
Now suppose that x and y are collinear and let us write y = tx for some t in R.

Then we have ∥∥∥∥x + y

2

∥∥∥∥
p

=
∥∥∥∥x + tx

2

∥∥∥∥
p

=
∣∣∣∣1 + t

2

∣∣∣∣
p

‖x‖

and
1

2
(‖x‖p + ‖y‖p) = 1

2
(‖x‖p + |t |p‖x‖p) = 1

2
(1 + |t |p)‖x‖p.

By elementary calculus, one can see that

(
1 + t

2

)p
<

1

2
(1 + |t |p)

for all t 	= 1 and for all p > 1.
Thus, we obtain again, in the case where x and y are collinear,∥∥∥∥x + y

2

∥∥∥∥
p

<
1

2
(‖x‖p + ‖y‖p).

This proves (vii) ⇒ (viii).
Now we prove that (viii) ⇒ (ix), that is, we prove that if (viii) is satisfied, then, for

any two distinct vectors x and y in X, for any p in ]1,∞[ and for any t in ]0, 1[, we
have

‖(1 − t)x + ty‖p < (1 − t)‖x‖p + t‖y‖p.
First, suppose that 0 ≤ t ≤ 1/2. We claim that the map x �→ ‖x‖p is convex for

all p in ]1,∞[. Indeed, since the map x �→ ‖x‖ is convex on E and the map t �→ tp,
is convex and increasing on [0,∞[, for all p in ]1,∞[, then, by Proposition 6.1.19,
x �→ ‖x‖p is convex. Thus, we have

‖(1 − t)x + ty‖p =
∥∥∥∥2(1 − 2t)x + 2t (x + y)

2

∥∥∥∥
p

≤ (1 − 2t)‖x‖p + 2t

∥∥∥∥x + y

2

∥∥∥∥
p

.
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Now if Condition (viii) is satisfied, then

(1 − 2t)‖x‖p + 2t

∥∥∥∥x + y

2

∥∥∥∥
p

< (1 − 2t)‖x‖p + t (‖x‖p + ‖y‖p)
= (1−)‖x‖p + t‖y‖p.

Thus, we obtain

‖(1 − t)x + ty‖p < (1 − 2t)‖x‖p + t‖y‖p,
which is the desired inequality. The case where 1/2 ≤ t ≤ 1 is handled in the same
way. This shows that (viii) ⇒ (ix).

Finally, let us prove that (ix) ⇒ (v). If (ix) is satisfied, then for any two distinct
points x and y in X, for any p in ]1,∞[ and for any t in ]0, 1[, we have

‖(1 − t)x + ty‖p < (1 − t)‖x‖p + t‖y‖p.
In particular, for ‖x‖ = ‖y‖ = 1, we obtain ‖(1 − t)x + ty‖p < 1, that is,
‖(1 − t)x + ty‖ < 1. Thus, (v) is satisfied. This completes the proof of Propo-
sition 7.2.1. 
�

We end this section with another characterization of strict convexity of a normed
vector space in terms of the geometry of its unit ball. Before stating it, we need to
recall the following classical notion in convexity theory. It is important for us because
it makes sense in an arbitrary geodesic metric space.

Definition 7.2.2 (Extreme point). Let E be a normed vector space and let X be an
affinely convex subset of E. Then a point x in X is said to be an extreme point of X
if the set X \ {x} is convex.

Equivalently, a point x in X is an extreme point of X if for any x0 and x1 in X
satisfying x = (1 − t)x0 + tx1 with t in ]0, 1[, we have x0 = x1 = x.

We already know that the closed unit ball in a normed vector space is convex. The
following characterization of strictly convex normed vector spaces says that in such a
space, the closed unit ball is strictly convex.

Proposition 7.2.3. A normed vector space E is strictly convex if and only if every
point on the unit sphere of E is an extreme point of the closed unit ball.

Proof. Suppose that E is strictly convex and let B be the closed unit ball of E. Let xt
be a point on the unit sphere of E such that there exist two points x0 and x1 in B and a
real number t in ]0, 1[ satisfying xt = (1 − t)x0 + tx1. By the triangle inequality, we
have ‖xt‖ ≤ (1 − t)‖x0‖ + t‖x1‖, and if any one of the two quantities ‖x0‖ or ‖x1‖
is< 1, then ‖xt‖ < 1. This contradicts the fact that xt is on the unit sphere. Thus, we
have ‖x0‖ = ‖x1‖ = 1.
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Now we claim that ‖x0 + x1‖ = 2. Indeed, if this were not the case, then we
would have ‖x0 + x1‖ < 2, which implies

1 = ‖xt‖ = ‖(1 − t)xt + txt‖
= (1 − t)

(
(1 − t)x0 + tx1

)+ t
(
(1 − t)x0 + tx1

)‖
= ‖(1 − t)2x0 + t (1 − t)(x0 + x1)+ t2x1‖
≤ (1 − t)2‖x0‖ + t (1 − t)‖x0 + x1‖ + t2‖x1‖2

= (1 − t)2 + t (1 − t)+ t2

< (1 − t)2 + 2t (1 − t)+ t2 = 1,

which is a contradiction. Thus, we have ‖x0 + x1‖ = 2. Since E is strictly convex,
this implies, by Property (vi) of Proposition 7.2.1, that x0 = x1 and therefore that
xt = x0 = x1. Thus, xt is an extreme point of B.

To prove the converse, suppose that every point on the unit sphere of E is an
extreme point of B and let us show that Property (vi) of Proposition 7.2.1 is satisfied.
Let x and y be two distinct points inB satisfying ‖x‖ = ‖y‖ = 1. If ‖(x+y)/2‖ = 1,
then (x + y)/2 would be a point on the unit sphere that is not an extreme point of B.
Thus, we have ‖(x + y)/2‖ < 1, and Property (vi) is satisfied. 
�

7.3 Inner products and �p norms

In this section, we give a few examples of strictly convex normed vector spaces among
the classical spaces. We start by spaces whose norms are defined by inner products.

We recall that an inner product on a real vector space E is a bilinear form E ×
E → R, that we shall denote by (x, y) �→ (x|y) and that satisfies the following two
properties:

• the form is symmetric, that is, (x|y) = (y|x) for all x and y in E;

• the form is positive definite, that is, (x|x) > 0 for all x 	= 0.

We recall also that any inner product satisfies the following inequality, which is
usually referred to as Minkowski’s inequality:

(7.3.1.1)
√
(x + y|x + y) ≤ √

(x|x)+√
(y|y)

for all x and y in E, with equality if and only if either y = 0 or y = λx for some
nonnegative real number λ.

The norm onE associated to this inner product is defined by setting ‖x‖ = √
(x|x)

for every x in X.

Proposition 7.3.1. Let E be a vector space equipped with a norm arising from an
inner product. Then E is strictly convex.
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Proof. It suffices to see that Property (vii) of Proposition 7.2.1 is satisfied; this follows
from Minkowski’s inequality (7.3.1.1) and from its equality case, that we recalled
above. 
�

For every integer n ≥ 1 and for every p in [1,∞] = [1,∞[∪{∞}, we recall that
the �p norm on Rn, denoted by ‖ ‖p, is defined by

• ‖x‖p = (
∑n
i= |xi |p)1/p for p in [1,∞[;

• ‖x‖∞ = supi=1,...,n(|x1|, . . . , |xn|) for p = ∞.

Proposition 7.3.2. Given any integer n ≥ 2 and given p in [1,∞], consider the
vector space Rn equipped with the �p norm. Then, for p ∈]1,∞[, this normed vector
space is strictly convex. For p = 1 or p = ∞, this normed vector space is not strictly
convex.

Proof. For p = 1 and p = ∞, we saw that the unit sphere of �p contains a non-trivial
affine segment (Figure 7.1). Therefore, by Proposition 7.1.2, this space is not strictly
convex. (In fact, we already saw in Example 5.3.9 that such a space is not uniquely
geodesic, and therefore the result also follows from Proposition 7.2.1) Forp in ]1,∞[,
we use the criterion for equality in Minkowski’s inequality in Proposition 2.6.4, which
says that for all x and y in Rn, if x and y are not collinear, and if p is in ]1,∞[, then
‖x + y‖p < ‖x‖p + ‖y‖p. Proposition 7.2.1 implies that in that case (Rn, �p) is not
strictly convex. 
�

Notes on Chapter 7

There is an extensive literature on the subject of strict convexity in normed vector
spaces. Most of the criteria of Proposition 7.2.1 are contained in the textbooks [16]
and [75], and there are other criteria. For instance, a result of M. A. Khamsi says that a
Banach spaceE is strictly convex if and only if for every nonexpansive map f defined
on a convex subset C of E, the fixed point set of f is convex (Theorem 4 of [87]).



Chapter 8

Busemann spaces

Introduction

A Busemann space is a geodesic metric space X such that for any two geodesics
γ : [a, b] → X and γ ′ : [a′, b′] → X, the map from [a, b] × [a′, b′] to R defined by

(t, t ′) �→ |γ (t)− γ ′(t ′)|
is convex.

In this chapter, we study the basic properties of Busemann spaces. The outline is
the following:

In Section 1, we give several characterizations of Busemann spaces. Then we give
examples that include Euclidean and hyperbolic spaces, R-trees and strictly convex
normed vector spaces. We prove that Busemann spaces are uniquely geodesic and
contractible.

In Section 2, we study local geodesics in Busemann spaces. We prove that any
local geodesic in a Busemann space is a geodesic.

In Section 3, we collect some facts about geodesically convex subsets in a Buse-
mann space and we prove another “local-implies-global” property, which concerns
geodesically convex subsets in Busemann spaces.

In Section 4, we study convex functions defined on a geodesic metric space and
then we specialize to the case of a Busemann space.

In the notes at the end of this chapter, we discuss convexity properties of Teich-
müller space, equipped with its Teichmüller metric and with its Weil–Petersson metric.

Notation. In all this chapter, if a geodesic is denoted by γx,y : [a, b] → X, then it is
implicitly assumed that γ (a) = x and γ (b) = y.

8.1 Busemann spaces

Definition 8.1.1 (Busemann spaces). A metric spaceX is said to be a Busemann space
if X is a geodesic metric space and if for any two affinely reparametrized geodesics
γ : [a, b] → X and γ ′ : [a′, b′] → X, the map Dγ,γ ′ : [a, b] × [a′, b′] → R defined
by

(8.1.1.1) Dγ,γ ′(t, t ′) = |γ (t)− γ ′(t ′)|
is convex.
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Proposition 8.1.2 (Characterization of Busemann spaces). Let X be a geodesic met-
ric space. Then properties (i) to (xi) that follow are equivalent:

(i) X is a Busemann space.

(ii) Let [x0, x1] and [x′
0, x

′
1] be two arbitrary geodesic segments in X. For every t

in [0, 1], let xt be the point on [x0, x1] satisfying |x0 − xt | = t |x0 − x1| and let
x′
t be the point on [x′

0, x
′
1] satisfying |x′

0 − x′
t | = t |x′

0 − x′
1|. Then we have

|xt − x′
t | ≤ (1 − t)|x0 − x′

0| + t |x1 − x′
1|.

(iii) For all affinely reparametrized geodesics γ : [a, b] → X and γ ′ : [a′, b′] → X,
the map dγ,γ ′ : [0, 1] → X defined by

(8.1.2.1) dγ,γ ′(t) = |γ ((1 − t)a + tb
)− γ

(
(1 − t)a′ + tb′)|

is convex.

(iv) Let γ : [a, b] → X and γ ′ : [a′, b′] → X be two arbitrary affinely reparame-
trized geodesics in X and let dγ,γ ′ : [0, 1] → X be the map defined by formula
(8.1.2.1) Then we have, for all t and t ′ in [0, 1],

dγ,γ ′
(
t + t ′

2

)
≤ 1

2

(
dγ,γ ′(t)+ dγ,γ ′(t ′)

)
.

(v) Let [x0, x1] and [x′
0, x

′
1] be two arbitrary geodesic segments inX and letm and

m′ be their respective midpoints. Then we have

|m−m′| ≤ 1

2

(|x0 − x1| + |x′
0 − x′

1|
)
.

(vi) Let [x0, x1] and [x0, x
′
1] be two geodesic segments in X having a point x0 as

a common initial point. For all t in [0, 1], let xt and x′
t be the points situated

respectively on [x0, x1] and [x0, x
′
1] and satisfying |x0 − xt | = t |x0 − x1| and

|x0 − x′
t | = t |x0 − x′

1|. Then, for all t in [0, 1], we have

|xt − x′
t | ≤ t |x1 − x′

1|.

(vii) Let [x0, x1] and [x0, x
′
1] be two geodesic segments inX having a common initial

point x0, and let m and m′ be their respective midpoints. Then we have

|m−m′| ≤ 1

2
|x1 − x′

1|.

(viii) For all affinely reparametrized geodesics γ : [0, 1] → X and γ ′ : [0, 1] → X,
we have, for all t in [0, 1],

|γ (t)− γ ′(t)| ≤ (1 − t)|γ (0)− γ ′(0)| + t |γ (1)− γ ′(1)|.
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(ix) For all affinely reparametrized geodesics γ : [0, 1] → X and γ ′ : [0, 1] → X

satisfying γ (0) = γ ′(0), we have, for all t in [0, 1],
|γ (t)− γ ′(t)| ≤ t |γ (1)− γ ′(1)|.

(x) For all affinely reparametrized geodesics γ : [0, 1] → X and γ ′ : [0, 1] → X

satisfying γ (0) = γ ′(0), we have

|γ (1/2)− γ ′(1/2)| ≤ (1/2)|γ (1)− γ ′(1)|.

(xi) For all affinely reparametrized geodesics γ : [0, 1] → X and γ ′ : [0, 1] → X,
we have

|γ (1/2)− γ ′(1/2)| ≤ (1/2)|γ (0)− γ ′(0)| + (1/2)|γ (1)− γ ′(1)|.

Proof. We have (ii) ⇐⇒ (iii) ⇐⇒ (viii), since convexity of functions is preserved
under precomposition by an affine map. The following equivalences also follow clearly
from the definitions: (iv) ⇐⇒ (v) ⇐⇒ (xi), (vi) ⇐⇒ (ix) and (vii) ⇐⇒ (x). We
have (iii) ⇐⇒ (iv) and (vi) ⇐⇒ (vii) by Proposition 6.1.21 (or by the same proof).
Implication (v) ⇒ (vii) is also clear. Therefore, it suffices to prove that (i) ⇐⇒ (ii)
and that (vii) ⇒ (v).

We start by proving that (i) ⇒ (ii). Let [x0, x1] and [x′
0, x

′
1] be two arbitrary

geodesic segments inX and let γ : [a, b] → X and γ ′ : [a′, b′] → X be two geodesics
whose images are respectively [x0, x1] and [y0, y1]. LetDγ,γ ′ : [a, b] × [a′, b′] → R

be the map defined in (8.1.1.1). Since X is a Busemann space, we have, for all u and
u′ in [a, b] × [a′, b′] and for all t in [0, 1],
(8.1.2.2) Dγ,γ ′

(
(1 − t)u+ tu′) ≤ (1 − t)Dγ,γ ′(u)+ tDγ,γ ′(u′).

Letting v and w denote respectively the pairs (a, a′) and (b, b′), we have

Dγ,γ ′(v) = |γ (a)− γ ′(a′)| = |x − x′|,
Dγ,γ ′(w) = |γ (b)− γ ′(b′)| = |y − y′|

and

Dγ,γ ′
(
(1 − t)v + tw)

) = Dγ,γ ′
(
(1 − t)a + tb, (1 − t)a′ + tb′)

)
= |γ ((1 − t)a + tb

)− γ ′((1 − t)a′ + tb′)|
= |xt − x′

t |.
Thus, we obtain, from (8.1.2.2):

|xt − x′
t | ≤ (1 − t)|x0 − x′

0| + t |x1, x
′
1|,

which proves that (i) ⇒ (ii).
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Now we prove that (ii) ⇒ (i). Let us consider two geodesics γ : [a, b] → X

and γ ′ : [a′, b′] → X and let us take two arbitrary points in [a, b] × [a′, b′], whose
coordinates are respectively (v, v′) and (w,w′). We set x = γ (v), y = γ (w),
[x, y] = γ ([v,w]), x′ = γ ′(v′), y′ = γ ′(w′) and [x′, y′] = γ ′([v′, w′]).

Then we have

(8.1.2.3) Dγ,γ ′(v, v′) = |γ (v)− γ ′(v′)| = |x − x′|

and

(8.1.2.4) Dγ,γ ′(w,w′) = |γ (w)− γ ′(w′)| = |y − y′|.

For all t in [0, 1], let xt be the point on [x, y] satisfying |xt − x| = t |x − y| and
let x′

t be the point on [x′, y′] satisfying |x′
t − x′| = t |x′ − y′|. Then,

(8.1.2.5) Dγ,γ ′
(
(1 − t)(v, v′)+ t (w,w′)

) = |xt − x′
t |.

By property (ii), we have

(8.1.2.6) |xt − x′
t | ≤ (1 − t)|x − x′| + t |y − y′|.

Inserting (8.1.2.3), (8.1.2.4) and (8.1.2.5) in (8.1.2.6), we obtain

Dγ,γ ′
(
(1 − t)(v, v′)+ t (w,w′)

) ≤ (1 − t)Dγ,γ ′(v, v′)+ tDγ,γ ′(w,w′),

which shows that (ii) ⇒ (i).
Finally, let us prove that (vii) ⇒ (v). Let [x0, x1] and [x′

0, x
′
1] be two arbitrary

geodesic segments inX. SinceX is a geodesic space, there exists a geodesic segment
[x0, x

′
1] joining x0 and x′

1. Letm,m′ andm′′ be the midpoints of [x0, x1], [x′
0, x

′
1] and

[x0, x
′
1] respectively. Applying property (vii) to the segments [x0, x1] and [x0, x

′
1], we

obtain

|m−m′′| ≤ 1

2

(|x1 − x′
1|
)
.

Applying the same property to the segments [x′
1, x0] and [x′

1, x
′
0], we find

|m′ −m′′| ≤ 1

2

(|x0 − x′
0|
)
.

By the triangle inequality, we then obtain

|m−m′| ≤ |m−m′′| + |m′′ −m′| ≤ 1

2

(|x1 − x′
1| + |x0 − x′

0|
)
,

which shows that (vii) ⇒ (v). This completes the proof of Proposition 8.1.2. 
�
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Examples 8.1.3 (Busemann spaces).

(i) Euclidean space En. If [x, y] and [x, z] are two geodesic segments in En and
ifm andm′ are their respective midpoints, then, by the theorem of Thales, |m−m′| =
(1/2)|y − z|. Property (vii) of Proposition 8.1.2 is therefore satisfied. (In fact, the
equality instead of the large inequality for all geodesic segments [x, y] and [x, z] in
En means that the space has zero curvature in the sense of Busemann.)

(ii) Hyperbolic space Hn. Let us prove that for all n ≥ 2, hyperbolic space Hn

is a Busemann space. We prove that criterion (vii) of Proposition 8.1.2 is satisfied,
using a well-known property of hyperbolic isometries of H2. Let [x, y] and [x, z] be
two geodesic segments in Hn with a common initial point x. These two segments are
contained in a plane (that is, a two-dimensional totally geodesic subspace) of Hn. Such
a plane is isometric to the space H2. Therefore, it suffices to prove the desired property
in H2. We may assume that the points x, y and z are pairwise distinct (otherwise the
result is trivial). Let m and m′ be the midpoints of [x, y] and [x, z] respectively and
let us call sm and sm′ the central symmetries of H2 with respect to the points m and
m′. Then, the composed map sm′ � sm is an isometry of hyperbolic type whose axis is
the hyperbolic line containingm andm′, and whose minimal displacement is equal to
2|m−m′|. On the other hand, we have sm′ � sm(y) = z. Since y is not on the axis of
the isometry sm′ � sm, we have |y − z| ≥ 2|m−m′|, which is the required inequality.
(In fact, the last inequality is strict, and the strict inequality means, in the language of
Busemann, that this space has negative curvature.)

(iii)TheHilbert metric. LetA be a bounded open convex subset of Rn. In Section 6
of Chapter 5, we recalled the construction of the Hilbert metric of A. We saw that A,
equipped with this metric, is a geodesic metric space for which the Euclidean segments
are geodesic. We also saw that this metric space is uniquely geodesic if and only if the
boundary of A does not contain two Euclidean segments that span a 2-dimensional
affine subspace of Rn. In his book [28], Busemann asked the following question: “Is a
Hilbert geometry with negative curvature hyperbolic?” (this is Problem 34, p. 406 of
[28]). P. J. Kelly and E. G. Straus answered this question in [81] and [82], where they
proved that the convex set A equipped with its Hilbert metric is a Busemann space if
and only if A is an ellipsoid. It was already known that an ellipsoid equipped with its
Hilbert metric is (up to a constant multiplicative factor) a model of hyperbolic space
Hn. The open ball {

(x1, . . . , xn) :
n∑
i=0

x2
i < 1

}

of Rn, equipped with its Hilbert metric is called the Klein model of hyperbolic geom-
etry.1

(iv) R-trees. Let T be an R-tree and let us prove that T is a Busemann space.
Again, we shall use Criterion (vii) of Proposition 8.1.2.

1This result of Kelly and Straus should be put into parallel with the fact that the Minkowski metric
associated to a convex body B is Euclidean if and only if B is an ellipsoid (cf. Section 6 of Chapter 5).
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Let [x, y] and [x, z] be two geodesic segments in T . From the uniqueness of the
topological segment joining two arbitrary points in an R-tree, one can easily see that
the intersection of the geodesic segments [x, y] and [x, z] is necessarily a segment
(which could consist of a single point). One of the vertices of this segment is x. Let
us call s the other vertex. The union [x, y] ∪ [x, z], equipped with the metric induced
from that of T , is a space that is homeomorphic to a tripod equipped with a simplicial
metric, that is, a graph formed by three edges having one vertex in common, the other
vertices being monovalent (Figure 8.1). Each of these three edges is isometric to a
compact interval of R and the induced metric on the tripod is a length metric. There
are also degenerate cases, where one or two of the edges of the graph [x, y]∪[x, z] are
reduced to a point; these cases can be treated as limiting cases of the non-degenerate
case.

x

y

s z

Figure 8.1. A tripod.

Thus, we shall reason in this metric tripod, whose monovalent vertices are naturally
called x, y and z (we use for these points the same names as for their images in the
space X). Likewise, the trivalent vertex of the tripod is called s. Let m and m′ be
respectively the midpoints of the segments [x, y] and [x, z] in this tripod. Then we
have

|y − z| = |x − y| + |x − z| − 2|x − s|,
|x − y| = 2|x −m|

and
|x − z| = 2|x −m′|.

We break the argument into cases. Up to symmetries, there are only three cases to
consider:

Case 1. The point m is on [s, y] and the point m′ is on [s, z] (Figure 8.2 (a)). Then
we have

|m−m′| = |x −m| + |x −m′| − 2|x − s|
and

|y − z| = |x − y| + |x − z| − 2|x − s|,
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whence
|y − z| − 2|m−m′| = 2|x − s| ≥ 0,

which implies |m−m′| ≤ (1/2)|y − z|.
Case 2. The point m is on [x, s] and the point m′ is on [s, z] (Figure 8.2 (b)). Then
we have:

|m−m′| = |m− s| + |s −m′|
= |x − s| − |x −m| + |x −m′| − |x − s|,

whence

|y − z| − 2|m−m′| = (|x − y| − |x − s|)+ (|x −m| − |x − s|)
= 2|s − y| ≥ 0,

which implies |m−m′| ≤ (1/2)|y − z|.

(a) (b) (c)

x

y

m

m′

z

x
m

m′

y

x

z

m m′
y

z

Figure 8.2. The three cases in Example 8.1.3 (iv).

Case 3. The points m and m′ are on [x, s], and the four points x, m, m′, s are in this
order on that segment (Figure 8.2 (c)). In this case, we have

|m−m′| = |x −m′| − |x −m|
and

|y − z| − 2|m−m′| = |x − y| + |x − z| − 2|x − s| − 2|x −m′| + 2|x −m|
= (|x − y| − |x − s|)+ (2|x −m| − |x − s|)

+ (|x − z| − 2|x −m′|)
= (|x − y| − |x − s|)+ 2|x −m| − |x − s|
= (|x − y| − |x − s|)+ (|x − y| − |x − s|)
= 2|s − y| ≥ 0,
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which also implies |m−m′| ≤ (1/2)|y − z|.
The remaining cases can be deduced by symmetry from the cases considered.
Thus, the convexity inequality is valid in any case, and the R-tree T is a Busemann

space.

Proposition 8.1.4. A Busemann space is uniquely geodesic.

Proof. Let X be a Busemann space and let x and y be two arbitrary points in X.
From the definition, a Busemann space is geodesic, therefore there exists a geodesic
segment joining x and y. Suppose that there exist two geodesics joining these two
points, γx,y : [a, b] → X and γ ′

x,y : [a′, b′] → X. Then the map dγ,γ ′ : [0, 1] → X

defined by
dγ,γ ′(t) = |γ ((1 − t)a + tb

)− γ
(
(1 − t)a′ + tb′)|

is a nonnegative convex map and it satisfies dγ,γ ′(0) = dγ,γ ′(1) = 0. Therefore, by
Corollary 6.2.12, this map is the constant zero map, and this shows that the images of
γx,y and γ ′

x,y coincide. This proves Proposition 8.1.4. 
�

Proposition 8.1.5 (Subspaces). Let X be a Busemann space and let X′ be a subset
of X which, equipped with the induced metric, is a geodesic space. Then X′ is also a
Busemann space.

Proof. The proof is clear from the definitions. 
�

The next proposition and its corollary will provide us with other examples of
Busemann spaces.

Proposition 8.1.6 (Normed vector spaces). Let E be a normed vector space. The
following three properties are equivalent:

(i) as a metric space, E is a Busemann space;

(ii) as a metric space, E is uniquely geodesic;

(iii) E is a strictly convex vector space.

Proof. Implication (i) ⇒ (ii) follows from Proposition 8.1.4. Let us prove (ii) ⇒ (i).
We use criterion (vii) of Proposition 8.1.2. Let [x0, x1] and [x0, x

′
1] be two geodesic

segments inE and letm andm′ be their respective midpoints. If the spaceE is uniquely
geodesic, then [x0, x1] and [x0, x

′
1] are the images of affinely reparametrized geodesics

joining respectively x0 to x1 and x0 to x′
1. Therefore, we have ‖m−m′‖ = 1/2(x0−x1)

and m′ = 1/2(x0 − x′
1). Thus, we obtain:

‖m−m′‖ = 1

2
|x1 − x′

1| =
∥∥∥∥1

2
(x0 + x1)− 1

2
(x0 + x′

1)

∥∥∥∥ = 1

2
‖x1 − x′

1‖
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that is,

|m−m′| = 1

2
|x1 − x′

1|,
which proves (ii) ⇒ (i). Finally, we have (ii) ⇐⇒ (iii) since a normed vector space is
strictly convex if and only if it is uniquely geodesic (Corollary 7.2.1). 
�

Example 8.1.7 (Norms on Rn). We already saw that Rn, equipped with the Euclidean
norm, is a Busemann space. However, Rn equipped with the norm �1 or with the
norm �∞ is not a Busemann space. Indeed, we already saw that this space is not
strictly convex. Therefore, by Proposition 8.1.6, this space is not a Busemann space
(Proposition 7.3.2).

Recall that a topological space E is said to be contractible if there exists a point
x0 in E and a continuous map H : [0, 1] × E → E satisfying H(0, x) = x0 and
H(1, x) = x for all x in E. We have the following

Proposition 8.1.8. A Busemann space is contractible.

Proof. Let X be a Busemann space and let us fix a basepoint x0 in X. For every x
in X, there exists, by Proposition 8.1.4, a unique geodesic γx0,x : [0, |x − x0|] → X

(uniqueness is up to a translation of the domain). Then we define the mapH : [0, 1]×
X → X by setting

H(t, x) = γx0,x(t |x − x0|)
for all x in X and for all t in [0, 1]. In particular, we have H(0, x) = x0 and
H(1, x) = x for all x in X. We prove that H is continuous. If x and x′ are two
arbitrary points in X, we have, for all t and t ′ in [0, 1],

|H(t, x)−H(t ′, x′)| = |γx0,x(t |x − x0|)− γx0,x′(t ′|x′ − x0|)|
≤ |γx0,x(t |x − x0|)− γx0,x(t

′|x − x0|)|
+ |γx0,x(t

′|x − x0|)− γx0,x′(t ′|x′ − x0|)|.
Since the path γx,x0 is geodesic, we have

|γx0,x(t |x − x0|)− γx0,x′(t ′|x − x0|)| = |t − t ′|.|x − x0|.
Since X is a Busemann space, the map

t �→ |γx0,x(t |x − x0|)− γx0,x′(t |x′ − x0|)|,
defined on [0, 1], is convex. This maps takes the value 0 at t = 0 and the value |x−x′|
at t = 1. Therefore, we have, for all t ′ in [0, 1],

|γx0,x(t
′|x − x0|)− γx0,x′(t ′|x′ − x0|)| ≤ t ′|x − x′|.



196 8 Busemann spaces

Finally, we obtain

|H(t, x)−H(t ′, x′)| ≤ |t − t ′| . |x − x0| + t ′|x − x′|,
which implies the continuity of H . This completes the proof of Proposition 8.1.8. 
�

Thus, by Proposition 8.1.8, there is no Busemann space structure on any space
whose fundamental group is non-trivial. By the same proposition, there is no Buse-
mann metric space structure on a sphere S2.

8.2 Local geodesics in Busemann spaces

Notation. In the same manner as for geodesics, we make the following convention:
if we denote by γx,y : [a, b] → X an affinely reparametrized local geodesic, then we
assume implicitly that we have γx,y(a) = x and γx,y(b) = y.

Proposition 8.2.1. Let X be a Busemann space and let γ : [a, b] → X and
γ ′ : [a′, b′] → X be two affinely reparametrized local geodesics in X. Then the
map t �→ |γ ((1 − t)a + tb

)− γ ′((1 − t)a′ + tb′)
∣∣, defined on [0, 1], is convex.

Proof. It is clear that this map is locally convex. Therefore, the proof of the proposition
follows from Theorem 6.2.16. 
�

Let us note a few useful corollaries. The first corollary is a result that is stronger
than Proposition 8.1.4 above.

Corollary 8.2.2. LetX be aBusemann space and let x and y be two arbitrary points in
X. Then there exists a unique affinely reparametrized local geodesic γx,y : [0, 1] → X

joining these points.

Proof. The existence of a local geodesic follows from the existence of a geodesic,
since X is a geodesic space. Now let γx,y : [0, 1] → X and γ ′

x,y : [0, 1] → X be
two local geodesics. The map t �→ |γx,y(t) − γ ′

x,y(t)|, defined on [0, 1], is convex
(Proposition 8.2.1), and it takes only nonnegative values. Furthermore, the value of
this map is zero for t = 0 and t = 1. By Corollary 6.2.12, this map is the zero constant
map, which implies that γx,y(t) = γ ′

x,y(t) for all t in [0, 1]. 
�

We already saw that the sphere S2 equipped with its canonical length metric is
not a Busemann space. Another way to see this fact is to note that there exist at least
two local geodesics joining any two distinct points in this space (there are at least two
distinct arcs of a great circle joining these two points).

Corollary 8.2.3 (In a Busemann space, local geodesics are geodesics). In a Buse-
mann space X, every local geodesic is a geodesic.
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Proof. Let γ be a local geodesic and let x and y be its endpoints. Since the space X
is geodesic, there exists a geodesic path γ ′ joining x and y. By Corollary 8.2.2, the
images of γ and γ ′ coincide. Thus, the image of γ is a geodesic segment. It follows
easily that γ is a geodesic path. 
�

The following proposition will also be useful:

Proposition 8.2.4 (Betweenness in Busemann spaces). Let X be a Busemann space
and let x, y, z and t be four points in X that are pairwise distinct. Then we have the
following

(8.2.4.1) y lies between x and z and z lies between y and t

⇓
(8.2.4.2) y and z both lie between x and t

Proof. Suppose that (8.2.4.1) holds. If y lies between x and z, then y is on the unique
geodesic segment joining x and z. Likewise, if z lies between y and t , then z is on the
unique geodesic segment joining y and t . The union of these two geodesic segments
is the image of a local geodesic path joining x and t and containing the points y and z.
By Corollary 8.2.3, this path is geodesic. This implies that y and z both lie between
x and t . 
�

We note that Proposition 8.2.4 is false without the hypothesis thatX is a Busemann
space, as one can see by considering the case where X is the two-dimensional sphere
S2 equipped with its canonical length metric, x and t the endpoints of an arc of a great
circle in S2 whose length is strictly larger than π , and y and z two distinct points on
that arc satisfying |x − z| < π and |y − t | < π .

Proposition 8.2.5. Let X be a Busemann space, let γ : [0, 1] → X be an affinely
reparametrized geodesic and letx be apoint inX such that there is no geodesic segment
in X containing the three points x, γ (0) and γ (1). Then, the map f : [0, 1] → X

defined by t �→ |x − γ (t)| is strictly convex.

Proof. That the map f is convex is part of the definition of a Busemann space. Let
us show that it is strictly convex. For all t in [0, 1], let xt = (1 − t)γ (0)+ tγ (1) and
let yt = (1 − t)γ (0) + tx (we are using the natural parametrization of the geodesic
segments [γ (0), γ (1)] and [γ (0), x]). Suppose that the map f is not strictly convex.
Then, there exists a point t in ]0, 1[ satisfying

|x − xt | = (1 − t)|x − γ (0)| + t |x − γ (b)|
= |x − yt | + t |x − γ (b)|
≥ |x − yt | + |yt − xt |
= |x − xt |.
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Thus, the two large inequalities in the last sequence are equalities, which implies that
the union [x, yt ]∪[yt , xt ] is a geodesic segment. Since [γ (0), γ (1)] is also a geodesic
segment, the three points x, γ (0) and γ (1) are contained in a geodesic segment (use the
fact that in a Busemann space, a local geodesic is a geodesic), which is a contradiction.
This completes the proof of Proposition 8.2.5. 
�

Corollary 8.2.6. IfX, γ and x are as in Proposition 8.2.5, there is a unique projection
of x on the segment γ ([a, b]).

Proof. A strictly convex function has a unique minimum. 
�

Corollary 8.2.6 will be generalized below (Proposition 8.4.10).

8.3 Geodesic convexity in Busemann spaces

In Chapter 2, we introduced the notion of geodesically convex set in an arbitrary
uniquely geodesic metric space (Definition 2.5.1). Of course, the results that we
proved there are valid for Busemann spaces.

It follows immediately from the definitions that ifA is a geodesically convex subset
of a Busemann space, then A, equipped with the induced metric, is itself a Busemann
space. (In fact, this is Proposition 8.1.5 above). Balls are examples of such subsets:

Proposition 8.3.1. Let X be a Busemann space. The open balls and the closed balls
in X are geodesically convex.

Proof. Let B be an open ball in X, of center x and radius r . For x0 and x1 in B,
let [x0, x1] be the unique geodesic segment joining these points. By property (ii) in
Proposition 8.1.2, for every t in [0, 1], the point xt (using the natural parametrization
of the segment [x0, x1]) satisfies

(8.3.1.1) |x − xt | ≤ (1 − t)|x − x0| + t |x − x1| < (1 − t)r + tr = r.

This shows that [x0, x1] ⊂ B. Thus, B is geodesically convex. In the case where B is
a closed ball, the proof is the same up to replacing the strict inequality in (8.3.1.1) by
a large one. 
�

Thus, we have the following

Corollary 8.3.2. An open ball or a closed ball in a Busemann space, equipped with
the induced metric, is itself a Busemann space.

The following proposition gives an example of a “local-implies-global” property
for geodesically convex subsets in a Busemann space.
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Proposition 8.3.3 (Geodesic convexity implied by a local condition). Let X be a
proper Busemann space that is proper and let A be a closed subset of X which,
equipped with the metric induced by that of X, is connected by rectifiable arcs. Sup-
pose that every point x in A has an open neighborhood V (x) in X such that for all y
and z in V (x), the geodesic segment (for the metric ofX) that joins them is contained
in A. Then A is convex.

Proof. Let y and z be two points in A. By Proposition 1.4.12, there exists a path
γ : [a, b] → A of minimal length (with respect to the induced metric on A) joining
y to z. We show that γ is a geodesic path (with respect to the metric of X.) By
Corollary 8.2.3, it suffices to show that γ is a local geodesic. Let t be in ]a, b[ and
let x = γ (t). Let us choose an open neighborhood V (x) of x with the property that
for all y and z in V (x), the geodesic segment (for the metric of X) that joins them
is contained in A. Let [c, d] be a closed sub-interval of ]a, b[ that is contained in
γ−1

(
V (x)

)
and that contains the point t in its interior. Since γ (a) and γ (b) are in

V (x), the unique geodesic segment [γ (a), γ (b)] (for the metric ofX) joining γ (a) and
γ (b) is contained in A. Therefore, this geodesic segment is the image of the minimal
length path in A joining γ (a) and γ (b). (In particular, such a minimal segment is
unique.) Thus, the image of γ|[a,b] is a geodesic segment. This proves that γ is a local
geodesic and therefore it is a geodesic. This completes the proof of Proposition 8.3.3.


�

We note that the hypotheses of Proposition 8.3.3 do not imply that A is an open
subset of X, as one can see by taking X to be a simplicial tree and A a geodesic
segment having a vertex of valency ≥ 3 in its interior.

8.4 Convex functions on Busemann spaces

We start by introducing a notion that is useful in an arbitrary geodesic metric space.

Definition 8.4.1 (Convex function). Let X be a geodesic metric space and let
f : X → R be a map. We say that f is convex (respectively strictly convex ) if
for every geodesic path γ : [a, b] → X, the map f � γ : [a, b] → R is convex (re-
spectively strictly convex).

For later use, we record a few properties of convex functions.

Proposition 8.4.2 (Limits convex functions). Let X be a geodesic metric space and
let fn : X → R (n ≥ 0) be a sequence of convex functions onX converging pointwise
to a function f . Then f is convex.

Proof. The proof is clear from the definitions. 
�
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The proof of the following proposition is analogous to that of Proposition 6.1.19,
and we omit it here.

Proposition 8.4.3 (Composition of convex functions). X be a geodesic metric space,
let f : X → R be a convex function and let g : f (X) → R be an increasing convex
(respectively strictly convex) function. Then g � f : X → R is convex (respectively
strictly convex). 
�

For any map f : X → R, we say that a point x0 in X is a minimum for f if
f (x0) = minx∈X f (x).

Proposition 8.4.4. Let X be a geodesic metric space and let f : X → R be a convex
function. If x0 and x1 are two minima of f and if γ : [a, b] → R is a geodesic path
joining these points, then f is constant on the image of γ .

Proof. Let m = f (x0) = f (x1) = mint∈[a,b] f � γ (t). Since f is convex, the map
f � γ : [a, b] → R is convex on [a, b], and it satisfies, for all t in [a, b],

f (t) ≤ (1 − t)f � γ (a)+ tf � γ (b) = (1 − t)m+ tm = m.

On the other hand, since x0 and x1 are minima, we have f � γ (t) ≥ m. Thus, we have
f � γ (t) = m for every t ∈ [a, b]. 
�

Proposition 8.4.5. Let X be a geodesic metric space and let f : X → R be a strictly
convex function. Then f has at most one minimum in X.

Proof. Suppose that x0 and x1 are two distinct minima of f , letm = f (x0) = f (x1) =
mint∈[a,b] f � γ (t) and let γ : [a, b] → R be a geodesic path joining x0 and x1. Then
we have

f

(
γ

(
a + b

2

))
<
f
(
γ (a)

)
2

+ f
(
γ (a)

)
2

= m

2
+ m

2
= m

which contradicts the fact that x0 and x1 are minima of f . 
�

We introduced the notion of geodesically convex subsets in uniquely geodesic
spaces. The following proposition, which is analogous to Proposition 6.1.23, estab-
lishes a relation between convex functions and convex subsets.

Proposition 8.4.6 (Sublevels are geodesically convex). LetX be a uniquely geodesic
space. Then, for every convex function f : X → R and for every real number α, the
sublevel set

fα = {x ∈ X, f (x) ≤ α}
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and the strict sublevel set

f ∗
α = {x ∈ X, f (x) ≤ α}

are geodesically convex.

Proof. Let x0 and x1 be two points in fα and for every t in [0, 1], let xt = (1−t)x0+tx1
(using the natural parametrization of the unique geodesic segment [x0, x1] joining x0
and x1). By convexity of f , we have

f (xt ) ≤ (1 − t)x0 + tx1 ≤ (1 − t)α + tα = α.

This shows that fα is convex. For the strict sublevel set, the proof is the same up to
replacing the last large inequality by a strict inequality. 
�

Examples 8.4.7 (Convex functions). In all the following examples,X is a Busemann
space.

(i) Distance function. For every x0 in X, the map x �→ |x − x0| is convex. This
follows directly from the definition of a Busemann space (see Definition 8.1.1 in which
we take γ : [a, b] → X to be the constant map = x0.) Furthermore, for every α > 1
the map x �→ |x − x0|α is strictly convex. Indeed, this map is the composition of the
convex map x �→ |x−x0| with the map t �→ tα defined on [0,∞[, which is increasing
and strictly convex if α > 1. Thus, the result follows from Proposition 8.4.3.

We note that ifX is an arbitrary metric space, the convexity of the distance function
x �→ |x − x0| for all x0 in X does not imply that X is a Busemann space, since as we
saw, any normed vector space satisfies this property, and some of these normed spaces
are not Busemann spaces.

(ii) Distance function defined on a convex subset. This is slightly more general
than Example (i). Let A be a geodesically convex subset of X. By Proposition 8.1.5,
A is itself a Busemann space. For any x0 in X, the map dx0,A : A → R defined by
x �→ |x − x0| is convex. The reason is the same as for Example (i). Furthermore, for
any α > 1, the map dαx0,A

: A → R defined by x �→ |x − x0|α is strictly convex. This
follows also from Proposition 8.4.3 or from Proposition 6.1.19.

(iii) Distance to a convex subset. Let A be a nonempty convex subset ofX. Then,
the distance function dA : X → R is convex. The proof can be done as a slight
variation of the proof of Proposition 6.1.4. Important examples of distance functions
are distances to a point (Example (i) above) or distances to a geodesic segment or to
a geodesic ray (we shall use these functions in Chapter 10).

(iv) Displacement function. For every isometry f : X → X, the displacement
function df : X → R is convex. Indeed, let γ : [a, b] → X be a geodesic path.
Since f is an isometry, f � γ : [a, b] → X is also a geodesic path. Thus, the map
t �→ |γ (t)− f � γ (t)| defined on [a, b] is convex. But this map is precisely the map
df � γ . This shows that the map df : X → R is convex.
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(v) Positive linear combinations of (strictly) convex functions Let n be an integer
≥ 1. For every i = 1, . . . , n, let fi : X → R be a (strictly) convex function and let
λi be a positive real number. Then the function

∑n
i=1 λifi is (strictly) convex. This

follows from the analogous property for convex functions defined on convex subsets
of an affine space (Example 6.1.3 (iii).)

Proposition 8.4.8 (Projections). LetX be a Busemann space and letA be a nonempty
closed convex subset of X. Then each point x in X has a unique projection on A.

Proof. The existence of the projection follows the fact that A is nonempty and closed.
For the uniqueness, consider the map dx,A : A → R defined by y �→ |x − y| for all y
in A. We already know that this function is convex (Example 8.4.7 (ii) above). Let us
fix a real number α > 1. Then, using Proposition 8.4.3 or Example 8.4.7 (ii), the map
onA defined by y �→ |x−y|α is strictly convex. Therefore, by Proposition 8.4.5, this
map has a unique minimum. A projection of x on A is a minimum of this function.
Therefore, the projection is unique. 
�

A weighted point in a space X is a pair (p,m) where p is a point in X and m a
positive real number.

We now consider the notion of center of mass of a finite collection of weighted
points in a Busemann space. This notion generalizes the classical notion of barycenter
in Rn. We start with the following

Proposition 8.4.9. Let X be a Busemann space and let

D = {(p1,m1), . . . (pn,mn)}
be a nonempty set of weighted points in X. Then, for every α > 1, the map on X
defined by x �→ |x − pi |α has a unique minimum.

Proof. From Example 8.4.7 (i) and from the fact that a positive linear combination
of strictly convex functions is strictly convex, the map x �→ mi |x − pi |α is strictly
convex. Furthermore, this map is proper and therefore it attains a minimum. By
Proposition 8.4.5, this minimum is unique. 
�

Definition 8.4.10. LetX be a Busemann space, letD = {(p1,m1), . . . (pn,mn)} be a
nonempty set of n weighted points inX. The barycenter ofD is the unique minimum
of the map x �→ mid(x, pi)

2. We shall denote by B(D) the barycenter of the set D.

The barycenter depends continuously on points and weights. It is also clear that
if the set D is reduced to a single weighted point, (p,m), then B(D) = p.

Corollary 8.4.11 (Cartan). LetX be a Busemann space and letG be a finite group of
isometries of X. Then, there exists a point p in X that is fixed by every element of G.
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Proof. Take an arbitrary point in X and let {p1, . . . , pn} be its orbit under the group
G. LetD be this collection of points, each of them equipped with the weight 1 and let
p = B(D) the corresponding barycenter. The set D is invariant by G and therefore
the point p is fixed by this group. 
�

Corollary 8.4.11 is usually called Cartan’s Theorem because, in [36] p. 354, Elie
Cartan uses the same arguments (uniqueness of the minimum of the sum of the square of
the distance functions) to prove an analogous result in the setting of simply connected
Riemannian manifolds of nonpositive curvature.

A more general statement is the following (also classical) result:

Proposition 8.4.12. Let X be a Busemann space and letG be a compact topological
group acting by isometries on X. Then there exists a point p in X that is fixed by the
whole group G.

Proof. The compact groupG has a Haar measure μ, that is, a nonnegative measure of
finite non-zero total mass that is invariant by left and right translations2. We choose
an arbitrary point x in X and we let μ be the measure on the orbit Gx induced from
the Haar measure of x. We consider this measure μ as a measure on X. Then the
function D : X → R defined by

D(p) =
∫
X

d2(p, x) dμ(x)

is proper and strictly convex, as a mean of squares of distance functions, and therefore
it has a unique minimum. This minimum is a fixed point for the group G. 
�

We note finally that there is a useful notion of center of mass of a measure defined
on an arbitrary metric space that generalizes the notion of barycenter that we consider
here; see [80].

We conclude this chapter with the following result, which is due to Cartan in the
case where X is a Riemannian manifold of nonpositive curvature (cf. [36] p. 354).

Theorem 8.4.13 (Cartan). Let X be a complete locally compact and locally convex
length space. Then, the fundamental group of X contains no element of finite order
except the identity. As a consequence, eitherX is simply connected or the fundamental
group of X is infinite.

Proof. Let X̃ be the universal covering of X. We equip X̃ with its canonical length
metric (Proposition 3.5.1). Since X̃ is locally isometric toX, it is also locally compact

2The existence and uniqueness (up to a multiplication by a scalar factor) of Haar measures on compact
groups (and more generally on locally compact groups) was proved by R. Haar (see [58]) with the additional
assumption that the groupG is separable. For a proof of existence and uniqueness without this assumption,
we refer the reader to [143].
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and locally convex. Furthermore, by Proposition 3.5.5, X̃ is complete. By the theorem
of Hopf–Rinow (Theorem 2.4.6), X̃ is geodesic. Now the fundamental group of X
is canonically isomorphic to the group G of deck transformations of the covering
X̃ → X. SupposeG contains an element g of finite order. Then, by Corollary 8.4.11,
there exists a point p in X that is fixed by g. But any element of G, acting as a
deck transformation, has no fixed point, unless it is the identity. Therefore, G has no
element of finite order. Finally, if X is not simply connected, then its fundamental
group contains an element that is distinct from the identity, and which therefore is of
infinite order. 
�

Notes on Chapter 8

Busemann’s definition of nonpositive, of zero and of negative curvatures. Buse-
mann calls a “nonpositively curved space” aG-space in which each point has a neigh-
borhood that is a Busemann space in our sense. We shall call such a space a “locally
convex space” and we shall study these spaces in Chapter 9. Condition (vii) of Proposi-
tion 8.1.2 is the one that Busemann uses in [26] p. 237 to define nonpositive curvature.
In the case where the space satisfies locally Condition (vii) with the large inequality
sign ≤ replaced by an equality sign, Busemann calls this space a “space of curva-
ture 0”. If the condition is locally satisfied with a strict inequality sign < instead of
the large inequality sign, for all triples of points x0, x1 and x′

1 that are not contained
in a geodesic segment, then Busemann says that the space is “negatively curved”.

Convex functions on simply connected nonpositively curved Riemannian man-
ifolds. The classical examples of Busemann spaces are the simply connected Rie-
mannian manifolds of nonpositive sectional curvature. A theory of convex functions
defined on such spaces is developed in the paper [17] by R. Bishop and B. O’Neill.
In this paper, the authors give several methods of constructing convex functions and
strictly convex functions on Riemannian manifolds of nonpositive sectional curvature
or of negative curvature. Some of these examples are in the spirit of the examples in
8.4.7 above. For instance, they prove the following (Theorem 4.1 of [17], p. 12): ifM
is a complete simply connected Riemannian manifold of nonpositive sectional curva-
ture, then, for every closed convex submanifold S of M , the square of the “distance
function to S”, that is, the function d2

S : M → R defined by

x �→ (
d(x, S)

)2
is convex. Furthermore, if the sectional curvature of M is negative, then d2

S is strictly
convex on M \ S.

We note that in the context of Riemannian manifolds, the square of the distance
function has the advantage (over the distance function) of being smooth (in fact, it is
C∞), so that convexity boils down to having positive Hessian, and the techniques of
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classical differential geometry can be applied to this function. (Distance functions are
only continuous in the general case.)

Let us also note that several theorems in the paper [17] have been generalized
by Busemann and Phadke in [32] to the context of peakless functions defined on G-
spaces. For instance, Busemann and Phadke gave in that paper an example of a surface
of revolution in R3 that does not carry nonconstant peakless functions.

Cartan’s Theorem and the barycenter of a measure. There is a useful notion of
barycenter of a measure, which generalizes the notion of barycenter of a collection of
weighted points that is used in Cartan’s Theorem (Corollary 8.4.11 above). The idea for
the definition of the barycenter of a measure is used in the proof of Proposition 8.4.12.
In the paper [17] by Bishop and O’Neill, the authors prove that if M is a complete
simply-connected Riemannian manifold of nonpositive sectional curvature, then for
any finite positive measure μ on M with compact support, the map

fμ : p �→
∫
M

d2(p, x) dμ(x)

is strictly convex, and therefore it has a unique minimum point inM . This result implies
Cartan’s theorem and its generalization (Proposition 8.4.12) for simply connected
complete Riemannian manifolds of nonpositive curvature.

For a notion of barycenter of a measure defined on an arbitrary metric space, we
refer the reader to [80].

Convex functions and nonnegative curvature. The global study of manifolds of
nonnegative sectional curvature (that is, the large-scale behaviour of geodesics, the
structure of the isometry group and so on) is also an active field since many decades,
and the theory of convex subsets and convex functions intervenes as well in that study.
In fact, important geometrical and topological information on such manifolds have
been deduced from the existence of non-constant convex functions. Let us give a
few examples. In the 1930s, Cohn-Vossen obtained a famous result that states that
a noncompact complete 2-dimensional manifold of nonnegative curvature is either
diffeomorphic to R2 or is flat (see [40]). Gromoll and Meyer, generalizing Cohn-
Vossen’s techniques and results to higher dimensions, proved that each noncompact
complete manifold of positive sectional curvature is diffeomorphic to Rn. Their proof
relies on considering compact convex subsets in such a manifold and proving the
existence of (not necessarily smooth) convex functions (see [54]). L. Greene and
H. Wu gave a proof of the theorem of Gromoll and Meyer by constructing, on each
complete noncompact manifold of positive sectional curvature, a C∞ strictly convex
function with compact sublevel sets, which allowed the use of Morse theory (see [52]
and [53]). Cheeger and Gromoll generalized these convexity techniques so as to be
useful in the study of manifolds of nonnegative (and not only positive) curvature (see
[38]). For example, they proved that one can define a nonconstant convex function on
any complete noncompact manifold with nonnegative sectional curvature. S.-T. Yau
proved in [147] that if a complete manifold admits a nonconstant convex function,
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then its volume is infinite. The last two results combined imply that any complete
noncompact manifold with nonnegative sectional curvature has infinite volume.

The Nielsen realization problem and convexity inTeichmüller space. S. Kerckhoff
proved in [85] that any finite subgroup of the mapping class group Mg of a closed
oriented surface S = Sg of genus g ≥ 2, acting on the Teichmüller space Tg , has
a fixed point. This result gave a positive answer to the famous Nielsen realization
problem. We mention here this fact because Kerckhoff’s proof is based on a convexity
argument that generalizes, in a highly nontrivial manner, the case of genus one (the
case where the surface is the two-dimensional torus). The genus one case boils down
to the fact that every finite subgroup of SL(2,Z), acting by isometries on hyperbolic
2-space, has a fixed point, and this result can be proved using Cartan’s theorem, cf.
Corollary 8.4.11 above. It is interesting to recall here that for some time, it was
believed that the Nielsen realization problem was settled, as a consequence of a paper
by S. Kravetz [93], in which this author wrongly claimed that the Teichmüller space
of a surface of any genus is a Busemann space, and therefore that the solution of the
Nielsen problem in any genus followed immediately from Cartan’s theorem. After the
discovery by M. Linch (see [94]) of a flaw in Kravetz’s paper, the Nielsen problem
became again an open problem.

Kerckhoff’s solution of the Nielsen realization problem, instead of using the con-
vexity of the Teichmüller distance function (which, by a result of Masur [99], is known
to be false), uses the convexity of the geodesic length functions lα : Tg → R along
certain paths in Teichmüller space. These paths are associated to measured geodesic
laminations and they generalize the Fenchel–Nielsen twists associated to simple closed
curves. They were introduced by Thurston who called them earthquake paths. In the
case where the surface is the two-torus, the earthquake paths are the horocycles of H2.
To describe briefly Kerckhoff’s arguments, we recall that if α is a homotopy class of
simple closed curves in the surface S equipped with a hyperbolic structure and con-
sidered as an element of Teichmüller space, one defines lα(S) to be the length of the
unique closed geodesic on S that is in the homotopy class α. In this way, one obtains
a function lα : Tg → R. Kerckhoff proved that for any earthquake path γ : R → S

along a measured geodesic lamination μ, we have

d(lα � γ (t))
dt

(0) =
∫
μ

cos θ dμ

where θ is the angle that the simple closed curve α that makes with the lamination μ.
To understand this formula, it is useful to first consider the case where the lamination
μ is a simple closed curve β. In this case, the formula becomes

d(lα � γ (t))
dt

(0) =
n∑
k=0

cos θk

where θ1, . . . , θn are the angles (from β to α) at the points where α and β intersect
transversely. The quantity

∫
μ

cos θ dμ can be seen as a limit of sequences of weighted
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quantities of the form
∑n
k=0 cos θk associated to a sequence of weighted closed curves

converging to μ. The convexity of the length function follows from the fact that a
quantity such as cos θk or

∫
μ

cos θ dμ is increasing along any earthquake path.

Once the setting and the (extremely interesting) basic results have been established,
Kerckhoff’s proof is much in the spirit of Cartan’s theorem. First, one needs strict
convexity instead of convexity and for that purpose, rather than considering a unique
length function associated to a homotopy class α, Kerckhoff considers a finite sum
of length functions

∑n
i=1 lαi : Tg → R, where {α1, . . . , αn} is a set of homotopy

classes of simple closed curves that fills up the surface S. This means that any set
of curves representing these homotopy classes has nonempty intersection with any
homotopically nontrivial simple closed curve on S, and this property implies that the
function

∑n
i=1 lαi : Tg → R is strictly convex along any earthquake path. Then, given

any finite subgroup G of Mg , by replacing the set of homotopy classes by the set
of its iterates under G, one can assume that the collection {α1, . . . , αn} is invariant
by the action of G. Finally, a result of Thurston that says that each pair of points in
Tg can be joined by an earthquake path, together with the invariance of the function∑n
i=1 lαi , show that this function has a unique minimum in Tg , and this minimum is

a G-invariant point. This is the fixed point that we seek.

We note that the result on the convexity of length functions associated to simple
closed curves on the surface has been extended by Kerckhoff to the convexity of length
functions associated to geodesic laminations (see [86].)

Let us also note that S. Wolpert, in his paper [144], gives an explicit formula for
the second derivative of the length function along Fenchel–Nielsen twist paths, and
observing the sign of this second derivative gives another way of seeing the convexity
of the length function.

Convexity and the Weil–Petersson metric. In his paper [146], Wolpert worked out
a theory of the convexity of the geodesic length functions on Teichmüller space Tg
equipped with its Weil–Petersson metric instead of the Teichmüller metric. We recall
that Teichmüller space has a natural complex structure on which the mapping class
group acts as a group of biholomorphic mappings, and the Weil–Petersson metric is
closely related to that structure. If S is a Riemann surface representing an element
of Teichmüller space, then the Weil–Petersson metric is induced by an inner product
defined on the space Q(S) of holomorphic quadratic differentials on S, this space
Q(S) being naturally identified with the holomorphic cotangent space to Teichmüller
space at the point S. Explicitly, a holomorphic quadratic differential on S is an
invariant object that has the form φ(z)dz2 where z is a holomorphic local coordinate
and φ a holomorphic function in z. Invariance means here invariance under change
of coordinates, that is, if w is another holomorphic local coordinate, and if in this
local coordinate the holomorphic quadratic differential is written as ψ(w)dw2, then
at the overlap between the two charts we have φ(z)(dz/dw)2 = ψ(z). Now given
two quadratic differentials φ and ψ on the Riemann surface S, if ρ(z)|dz| denotes the
hyperbolic line element on the surface S equipped with its canonical Poincaré metric,
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then the Weil–Petersson inner product of φ and ψ is defined by

〈φ,ψ〉 =
∫
S

φ(z)ψ(z)

(ρ(z))2
dzdz.

There is a natural duality between the tangent and cotangent spaces at S of Teichmüller
space, which is defined by the pairing

(μ, φ) �→
∫
S

μ(z)φ(z) dzdz,

where φ is an element of Q(S) and where μ is a measurable Beltrami differential
representing a tangent vector to Teichmüller space at S. We recall that a measurable
Beltrami differential onS is an object which is given in local coordinates asμ(z)dz/dz,
where μ is a measurable function defined on the range of the coordinate z, with the
following invariance property: if w is another local coordinate and if this Beltrami
differential is given in this local coordinate as ν(w)dw, then we have, at the overlap
between the two charts z andw, μ(z)dz/dw = ν(w)dz/dw. We note by the way that
this implies that the function |μ(z)| is well-defined on the whole surface S.

A measurable Beltrami differential on a Riemann surface describes an infinitesimal
change in the conformal structure. Using this duality, theWeil–Petersson inner product
defines an inner product on the tangent space of Teichmüller space, which gives in
particular a Riemannian metric, which is the Weil–Petersson metric. (In fact, we have
a Kähler metric.) We note by the way that the Teichmüller metric, as a Finsler metric,
is associated to the following norm on cotangent space to Tg:

‖φ‖ =
∫
S

|φ(z)| dzdz,

for any holomorphic quadratic differential φ. Here, the norm on tangent space to
Teichmüller space is defined using the pairing

(μ, φ) �→ 〈μ, φ〉 = Re
∫
S

μ(z)φ(z) dzdz.

In fact, the tangent space at S of Teichmüller space is identified with the space of
measurable Beltrami differentials quotiented by the subspace of Beltrami differentials
μ satisfying 〈μ, φ〉 = 0 for every quadratic differential φ. In this way, the pairing
(μ, φ) �→ 〈μ, φ〉 induces an isomorphism between tangent and cotangent space to
Teichmüller space at S.

We now return to the Weil–Petersson Riemannian metric. This metric has negative
sectional curvature, but it is not complete, and therefore the techniques of global
geometry do not all apply to it a priori. However, results of Wolpert show that Tg ,
equipped with the Weil–Petersson metric, behaves fairly like a complete metric space
of negative curvature. In fact, the failure of completeness is due to the fact that
some geodesics leave the space in finite time, and there are no non-completeness
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phenomena comparable to the fact that the space Q of rationals, equipped with its
usual metric, is not complete. Wolpert showed that Tg is a uniquely geodesic space,
that the exponential map at each point is distance-increasing and then, that any finite
group of isometries has a fixed point. Using these results, he gave a new version of the
solution of the Nielsen realization problem. Another interesting result due to Wolpert
that is related to our subject here is that the geodesic length functions are convex along
Weil–Petersson geodesics. Wolpert also showed that the sublevel sets for the geodesic
length functions, that is, the sets of the form

{h ∈ Tg | lα(h) < M},
where M is any positive constant and α any homotopy class of simple closed curves,
are convex (with Teichmüller space being again equipped with the Weil–Petersson
metric). This result is an analog of a result that was obtained by Kerckhoff in [86],
that concerns the Teichmüller metric. (We note by the way that although Kerckhoff’s
paper appeared in print in 1992, a preliminary version was already circulated in 1983).

Thus, the works of Kerckhoff and Wolpert are the bases of two parallel theories
of convexity in Teichmüller space.



Chapter 9

Locally convex spaces

Introduction

A locally convex metric space is a metric space in which every point has a neighborhood
which, equipped with the induced metric, is a Busemann space. In other words, each
point has a neighborhood in which the distance function associated to two geodesic
segments contained in that neighborhood is convex.

In each geodesic metric space X and to each point x in X, we consider the space
Gx of affinely reparametrized local geodesics γ : [0, 1] → X satisfying γ (0) = x.
The spaceGx is called the tangent space ofX at x and it is equipped with the topology
of uniform convergence. There is a natural map expx : Gx → X that associates to
each affinely reparametrized local geodesic γ : [0, 1] → X starting at x its endpoint
γ (1). This map is called the exponential map at x.

In this chapter, we prove the following result of S. B. Alexander and R. L. Bishop:

Theorem. Let X be a geodesic complete locally compact and locally convex metric
space. Then for every x in X, the exponential map expx : Gx → X is a universal
covering map of X.

This result generalizes a classical theorem which is usually referred to as the
“Cartan–Hadamard Theorem” and which gives an analogous description of the tangent
space at x in the case whereX is a Riemannian manifold of nonpositive curvature (see
Cartan’s Leçons sur la géométrie des espaces de Riemann [36], p. 347).

We also prove the following local-implies-global property:

Theorem. Every complete geodesic locally compact, locally convex and simply con-
nected metric space is a Busemann space.

This result is due to M. Gromov (see [55] p. 187, where a first general version is
also stated under the name “Cartan–Hadamard Theorem”). The proof that we give
here is again due to Alexander and Bishop.

We recall that by the result of Hopf and Rinow (Theorems 1.1.16 and 2.4.6), the
assumption that X is geodesic is automatically satisfied if we assume that X, besides
being locally compact, is a complete length space.

The plan of this chapter is the following:
Section 1 contains definitions and examples of locally convex metric spaces. We

shall linger over the description of surfaces equipped with flat metrics with cone type
singularities, with cone angle > 2π at each singularity.
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In Section 2, we prove the existence and the uniqueness, in a complete locally
convex metric space, of an affinely reparametrized local geodesic joining any two
points that are close enough to the image of an affinely reparametrized local geodesic,
and that the affinely reparametrized local geodesic joining these two points varies
continuously with respect to its endpoints.

Section 3 contains the proofs of the two theorems stated above.

9.1 Locally convex spaces

Definition 9.1.1 (Locally convex metric space). A metric spaceX is said to be locally
convex1 if every point x in X possesses a neighborhood V (x) which, equipped with
the induced metric, is a Busemann space.

We shall say that such a neighborhood V (x) is a Busemann neighborhood of the
point x.2 We recall that from the definition of a Busemann space, it follows that V (x)
is a geodesic metric space and that the geodesic segment joining any two points in
V (X) is unique.

Examples 9.1.2 (Euclidean and hyperbolic manifolds). A Euclidean or a hyperbolic
manifold of any dimension n ≥ 1 is a locally convex metric space. Indeed, each point
x in such a manifold possesses a neighborhood that is isometric to an open ball in
Euclidean space En or in hyperbolic space Hn and, therefore, such a neighborhood is
a Busemann neighborhood of x.

Example 9.1.3 (Simplicial graph). A simplicial graph equipped with a simplicial met-
ric is a locally convex metric space, since every point in such a graph has a neigh-
borhood which, equipped with the induced metric, is isometric to a simplicial tree
equipped with a simplicial metric, which is a Busemann space (Example 8.1.3 (iii)).

Now, we describe another interesting class of locally convex spaces.
First, we recall the notion of 2-dimensional Euclidean cone. We start with Eu-

clidean cones with cone angle< 2π . (We already encountered such objects in Exam-
ple 2.4.16 (ii).) To obtain such a cone, one can start with a sectorAOB in a Euclidean
disk of center O that is bounded by two rays OA and OB, as in Figure 2.7 of Chap-
ter 2. (The angle 	 AOB can take any value in ]0, 2π [.) Such a sector will be a
“fundamental region” for the cone. Gluing together the two sides OA and OB of
this sector by an isometry, we obtain a surface V homeomorphic to a closed disk,
equipped with a metric that is locally Euclidean except at the image of the point O
in V . The space V , or, any (closed or open) ball centered at the image of O in V , is,

1In the terminology used by Busemann, such a space would be called a nonpositively curved space.
2It would have been natural to callV (x) a “convex neighborhood” ofx, but we prefer the term “Busemann

neighborhood” since we already used the term “convex neighborhood” to denote a neighborhood of a point
in a metric space which, equipped with the induced metric, is a geodesic metric space.
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by definition, a Euclidean cone whose cone angle is 	 AOB. To obtain a Euclidean
cone with cone angle> 2π , we take several sectors such as AOB and glue them side
by side in such a way as the result of the gluing is a connected surface. This surface,
or any (closed or open) ball centered at the image of the point O in this surface, is a
Euclidean cone whose cone angle is the sum of the angles of the various sectors. For
instance, gluing four sectors whose angles are equal to π/2 gives a Euclidean cone
whose cone angle is equal to 2π . Thus, in this case, the resulting cone is isometric to
a disk in the Euclidean plane, and the vertex is in fact a regular point. Gluing three
sectors whose angles at the vertices are all equal to π gives a Euclidean cone isometric
to a ball centered at the armpit of a T-shirt (Figure 9.1).

A

Figure 9.1. At the point A the cone angle is 3π .

Let us consider a surface S equipped with a metric that is locally Euclidean except
for an isolated set of points that are called the singularities, such that each of these
singularities has a neighborhood that is isometric to a Euclidean cone whose vertex
corresponds to that singular point. We say that such a point is a conical point of total
angle α if α is the angle at the vertex of the corresponding Euclidean cone.

We shall call such a structure a singular flat metric on the surface S. Such struc-
tures appear in several contexts in the geometry of surfaces. For instance, surfaces
equipped with singular flat metrics can be obtained by gluing a collection of Euclidean
triangles by isometries along edges of equal lengths, and taking the length metric on
the resulting surface. Another context where such metrics appear is the geometric the-
ory of holomorphic quadratic differentials on Riemann surfaces. Equivalently, these
surfaces appear as metric structures defined by two transverse measured foliations
on the topological underlying surface (see for instance [74]). In Chapter 2 (Exam-
ple 2.4.3 (ii)), we already saw that pairs of transverse measured foliations are useful
for describing conformal structures and Teichmüller geodesics on a surface. Let us
say a few words on how two transverse measured foliations determine a singular flat
metric on a surface. In the complement of the singular points, the two transverse mea-
sured foliations define local charts whose range is a subset of the Euclidean plane E2

and for which the coordinate changes are local Euclidean isometries. This provides
a Euclidean structure on the complement of the singular points, and it is easy to see,
from the local models of the singular points of the foliations considered (Figure 2.8
of Chapter 2) that in a neighborhood of each singular point, this structure extends as
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a singular Euclidean structure with a cone type singularity at that point. Thus, the
Euclidean structure defined on the complement of the singular points extends to the
whole surface as a singular flat metric. In these examples, every cone angle at each
singular point is an integer multiple of π .

Now the important fact for us here is the following

Proposition 9.1.4 (Singular flat metric). Let S be a surface equipped with a singular
flat metric such that at each singular point, the cone angle is> 2π . Then S is a locally
convex metric space.

Proof. Each non-singular point in S possesses a neighborhood that is isometric to an
open disk in the Euclidean E2 and such a neighborhood, equipped with the induced
metric, is a Busemann space. Therefore, the only problem is to prove the local con-
vexity at the singular points. Let s be a singular point and let V be a (closed or open)
disk centered at s of positive radius, this radius being small enough in order for V
to be injectively embedded in S. The disk V is isometric to a Euclidean cone whose
angle at the vertex is α > 2π . Let us show that V is a Busemann neighborhood of s.

We start by proving that V is a geodesic space.
Let x and y be two arbitrary points in V . If one of these two points (say x) is

the point s, then the Euclidean segment [y, s] is a geodesic segment that is contained
in V . If x and y are both distinct from s, we consider the Euclidean segments [s, x]
and [s, y]. At the point s, the two segments [s, x] and [s, y] define two angles opposite
to each other but whose sum is greater than 2π (the sum is equal to the cone angle
at s). We break up the argument into two cases.

First case. One of the angles formed by the two segments [s, x] and [s, y] at the
point s is ≤ π . Then these two segments are two sides of a Euclidean triangle sxy that
is isometrically embedded in V . (We note that this triangle is degenerate if the angle
that we are considering that is made by [s, x] and [s, y] at the point s is = π .) In this
case, the side [x, y] of this triangle is a geodesic segment in V that joins x and y.

Second case. The two angles formed by the two segments [s, x] and [s, y] at the
point s are> π . Then the concatenation of the segments [x, s] and [s, y] is a geodesic
segment in S that joins x to y and is contained in V .

Thus, in both cases, the disk V , equipped with the induced metric, is a geodesic
metric space. Therefore, V is a convex neighborhood of s.

To show that V is a Busemann neighborhood of s, we prove that Property (vii)
of Proposition 8.1.2 is satisfied for any two geodesic segments [x, y] and [x, z] in V .
We shall assume for the proof that we are in the generic case where the three points
x, y and z are distinct from the singular point s. (In the non-generic cases, the proof
is simpler, and, in fact, we can treat these cases as limiting cases of the generic case.)

The arguments that we use are a combination of techniques of proofs for analogous
properties in the case of a simplicial tree and in the case of the Euclidean plane. We
consider the three Euclidean geodesic segments [s, x], [s, y] and [s, z]. It is clear from
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the description above that each of these segments is the unique segment in V joining
its endpoints. We call m and m′ the midpoints of [x, y] and [x, z] respectively. The
three segments [s, x], [s, y] and [s, z] define naturally three angles at s, whose sum is
equal to the cone angle at this point. We distinguish five cases:

First case. The three angles that the three segments [s, x], [s, y] and [s, z] make at
the point s are ≥ π . In this case, the concatenation of any two of these segments
is a geodesic segment in S that is contained in V : the concatenation of [x, s] and
[s, y] is a geodesic segment joining x and y, the concatenation of [x, s] and [s, z] is a
geodesic segment joining x and z and the concatenation of [y, s] and [s, z] is a geodesic
segment joining y and z. Then the tripod [s, x] ∪ [s, y] ∪ [s, z] is a convex subset of
S (any geodesic segment joining two points on this tripod is contained in the tripod).
Thus, in this case, all the computations are made in the tripod [s, x] ∪ [s, y] ∪ [s, z]
equipped with the metric induced from that of S (which is the length metric of the
tripod), and the proof of the required property can be done in the same way as that of
Example 8.1.3 (iii) that concerns the case of a metric tree.

Second case. The angle that the segments [s, x] and [s, y] make at s is ≥ π , the angle
that the segments [s, x] and [s, z] make at s is ≥ π and the angle that the segments
[s, y] and [s, z] make at s is < π . In this case, the three points s, y and z are the
vertices of a Euclidean triangle that is isometrically embedded in V . Furthermore,
the union of [x, s] and [s, y] is a geodesic segment joining x and y and the union of
[x, s] and [s, z] is a geodesic segment joining x and z. The points m and m′ are on
the tripod [s, x] ∪ [s, y] ∪ [s, z]. Up to interchanging the names of y and z, we have
three subcases:

First subcase. The point m is on [s, y] and the point m′ is on [s, z]. In this case, the
three points s, y and z are the vertices of a Euclidean triangle that is embedded in S,
and the distances |m − m′| and |y − z| are measured in the Euclidean triangle syz.
Let I (respectively J ) be the midpoint of the side [s, y] (respectively [s, z]) of this
triangle. Then I is on the segment my and J is on the segment m′z (Figure 9.2 (a)).
We have |I − J | = (1/2)|y − z|. We also have |m − m′| ≤ |I − J |. To see this,
we can first consider the special case where |s − y| = |s − z|. In this case, in the
triangle syz, mm′ is parallel to IJ and therefore the required inequality is satisfied.
For the general case, we can suppose without loss of generality that |s − y| ≥ |s − z|.
Then, observing the variation of the distance |m − m′| when |s − y| increases from
a value where it is equal to |s − z| until it reaches its actual value, it is easy to see
in that case that |m −m′| is always bounded by |I − J |. Thus, in any case, we have
|m−m′| ≤ (1/2)|y − z|, as required.

Second subcase. The pointsm andm′ are on [s, x], and we have, on this segment, the
following ordered sequence of points: x, m, m′, s (Figure 9.2 (b)). In this case, we
have

|x −m| = (1/2)(|x − s| + |s − y|)
and

|x −m′| = (1/2)(|x − s| + |s − z|),
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Figure 9.2. The three subcases of Case 2 in the proof of Proposition 9.1.4.

therefore

|m−m′| = |x −m′| − |x −m| = (1/2)(|s − z| − |s − y|).
From the triangle inequality, we deduce

|y − z| − 2|m−m′| = |y − z| − (|s − z| − |s − y|)
= |y − z| − |s − z| + |s − y| ≥ 0.

Thus, we obtain |m−m′| ≤ (1/2)|y − z| which again is the required inequality.

Third subcase. The point m is on [s, x] and the point m′ is on [s, z] (Figure 9.2 (c)).
Here, we note that if we bring the point x closer to the point s by a distance a that is
small enough (and let us denote by xa the new position of x), then the new position
ofm (which is now the midpoint of the segment [xa, y], and which we denote byma)
will be closer from s by a distance of a/2, and the new position of m′ (which is the
midpoint of the segment [xa, z] and which we denote bym′

a) will be closer from z by
a distance that is also equal to a/2. Thus, for a small enough, we are always in the
configuration of the third subcase, and the distance |m′

a −ma| is equal to |m′ −m|. In
fact, this holds until the value a reaches the limiting value 2|s−m|, for which the point
ma attains a limiting position (where this point becomes equal to the point s). But
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this limiting position is also a limiting position for the first subcase, and the equality
|m−m′| ≤ (1/2)|y − z| is therefore also satisfied in this case.

Third case. The angle that the segments [s, x] and [s, y] make at s is < π , the angle
that the segments [s, x] and [s, z] make at s is ≥ π and the angle that the segments
[s, y] and [s, z] make at s is ≥ π . In this case, the union of segments [x, s]∪[s, z] and
[y, s] ∪ [s, z] are geodesic segments, and the three points x, s and y are the vertices
of a Euclidean triangle xsy that is embedded in S. The point m is on the side [x, y]
of the triangle xsy whereas the pointm′ is on the union [x, s] ∪ [s, z]. We distinguish
two subcases :

First subcase. The point m′ is on [x, s] (Figure 9.3 (a)). Let I be the midpoint of
[x, s]. We have, on that segment, the sequence of four points x, I , m′, s in that order.

(a) (b)

z z
s s

y

y

m
m

m′
m′

x

x

Figure 9.3. The two subcases of Case 3 in the proof of Proposition 9.1.4.

From the triangle inequality, we obtain

|m−m′| ≤ |m− I | + |I −m′|.
Furthermore, we have

|I −m′| ≤ |x −m′| = (1/2)|s − z|,
and in the triangle xys, we have the relation

|m− I | = (1/2)|y − s|.
Therefore, we obtain

|m−m′| ≤ (1/2)(|y − s| + |s − z|) = (1/2)|y − z|.
Second subcase. The point m′ is on [s, z] (Figure 9.3 (b)). In this case, we have

|m−m′| = |s −m| + |s −m′|.
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In the Euclidean triangle xys, we have the relation |s−m| ≤ (1/2)(|s−y|+ |s−x|).
Therefore, we obtain

|m−m′| ≤ (1/2)(|s − y| + |s − x|)+ |s −m′|
= (1/2)(|s − y| + |s −m′|)+ (1/2)(|s − x| + |s −m′|)
= (1/2)(|s − y| + |s −m′|)+ (1/2)|z−m′|
= (1/2)(|y − s| + |s −m′| + |m′ − z|)
= (1/2)|y − z|.

Fourth case. The angle that the segments [s, x] and [s, y] make at s is < π , the angle
that the segments [s, x] and [s, z] make at s is < π and the angle that the segments
[s, y] and [s, z] make at s is ≥ π . In this case, the union [y, s] ∪ [s, z] is a geodesic
segment and we have |y − z| = |y − s| + |s − z|. The points x, s and y (respectively
x, s and z) are the vertices of a Euclidean triangle that is embedded in S. The point
m′ (respectively m) is on the side [x, y] (respectively [x, z]) of that triangle. Let m′′
be the midpoint of [x, s]. Then we have

|m−m′| ≤ |m−m′′| + |m′′ −m′| = (1/2)|y − s| + (1/2)|s − z| = (1/2)|y − z|.
Fifth case. The angle that the segments [s, x] and [s, y] make at s is ≥ π , the angle
that the segments [s, x] and [s, z] make at s is < π and the angle that the segments
[s, y] and [s, z] make at s is < π . In this case, the figure formed by the union of the
two Euclidean triangles xsz and ysz having the side sz in common is isometrically
embedded in S. Here, we distinguish two subcases:

First subcase. The sum of the two angles 	 ysz and 	 zsx is ≤ π . We can assume
without loss of generality that x, y and z are close enough to s so that there is a
Euclidean triangle with vertices x, y and z that is embedded in S (Figure 9.4). The
points m and m′ are respectively the midpoints of the sides [y, x] and [z, x] of that
triangle, and we have |m−m′| = (1/2)|y − z|.

y

s

m′

z

m

x

Figure 9.4. The first subcase of Case 5 in the proof of Proposition 9.1.4.
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Second subcase. The sum of the two angles 	 ysz and 	 zsx is > π . (We recall that
since we are in the fifth case, this sum is ≤ 2π .) Then the union [x, s] ∪ [s, y] is a
geodesic segment. We can assume without loss of generality that the distance |y − z|
is small enough so that the closed ball of center s and of radius |s − y| contains no
other singular point than the point s. Now let us consider the point y′ such that the
three points x, s and y′ are contained in that order on a Euclidean segment and such
that |s − y′| = |s − y|. Figures 9.5 (a) and 9.5 (b) represent respectively the case
where m′ is on the segment [s, x] and the case where m is on the segment [s, y]. We

(a) (b)

y

y

y′

y′
s

s
m

m

x
x

m′m′

z
z

Figure 9.5. The second subcase of Case 5 in the proof of Proposition 9.1.4.

deal with the first case. The other case can be dealt with in a similar manner. In the
Euclidean triangle y′zx, the pointsm andm′ are the midpoints of the sides [y′, x] and
[z, x] respectively. Therefore we have

|m−m′| = (1/2)|y′ − z|.
Now let us compare the lengths of the sides y′z and yz in the triangles y′sz and ysz

respectively. The value of the angle 	 y′sz is smaller than that of the angle 	 ysz, and
these angles are adjacent to two congruent sides. We deduce that |y′ − z| ≤ |y − z|.
Therefore, we obtain

|m−m′| ≤ (1/2)|y − z|,
which is the desired inequality. This completes the proof of Proposition 9.1.4. 
�

9.2 Variation of local geodesics

In a locally convex space, it is often useful to work with a Busemann neighborhood
that is a closed ball rather than with an arbitrary Busemann neighborhood, and for that
purpose we record the following three lemmas:
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Lemma 9.2.1. Let X be a locally convex metric space. For every x in X, there exists
a positive real number r0 such that for all r ≤ r0, the (open or closed) ball centered
at x and of radius r is a Busemann neighborhood of x.

Proof. Let V (x) be a Busemann neighborhood of x. If r is small enough, then the
(open or closed) ball of center x and radius r is contained in V (x), and therefore the
result follows from Corollary 8.3.2. 
�

Lemma 9.2.2. Let X be a locally convex metric space. For every x in X, let

rx = sup{r ∈]0,∞] such that B(x, r) is a Busemann space}.
Then the map x �→ rx is continuous, and we have either rx = ∞ for all x in X or
rx < ∞ for all x in X.

Proof. If rx0 = ∞ for some x0 in X, then X is a Busemann space and therefore
rx = ∞ for all x in X. Thus, let us suppose that rx is finite for all x in X and let us
prove that the map x �→ rx is continuous in this case. For every x and y in X and for
every r in ]0,∞[, we have, by the triangle inequality, B(y, r − |x − y|) ⊂ B(x, r),
which implies |rx − ry | ≤ |x−y|. Thus, the map x �→ rx is 1-Lipschitz and therefore
continuous. 
�

Lemma 9.2.3. Let X be a locally convex metric space and let γ : [0, 1] → X be a
path. Then there exists a positive real number r such that for all t in [0, 1], the closed
ball B(γ (t), r) of radius r centered at γ (t) is a Busemann neighborhood of γ (t).

Proof. We use the compactness of the geodesic segment γ ([0, 1]) and we apply
Lemma 9.2.2. 
�

The following theorem is due to Alexander and Bishop ([1]). All the important
results in the next section follow from it.

We recall that if we denote a local geodesic by γx,y , then we mean that this local
geodesic joins the points x and y.

Theorem 9.2.4 (Variation of affinely reparametrized local geodesics). Let X be a
complete locally convex metric space and let γ = γx,y : [0, 1] → X be an affinely
reparametrized local geodesic in X. Let r be a positive real number such that for
each t in [0, 1], the closed ball B(γ (t), r) of radius r centered at γ (t) is a Busemann
neighborhood for γ (t). Then for allp and q inX satisfying |p−x| ≤ r/2 and |q−y| ≤
r/2, there exists a unique affinely reparametrized local geodesic γp,q : [0, 1] → X

satisfying |γp,q(t)− γ (t)| ≤ r/2 for all t in [0, 1]. Furthermore, if p′ and q ′ are two
other points inX satisfying |p′−x| ≤ r/2 and |q ′−y| ≤ r/2 and if γp′,q ′ : [0, 1] → X

is the unique affinely reparametrized local geodesic satisfying |γp′,q ′(t)−γ (t)| ≤ r/2
for all t in [0, 1], then the map t �→ |γp,q(t)−γp′,q ′(t)|, defined on the interval [0, 1],
is convex.
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In fact, we shall prove the following theorem, which is easily seen to be equivalent
to Theorem 9.2.4:

Theorem 9.2.4′ (Equivalent version). Let X be a complete locally convex metric
space, let γ = γx,y : [0, 1] → X be an affinely reparametrized local geodesic in
X and let r be a positive real number such that for each t in [0, 1], the closed ball
B(γ (t), r) of radius r centered at γ (t) is a Busemann neighborhood of γ (t). Then
the following property, which we call P (L), is true for all L ≥ 0.

P (L): Let p and q be two points on γ ([0, 1]) and let γp,q : [0, 1] → X

be an affinely reparametrized local geodesic whose image is contained in
γ ([0, 1]) and whose length is ≤ L. Then for all p and q in X satisfying
|p−p| ≤ r/2 and |q−q| ≤ r/2, there exists a unique affinely reparametrized
local geodesic γp,q : [0, 1] → X satisfying |γp,q(t) − γp,q(t)| ≤ r/2 for all
t in [0, 1]. Furthermore, if p′ and q ′ are two other points in X that satisfy
|p′ − p| ≤ r/2 and |q ′ − q| ≤ r/2, and if γp′,q ′ : [0, 1] → X is the unique
affinely reparametrized local geodesic satisfying |γp′,q ′(t) − γp,q(t)| ≤ r/2
for all t in [0, 1], then the map t �→ |γp,q(t)− γp′,q ′(t)| is convex.

Proof. We follow the proof of Alexander and Bishop. First, we note that the second
part in Property P (L) follows from the first one. Indeed, since for all t in [0, 1] the
points γp,q(t) and γp′,q ′(t) are both at distance ≤ r/2 from γp,q(t), then they are in
the interior of the closed ball B(γp,q(t), r), which is a Busemann neighborhood of the
point γp,q(t). Thus, the map t �→ |γp,q(t) − γp′,q ′(t)| is locally convex. Therefore,
by Theorem 6.2.16, this map is convex.

Now we prove the first part of Property P (L). We break up this proof into two
steps. In Step 1, we prove that Property P (r) (that is, Property P (L) with L = r)
is satisfied. In Step 2, we prove that if Property P (L) is satisfied for some positive
L, then P (3L/2) is also satisfied. It is clear that this will prove Theorem 9.2.4′, and
consequently, Theorem 9.2.4.

Step 1. Let us consider two pointsp and q in γ ([0, 1]), and let γp,q : [0, 1] → X be the
affinely reparametrized local geodesic whose image is contained in γ ([0, 1]). Suppose
that L(γp,q) ≤ r and let z = γp,q(1/2). Thus, we have in particular |p − q| ≤ r ,
|p − z| ≤ r/2 and |z − q| ≤ r/2. Let B = B(z, r) be the closed ball of radius r
centered at z. If p and q satisfy |p − p| ≤ r/2 and |q − q| ≤ r/2, then we have

|p − z| ≤ |p − p| + |p − z| ≤ r/2 + r/2 = r,

and
|q − z| ≤ |q − q| + |q − z| ≤ r/2 + r/2 = r.

Therefore, the points p and q are contained in B. This ball, equipped with the metric
induced from that ofX, is a geodesic metric space. Let [p, q] be a geodesic segment in
B joiningp and q. Using Corollary 8.2.2, there exists a unique affinely reparametrized
local geodesic γp,q : [0, 1] → X joining p and q and this implies in particular that
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the image γp,q([0, 1]) is the geodesic segment [p, q]. The images of the two affinely
reparametrized local geodesics γp,q and γp,q are contained inB, which is a Busemann
space, and we have |γp,q(0) − γp,q(0)| ≤ r/2 and |γp,q(1) − γp,q(1)| ≤ r/2. By
Theorem 6.2.16 (Locally convex functions are convex), the map t �→ |γp,q(t) −
γp,q(t)| is convex. Thus, by Proposition 6.2.14, we have |γp,q(t) − γp,q(t)| ≤ r/2
for all t in [0, 1]. This completes the proof of the Step 1.

Step 2. We assume that Property P (L) is satisfied for some positive L. Let p and q
be two points on γ ([0, 1]), let γp,q : [0, 1] → X be the affinely reparametrized local
geodesic satisfying γp,q([0, 1]) ⊂ γ ([0, 1]) and suppose that L(γp,q) ≤ 3L/2. Let
p and q be two points in X satisfying |p − p| ≤ r/2 and |q − q| ≤ r/2 and let p0
and q0 be the points on γ ([0, 1]) defined by q0 = γp,q(1/3) and p0 = γp,q(2/3).
Finally, let γp,p0 : [0, 1] → X be the affinely reparametrized local geodesic satisfying
γp,p0([0, 1]) ⊂ γ ([0, 1]) and let γq0,q : [0, 1] → X be the affinely reparametrized
local geodesic satisfying γq0,q([0, 1]) ⊂ γ ([0, 1]).

We define, by induction, two sequences (pi)i≥0 and (qi)i≥0 in X ) such that for
all i ≥ 1, Conditions (9.2.4.1) to (9.2.4.3) below are satisfied:

(9.2.4.1)There exists a unique affinely reparametrized local geodesicγp,pi−1 : [0, 1] →
X such that the map t �→ |γp,pi−1(t)− γp,p0(t)| is convex and satisfies |γp,pi−1(t)−
γp,p0(t)| ≤ r/2 for all t in [0, 1], and there exists a unique affinely reparametrized
local geodesic γqi−1,q : [0, 1] → X such that the map t �→ |γqi−1,q(t) − γq0,q(t)| is
convex and satisfies |γqi−1,q(t)− γq0,q(t)| ≤ r/2 for all t in [0, 1].
(9.2.4.2) pi = γqi−1,q(1/2) and qi = γp,pi−1(1/2).

(9.2.4.3) |pi − p0| ≤ r/2 and |qi − q0| ≤ r/2.

The points p0 and q0 are already defined. Let us define the points p1 and q1.
The lengths of the two paths γp,p0 : [0, 1] → X and γq0,q : [0, 1] → X are ≤ L.

Therefore, property P (L) implies that there exists a unique affinely reparametrized lo-
cal geodesic γp,p0 and a unique affinely reparametrized local geodesic γq0,q satisfying,
for all t in [0, 1],
(9.2.4.4) |γp,p0(t)− γp,p0(t)| ≤ r/2 and |γq0,q(t)− γq0,q(t)| ≤ r/2.

We set p1 = γq0,q(1/2) and q1 = γp,p0(1/2) (Figure 9.6). Relations (9.2.4.1)
and (9.2.4.2) are therefore satisfied for i = 1. The convexity of the functions

p

q0

q1 p1

p0

q

Figure 9.6
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t �→ |γp,p0(t) − γp, p0(t)| and t �→ |γq0,q(t) − γq0,q(t)|, together with (9.2.4.4),
imply that (9.2.4.3) is satisfied for i = 1. Thus, the points p1 and q1 satisfy the three
required conditions.

Now suppose that the pointspi−1 andqi−1 have been defined for some integer i ≥ 2
and let us define the pointspi and qi . We setpi = γqi−1,q(1/2) and qi = γp,pi−1(1/2).
Since p0 = γq0,q(1/2), we have, by convexity, |pi −p0| ≤ r/2. In the same way, we
have |qi−q0| ≤ r/2. By Property P (L), there exists a unique affinely reparametrized
local geodesic γp,pi : [0, 1] → X such that the map t �→ |γp,pi (t) − γp,p0(t)| is
convex and satisfies |γp,pi (t) − γp,p0(t)| ≤ r/2 for all t in [0, 1], and there exists a
unique affinely reparametrized local geodesic γqi ,q : [0, 1] → X such that the map
t �→ |γqi ,q(t)− γq0,q(t)| is convex and satisfies |γqi ,q(t)− γq0,q(t)| ≤ r/2 for all t in
[0, 1].

This completes the induction for the existence of the sequences (pi)i≥0 and (qi)i≥0.
To continue Step 2 of the proof of Theorem 9.2.4′, we need the following

Lemma 9.2.5. For every integer i ≥ 1 and for every t in [0, 1], we have

(9.2.5.1) |γp,pi−1(t)− γp,pi (t)| ≤ r

2i
and |γqi−1,q(t)− γqi ,q(t)| ≤ r

2i
.

Proof. We prove this lemma by induction. We start with the case i = 1. We have

|γp,p0(0)− γp,p1(0)| = |p − p| = 0

and
|γp,p0(1)− γp,p1(1)| = |p0 − p1| ≤ r/2.

Therefore, by convexity of the map t �→ |γp,p0(t)− γp,p1(t)|, we have

|γp,p0(t)− γp,p1(t)| ≤ r/2

for all t in [0, 1].
An analogous reasoning shows that

|γq0,q(t)− γq1,q(t)| ≤ r/2

for all t in [0, 1].
This proves (9.2.5.1) for i = 1.
Now, let us suppose, as an induction hypothesis, that (9.2.5.1) is satisfied for

some integer i ≥ 1. From (9.2.4.2), we have, for all i ≥ 1, γp,pi−1(1/2) = qi .
The induction hypothesis (applied with t = 1) and the convexity of the map t �→
|γp,pi−1(t)− γp,pi (t)| imply therefore (by taking t = 1/2)

|qi − qi+1| ≤ 1

2

r

2i
= r

2i+1 .



9.2 Variation of local geodesics 223

In the same manner, we obtain

|pi − pi+1| ≤ 1

2

r

2i
= r

2i+1 .

Now using the convexity of the map t �→ |γqi ,q(t)− γqi+1,q(t)|, we obtain

|γqi ,q(t)− γqi+1,q(t)| ≤ r

2i+1

for all t in [0, 1].
In the same way, we have

|γp,pi (t)− γp,pi+1(t)| ≤ r

2i+1

for all t in [0, 1].
This completes the induction step for (9.2.5.1), and the proof of Lemma 9.2.5. 
�

Now we continue the proof of Theorem 9.2.4′.
Relations (9.2.5.1) show that the sequences

(
γp,pi (t)

)
i≥0 and

(
γqi ,q(t)

)
i≥0 are

Cauchy sequences, uniformly in t . Therefore, the sequence of paths (γp,pi )i≥1 con-
verges uniformly to a path γp,p∞ , where p∞ = limi→∞ pi . In the same way, the
sequence of paths (γqi ,q)i≥1 converges uniformly to a path γq∞,q , where q∞ =
limi→∞ qi .

By taking limits, we see that the paths γp,p∞ and γq∞,q are affinely reparametrized
local geodesics, and that they satisfy respectively

|γp,p∞(t)− γp,p0(t)| ≤ r/2

and
|γq∞,q(t)− γq0,q(t)| ≤ r/2.

Again, by taking limits, we obtain γp,p∞(1/2) = q∞ and γq∞,q(1/2) = p∞.
The map t �→ |γp,pi−1(1/2 + t) − γqi−1,q(t)|, defined on [1/2, 1], is convex. Its

values for t = 1/2 and t = 1 are bounded above by r/2i . Thus, we have, for all t in
[1/2, 1],

|γp,pi−1(1/2 + t)− γqi−1,q(t)| ≤ r/2i .

Hence, for every t in [1/2, 1], the sequences
(
γp,pi−1(1/2+ t))

i≥1 and
(
γqi−1,q(t)

)
i≥1

in X converge to the same point as i → ∞. We deduce that the images of the two
affinely reparametrized local geodesics γp,p∞ and γq∞,q have in common the image
of the unique affinely reparametrized local geodesic γp∞,q∞ : [0, 1] → X satisfying
|γp∞,q∞(t) − γq0,p0(t)| ≤ r/2 for all t in [0, 1]. Therefore, the union of these two
images is the image of an affinely reparametrized local geodesic joining p and q
satisfying the required properties. This completes the proof of Theorem 9.2.4′, and
therefore that of Theorem 9.2.4. 
�
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We deduce from Theorem 9.2.4 a result on the convexity of neighborhoods of
geodesic segments in Busemann spaces. To state this result, we recall the following
definition of Busemann’s ([28] p. 243) that we already used in special cases (Chapter 5).

Definition 9.2.6 (Capsule). LetX be a metric space, let r be a nonnegative real number
and let [x, y] be a geodesic segment inX. Then, the capsule of radius r and axis [x, y]
is the set

C([x, y], r) = {z ∈ X, d(z, [x, y]) ≤ r}.
The notion of capsule generalizes the notion of closed ball, since when the segment

[x, y] is reduced to a point, the capsule C([x, y], r) is the closed ball of center x and
radius r . Thus, the following proposition generalizes Proposition 8.3.2 which says
that in a Busemann space, closed balls are convex.

Proposition 9.2.7 (Capsules in Busemann spaces are convex). Let X be a complete
Busemann space. Then, for every geodesic segment [x, y] and for every nonnegative
real number r , the capsule C([x, y], r) is convex.

Proof. Let γx,y : [0, 1] → X be an affinely reparametrized geodesic whose image is
the segment [x, y]. For every t in [0, 1] and for every r > 0, the open ballB(γ (t), 2r)
is a Busemann neighborhood of the point γ (t) (we use Corollary 8.3.2 which says that
any open ball in a Busemann space, equipped with the induced metric, is a Busemann
space). By applying Theorem 9.2.4 to any subsegment of [x, y], we see that for everyp
and q in the capsuleC([x, y], r), there exists an affinely reparametrized local geodesic
γp,q : [0, 1] → X whose image is contained in this capsule. By the existence of
geodesics and uniqueness (up to parametrization) of local geodesics joining two points
in a Busemann space (Corollary 8.2.2), the path γp,q is an affinely reparametrized
geodesic. Therefore, its image is a geodesic segment contained in the capsule. This
proves Proposition 9.2.7. 
�

9.3 The universal covering of a locally convex metric space

The following definition is due to Alexander and Bishop (see [1]). It generalizes the
notion of exponential map in the context of Riemannian geometry, whose domain of
definition is the tangent space, at each point of a Riemannian manifold.

Definition 9.3.1 (Tangent space and exponential map).3 Let X be a geodesic metric
space and let x be a point in X. The tangent space at x is the set Gx of affinely
reparametrized local geodesics γ : [0, 1] → X that start at x (that is, satisfying
γ (0) = x). The exponential map at x, expx : Gx → X, is then defined by setting
expx(γ ) = γ (1) for all γ in Gx .

3This definition makes sense in any metric space, but of course, if the space is not locally geodesic, the
definition should be replaced by a discrete version.
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For every x in X, we equip Gx with the metric d defined by

d(γ1, γ2) = sup
t∈[0,1]

|γ1(t)− γ2(t)|X

for allγ1 andγ2 inGx . We shall refer to this metric as themetric of uniformconvergence
on Gx .

Notice that if X is a locally convex metric space, then X is connected, locally
arcwise connected and semi-locally simply connected, and therefore it makes sense
to talk about the universal covering of X. We now prove the following

Theorem 9.3.2 (Gromov–Alexander–Bishop: The exponential map is the universal
covering map). Let X be a geodesic, complete, locally compact and locally convex
metric space. Then for every x in X, the exponential map expx : Gx → X is a
universal covering map.

Proof. Let x be a point in X. We first prove that the exponential map expx is a local
isometry. Let γ be an element ofGx and let us prove that there exists a neighborhood
V (γ ) of γ in Gx such that the restriction of expx to V (γ ) sends this neighborhood
isometrically onto a neighborhood of the point expx(γ ) in X.

Let r be a positive real number such that for every t in [0, 1], the closed ball
B(γ (t), r) of radius r centered at γ (t) is a Busemann neighborhood for γ (t) (Lemma
9.2.3) and let V (γ ) be the set of elements η : [0, 1] → X inGx satisfying |η−γ |Gx ≤
r/2. Then V (γ ) is a neighborhood of γ in Gx . For every η1 and η2 in V (γ ), let
dη1,η2 : [0, 1] → R be the map t �→ |η1(t)−η2(t)|. This map is convex, and it satisfies
dη1,η2(0) = 0 and dη1,η2(t) ≥ 0 for all t in [0, 1]. Therefore, by Corollary 6.2.12, it is
increasing. This implies

|η1 − η2|Gx = sup
t∈[0,1]

|η1(t)− η2(t)|X
= |η1(1)− η2(1)|X
= | expx(η1)− expx(η2)|X.

Thus, the exponential map restricted to V (γ ) is distance-preserving. In particular, it
is continuous and injective. It is also surjective, since X is a geodesic metric space.
Furthermore, Theorem 9.2.4 implies that the set expx

(
V (γ )

)
is a neighborhood of

exp(γ ) in Gx . Thus, the map expx is a local isometry.
Now, let us prove that the map expx : Gx → X is a covering map.
The spaceX, being locally convex, is locally uniquely geodesic. We have seen that

the map expx is a local isometry. We would like to apply Theorem 3.5.4 but we cannot
do so because the spaceGx , equipped with the metric d of uniform convergence, is not
necessarily a length space. (As Alexander and Bishop note in [1], p. 317, an example
of a space X that satisfies the hypotheses of Theorem 9.3.2 but for which d is not a
length metric, is obtained by taking X to be a circle in the Euclidean plane.) Instead,
we apply Theorem 3.5.4 to the metric space (Gx, d�) where d� is the length metric
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associated to d (Definition 2.1.6). To see that this is possible, we show that the metric
d� satisfies Properties (9.3.2.1) and (9.3.2.2) below:

(9.3.2.1) The metric d� is complete.

Indeed, the metric d (which is the metric of uniform convergence) is complete, and
we have d� ≥ d . (This follows immediately from the definition of the length metric
associated to a metric). Thus, a Cauchy sequence for d� is also a Cauchy sequence
for d. A Cauchy sequence for the metric d is convergent. Therefore, this sequence
converges also for d�.

(9.3.2.2) The map expx : (Gx, d�) → X is a local isometry.

Indeed, since X is locally convex, (Gx, d) is also locally convex. In particular,
(Gx, d) is locally a length space. Therefore, the metric d� coincides locally with d.
(In the example we mentioned above where X is a circle, d and d� do not coincide
globally.) In particular, (Gx, d�) is locally compact and locally uniquely geodesic,
and the map expx : (Gx, d�) is, like the map expx : (Gx, d) → X, a local isometry.

Therefore, by Theorem 3.5.4, the map expx : Gx → X is a covering map.
Finally we prove that for all x in X, the space Gx is simply connected. This will

imply that the map expx : Gx → X is the universal covering map.
We show that the spaceGx is contractible. To see this, we use the mapH : [0, 1]×

Gx → Gx where for allu in [0, 1],H(u, γ ) is the element ofGx defined by t �→ γ (ut).
We have, for all γ in Gx , H(0, γ ) = γ0 where γ0(t) = x for all t in [0, 1], and
H(1, γ ) = γ . Theorem 9.2.4 implies that any element γx,y inGx varies continuously
as a function of y, with respect to the topology of uniform convergence on Gx , and
this proves that the mapH is continuous. Therefore,H is a retraction. This completes
the proof of Theorem 9.3.2. 
�

From Theorem 9.3.2, we deduce the following

Corollary 9.3.3. Let X be a complete geodesic locally convex and locally compact
metric space. In each homotopy class of paths inX with fixed endpoints that contains
a rectifiable path, there exists a local geodesic, and this local geodesic is unique up
to reparametrization.

Proof. The existence of the local geodesic follows from Proposition 2.4.11. The
uniqueness follows from the fact that the exponential map is a universal covering map
(Theorem 9.3.2). 
�

We end this chapter with the following theorem (cf. [1], p. 309 where this theorem
is attributed to Gromov).

Theorem 9.3.4 (Gromov). Let X be a simply connected geodesic, complete, locally
compact and locally convex length space. Then X is a Busemann space.
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Proof. Let x be a point inX. SinceX is simply connected, Theorem 9.3.2 implies that
the covering map expx : Gx → X is a homeomorphism, for all x in X. In particular,
for any two points in X, there exists an affinely reparametrized local geodesic that
joins them that is unique up to reparametrization. Since the space X is geodesic
(Theorems 2.1.15 and 2.4.6), this affinely reparametrized local geodesic is an affinely
reparametrized geodesic. Thus, given two arbitrary points inX, there exists an affinely
reparametrized geodesic that joins them, and this affinely reparametrized geodesic is
unique up to reparametrization.

Now let us consider three geodesic segments [x, y], [x, z] and [y, z] in X and let
m and m′ be respectively the midpoints of [x, y] and [x, z]. For each t in [0, 1], let
γ (t) be the point on [y, z] defined by γ (t) = (1 − t)y + tz (we are using the natural
parametrization of a geodesic segment), and let ηt : [0, 1] → X be the unique affinely
reparametrized geodesic satisfying ηt (0) = x and ηt (1) = γ (t). In particular, the
image of η0 is the geodesic segment [x, y] and the image of η1 is the geodesic segment
[x, z].

Let R = max{|x − y|, |x − z|}. For every t in [0, 1], the image of ηt is contained
in the closed ball B(x,R).

Let us consider again the map on X defined by

x �→ rx = sup{r ∈]0,∞] such that B(x, r) is convex}.
By Lemma 9.2.2, this map is continuous. Since the closed ball B(x, r) is compact
(Theorem 2.1.15), there exists a real number r > 0 such that for all x ∈ B(x,R), we
have rx > r .

Let (ti)i=0,...,n be a subdivision of [0, 1] such that for all i = 0, . . . , n, we have
|γ (ti) − γ (ti+1)| < r/2. By Theorem 9.2.4, for all i = 0, 1, . . . , n − 1, the map
t �→ |ηti (t)− ηti+1(t)| is convex. Thus, we have

|ηti (1/2)− ηti+1(1/2)| ≤ (1/2)|ηti (1)− ηti+1(1)|
= (1/2)|γ (ti)− γ (ti+1)|.

Applying n times the triangle inequality, we obtain:

|m−m′| = |η0(1/2)− η1(1/2)|

≤
n−1∑
i=0

|ηti (1/2)− ηti+1(1/2)|

≤ (1/2)
n−1∑
i=0

|ηti (1)− ηti+1(1)|

= (1/2)|y − z|.
This completes the proof of Theorem 9.3.4. 
�
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Notes on Chapter 9

Theorem 9.2.4 and its proof follow Theorem 2 of [1]. An early version of Corol-
lary 9.3.3 is due to Busemann ([28] p. 288), where the setting is that of straight
G-spaces. This result generalizes a result of Hadamard for surfaces equipped with a
metric of nonpositive curvature that we mentioned in the introduction (cf. [62], Part
III, Theorem 31). Theorem 9.3.2 is Theorem 1 in [1], where this result is attributed to
Gromov, and where it is proved without the assumption that X is locally compact. In
the proof that we give here, we rely on Theorem 3.5.4, which requires local compact-
ness. A proof of Theorem 9.3.2, without the local compactness condition is contained
in [20] (Theorem 3.4 p. 193). Another version of this result is contained in [7].

Convexity of capsules. Busemann introduced in [28] a notion of a “space in which
capsules with a small radius are convex”. Such a property is satisfied by complete
Busemann spaces, and in fact, in a complete Busemann space, all capsules are convex
(Proposition 9.2.7 above). In [28], Theorem 41.6, Busemann shows that a Riemannian
manifold has nonpositive curvature if and only if in that space capsules of small radii
are convex. Busemann shows in [28] §36.16 that in a G-space, this property on
capsules is equivalent to the fact that each point has a neighborhood such that for each
geodesic segment T and for each geodesic segment [x0, x1] in that neighborhood, the
function fT (t) = dist(xt , T ) defined on [0, 1], is peakless. Here, for all t in [0, 1], xt
is as usual the point on [x0, x1] satisfying |x0 − xt | = t |x0 − x1|. Of course, in the
case where X is a Busemann space, the function fT is convex. For the definition of a
peekless function, see Definition 6.2.10.

The Cartan–Hadamard Theorem. In [36], Notes III & IV, Cartan proves that if M
is a proper Riemannian manifold of dimension n, then the set E of local geodesics
starting at some fixed point x0 ofM is a simply connected covering ofM (and therefore
it is the universal covering of M), the covering map from E to M being the one that
assigns to each local geodesic starting at x0 its endpoint. The main point in Cartan’s
argument is the fact that each point in M can be joined to x0 by a local geodesic (that
is, that the map E → M is surjective); cf. [36] p. 346. On p. 360 of the same book,
Cartan has another proof of this fact, based on the theorem of Hopf–Rinow (for which
he gives a proof), that is, the fact that for any two points in the Riemannian manifoldM ,
there is a geodesic segment joining them whose length is equal to the distance between
these points. Cartan also proves that in the case where M is nonpositively curved,
E is homeomorphic to Rn. His arguments are based on Hadamard’s ideas contained
in [62], which justifies the name “Cartan–Hadamard Theorem”. As an application of
that result, Cartan considers the case of a manifold X homeomorphic to S2×]0, 1[.
This space cannot be equipped with a Riemannian metric of nonpositive curvature
that is proper (that is, where the two ends are at infinity), since this space is simply
connected but not contractible ([36] p. 348).



Chapter 10

Asymptotic rays and the visual boundary

Introduction

Given two geodesic rays r1 : [0,∞[→ X and r2 : [0,∞[→ X in a metric space X,
we say that they are asymptotic if there exists a real number α such that for all t ≥ 0,
we have

|r1(t)− r2(t)| ≤ α.

Equivalently, two geodesic rays in a metric space X are asymptotic if and only if
their images are at finite Hausdorff distance.

Asymptoticity of geodesic rays is one possible (and may be the most useful)
generalization to arbitrary metric spaces of parallelism of geodesic rays in Euclidean
space.

A first version of this notion of asymptoticity, in the setting of surfaces of nonposi-
tive curvature, has been considered by Hadamard in his paper [62]. IfX is a Busemann
space, two geodesic rays starting at the same point are asymptotic if and only if they
are equal.

In this chapter, for each geodesic metric space X and for each point p in X, we
consider the set RpX of geodesic rays in X starting at p, and we equip it with the
topology of uniform convergence on compact sets. We then associate to the point p a
space ∂pX, which is better adapted to play the role of a “boundary” ofX than the space
RpX. This is the quotient space of Rp(X) by the equivalence relation that identifies
two geodesic rays starting at p whenever these rays are asymptotic. The space ∂pX
is equipped with the quotient topology induced from that of Rp(X) and it is called
the visual boundary ofX at p. One can try to make the relations between the families
(RpX)p∈X and (∂pX)p∈X and the family of tangent spaces associated to a geodesic
metric space, which we encountered in Chapter 9.

In the case where X is a Busemann space, each equivalence class of geodesic
rays starting at any given point is reduced to one element, and therefore there is a
canonical identification RpX � ∂pX, for every p in X. In the case where X is a
proper Busemann space, ∂pX is compact and there is a canonical bijection between
the spaces ∂pX and ∂qX, for any p and q in X. A study of the boundary spaces
∂pX has been started by P. Hotchkiss in [65], where he proves that the canonical map
∂pX → ∂qX is a homeomorphism.

The outline of this chapter is as follows.
In Section 1, we consider asymptotic geodesic rays in metric spaces and we study

in some detail the case of Busemann spaces.
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In Section 2, we consider the space RpX of geodesic rays in a metric space X
starting at a point p and we define the visual boundary ∂pX at p. In the case where
X is a Busemann space, we show that ∂pX � RpX and that for any p and q in X,
there is a natural bijection �p,q : ∂pX → ∂qX. We define a topology on the union
X∪ ∂pX . We end this section with a few remarks on the topology of the spaces RpX

and ∂pX.

10.1 Asymptotic rays

Let us start by recalling that a geodesic ray in a metric spaceX is a distance-preserving
map r : [0,∞[→ X. We say that r(0) is the origin of r , and that r starts at r(0).

We also recall that the diameter of a metric spaceX is the element of [0,∞[∪{∞}
defined as

diam(X) = sup{|x − y|, x in y ∈ X}.
It is clear that if X has finite diameter, then there is no geodesic ray in X. Con-

versely, we have the following

Proposition 10.1.1. Let X be a complete geodesic metric space of infinite diameter.
Then every point in X is the origin of some geodesic ray.

Proof. Since diam(X) = ∞, we can find, for every nonnegative integer n, two points
yn and zn in X satisfying |yn − zn| ≥ n. Let x be any point in X. From the triangle
inequality, we have either |x − yn| ≥ n/2 or |x − zn| ≥ n/2. Let us set, for each
nonnegative integer n,

xn =
{
yn if |x − yn| ≥ n/2,

zn if |x − yn| < n/2.

We have |x − xn| → ∞ as n → ∞. Since X is geodesic, we can find, for each
n ≥ 0, a geodesic path γ ∗

n : [0, |x − xn|] → X joining x and xn. We extend γ ∗
n to a

map γn : [0,∞[→ X by setting

γn(t) =
{
γ ∗
n (t) if 0 ≤ t ≤ |x − xn|,
xn if |x − xn| ≤ t < ∞.

The sequence of maps (γn) is equicontinuous, since each of these maps is
1-Lipschitz. Furthermore, for each t ≥ 0, the set {γn(t), n ≥ 0} is contained in
the closed ball of center x and radius t , and therefore it is bounded. Since R is sep-
arable and X complete, Ascoli’s theorem (Theorem 1.4.9) implies that the sequence
(γn) has a subsequence that converges uniformly on compact subsets of R. From the
continuity of the distance function, it is easy to see, as in the proof of Proposition 2.3.1,
that the limit of this subsequence is a geodesic ray starting at x. 
�
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Definition 10.1.2 (Asymptotic geodesic rays). Let X be a metric space and let
r1 : [0,∞[→ X and r2 : [0,∞[→ X be two geodesic rays. We say that r1 is asymp-
totic to r2 if there exists a real number α such that |r1(t)− r2(t)| ≤ α for all t ≥ 0.

It is clear that the relation of being asymptotic is an equivalence relation on the set
of geodesic rays.

If r : [0,∞[→ X and r ′ : [0,∞[→ X are two geodesic rays in X, than we say
that r ′ is a subray of r if there exists a real number t0 such that r ′(t) = r(t0 + t) for
all t ≥ 0. It is clear that if r ′ is a subray of r , then r and r ′ are asymptotic.

Examples 10.1.3 (Asymptotic geodesic rays).

(i) Let us first give an example of a space in which there are several asymptotic
rays starting at some point. Consider the space E3 equipped with a coordinate system
x, y, z and let X ⊂ E3 be the subset obtained by rotating around the z-axis the subset
of the xz-plane defined as the union of the half-line {x = −1, z ≥ 0} with the affine
segment joining the point (0,−1) to the point (−1, 0) (see Figure 10.1). We equip
X with the length metric associated to the metric induced from its inclusion in E3.
In this length space, the union of the half-line {x = −1, z ≥ 0} with the segment
joining the point (0,−1) to the points (−1, 0) is the image of a geodesic ray r starting
at (0,−1), and any ray obtained by composing the ray r with a rotation around the
z-axis is asymptotic to r .

Figure 10.1. The surface X in E3 referred to in Example 10.1.3 (i) is obtained by rotating
around the vertical axis the curve drawn here.

(ii) If X = R, then each point in X is the origin of exactly two geodesic rays, and
these two rays are not asymptotic
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(iii) The same property holds if X is the Euclidean cylindre S1 × R: each point in
X is the origin of exactly two geodesic rays, and these rays are not asymptotic.

(iv) Euclidean space. If r1 : [0,∞[→ En and r2 : [0,∞[→ En are two geodesic
rays in Euclidean n-space En, then r1 and r2 are asymptotic if and only if one of the
following two properties holds:

• r2 is a subray of r1 or r1 is a subray of r2;

• r1 and r2 have disjoint images, these images are contained in a 2-dimensional
affine plane, and in that plane, the images are contained in images of parallel Euclidean
straight lines and have the same direction.

(v) Hyperbolic space. In hyperbolic space Hn, two geodesic rays r1 : [0,∞[→ Hn

and r2 : [0,∞[→ Hn are asymptotic if and only if the limits r1(∞) and r2(∞) are
equal as points of the boundary Sn−1. (This is best visualized in the open ball model
Bn of Hn.)

(vi) R-tree. Let T be an R-tree. Then, two geodesic rays r1 : [0,∞[→ T and
r2 : [0,∞[→ T are asymptotic if and only if their images coincide up to a compact
segment, that is, if and only if there exists t1 ≥ 0 and t2 ≥ 0 such that r1([t1,∞[) =
r2([t2,∞[).

On the set of geodesic rays, we can compare the relation of being asymptotic to
the relation of having images at finite Hausdorff distance. We start with a few general
observations on subsets that are at finite Hausdorff distance.

From the definition of the Hausdorff distance dH (cf. Chapter 4), it follows that
if A and B are subsets of a metric space X, then dH (A,B) < ∞ if and only if there
exists ε > 0 such that B ⊂ N(A, ε) and A ⊂ N(B, ε). It is clear that the relation
dH (A,B) < ∞ is an equivalence relation between subsets of X, and that any two
bounded subsets of X are equivalent with respect to this relation.

Proposition 10.1.4. Let X be a metric space and let r1 : [0,∞[→ X and
r2 : [0,∞[→ X be two geodesic rays inX. Then, r1 and r2 are asymptotic if and only
if their images are at finite Hausdorff distance.

Proof. We prove the nontrivial part of the statement, i.e., if the images are at finite Haus-
dorff distance, then the geodesic rays are asymptotic. Let κ = dH (Im(r1), Im(r2))
and let us show that if κ < ∞, then |r1(t)− r2(t)| ≤ 2κ+|r1(0)− r2(0)| for all t ≥ 0.

For each t ≥ 0, consider the projection pIm(r2)(r1(t)) of r1(t) on the closed set
Im(r2). Then, pIm(r2)(r1(t)) = r2(t

′) for some t ′ ≥ 0 and we have

t ′ = |r2(t ′)− r2(0)| ≤ |r2(t ′)− r1(t)| + |r1(t)− r1(0)| + |r1(0)− r2(0)|
≤ κ + t + |r1(0)− r2(0)|.
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On the other hand, we have

t = |r1(t)− r1(0)|
≤ |r1(t)− r2(t

′)| + |r2(t ′)− r2(0)| + |r2(0)− r1(0)|
≤ κ + t ′ + |r2(0)− r1(0)|,

which gives t ′ ≥ t − κ − |r2(0)− r1(0)|.
Thus, we obtain

−κ − |r1(0)− r2(0)| ≤ t ′ − t ≤ κ + |r1(0)− r2(0)|
or, equivalently,

|t ′ − t | ≤ κ + |r1(0)− r2(0)|.
Therefore we have, for all t ≥ 0,

|r1(t)− r2(t)| ≤ |r1(t)− r2(t
′)| + |r2(t ′)− r2(t)|

≤ κ + |t ′ − t |
≤ 2κ + |r1(0)− r2(0)|.

This completes the proof of Proposition 10.1.4. 
�

We are particularly interested in images of geodesic rays in Busemann spaces, and
concerning such rays we need the following:

Proposition 10.1.5. Let X be a Busemann space, let p be a point in X and let
r1 : [0,∞[→ X and r2 : [0,∞[→ X be two distinct geodesic rays starting at p.
Then, the map dr1,r2 : [0,∞[→ R defined by

dr1,r2(t) = |r1(t)− r2(t)|
is increasing and satisfies limt→∞ dr1,r2(t) = ∞.

Proof. Since X is a Busemann space, for any fixed T ≥ 0, the restriction of dr1,r2 to
the interval [0, T ] is convex. Furthermore, this map takes only nonnegative values,
and it takes the value 0 at t = 0. Therefore, it is increasing (Corollary 6.2.12). This
implies that the map dr1,r2 is also increasing and convex. Since the geodesic rays r1
and r2 are distinct and since they start at the same point, the map dr1,r2 is not constant.
Therefore, by Proposition 6.2.3, we have limt→∞ dr1,r2(t) = ∞. 
�

From the preceding results, we deduce the following

Proposition 10.1.6. Let X be a Busemann space and let r1 : [0,∞[→ X and
r2 : [0,∞[→ X be two geodesic rays starting at the same point. Then, the following
three properties are equivalent:
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(i) r1 = r2;

(ii) r1 and r2 are asymptotic;

(iii) dH (Im(r1), Im(r2)) < ∞.

Proof. Implication (i) ⇒ (ii) is trivial. By Proposition 10.1.4, we have (ii) ⇐⇒ (iii).
Finally, (ii) ⇒ (i) follows from Proposition 10.1.5. 
�

We already mentioned that the relation of being asymptotic (or, equivalently, the
relation of having their images at finite Hausdorff distance) on the set of geodesic
rays is a possible generalization the relation of being parallel between geodesic rays
in Euclidean space. Therefore, the next proposition shows that, in some sense, for any
geodesic ray in a proper Busemann space, there exists a unique “parallel” geodesic
ray starting at any point.

Proposition 10.1.7. LetX be a proper Busemann space, let q be a point inX and let
r : [0,∞[→ X be a geodesic ray. Then, there exists a unique geodesic ray r ′ starting
at q that is asymptotic to r (or, equivalently, whose image is at finiteHausdorff distance
from that of r).

Proof. Uniqueness follows from Proposition 10.1.6 and from the transitivity of the
relation of being at finite Hausdorff distance. For existence, we use the same construc-
tion as in the proof of Proposition 10.1.1. For all n ≥ 0, we let γn : [0, |q−r(n)|] → X

be the geodesic path joining q to r(n) and rn : [0,∞[→ X the map defined by

rn(t) =
{
γn(t) if 0 ≤ t ≤ |q − r(n)|,
γn(|q − r(n)|) if t ≥ |q − r(n)|.

Since the map rn is 1-Lipschitz, the sequence (rn)n≥0 is equicontinuous. Further-
more, for all t ≥ 0, we have |q−rn(t)| ≤ t , therefore the set {rn(t)|n ≥ 0} is bounded.
SinceX is geodesic and proper, it is complete and we can use Ascoli’s theorem to con-
clude that the sequence (rn)n≥0 has a subsequence (rni )i≥0 that converges uniformly
on compact subsets to a map r ′ : [0,∞[→ X which is a geodesic ray starting at q.

We now prove that Im(r ′([0,∞[)) is at finite Hausdorff distance from the set
Im(r([0,∞[)).

Letp = r(0) and let us consider the two geodesic segments [p, r(n)] and [q, r(n)].
These are the images of r|[0,n] and rn|[0,|q−r(n)|] respectively. Using the natural pa-
rameters associated to these two segments (cf. Chapter 2, §3), we set, for all t in
[0, 1],

xt = (1 − t)p + tr(n)

and
yt = (1 − t)q + tr(n).
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Since X is a Busemann space, we have

|xt − yt | ≤ |x0 − y0| = |p − q|.
Thus, for every point xt on [p, r(n)], there exists a point yt on [q, r(n)] satisfying
|xt − yt | ≤ |p − q|.

Assume that m and n are positive integers satisfying m ≥ n, and let xt be a point
on [p, r(n)]. Since [p, r(n)] ⊂ [p, r(m)], we can find a point yt,m on [q, r(m)] =
rm([0, |q − r(m)|]) satisfying |xt − yt,m| ≤ |p − q|. Thus, xt is in N(rm, |p − q|)
for all m ≥ n. As rm converges to r ′ uniformly on compact sets, we obtain xt ∈
N
(

Im(r ′), |p − q|). Thus, Im(r) ⊂ N
(

Im(r ′), |p − q|). An analogous argument
shows that Im(r ′) ⊂ N

(
Im(r), |p − q|). Finally, we obtain dH

(
Im(r), Im(r ′)

) ≤
|p − q|, which completes the proof of Proposition 10.1.7. 
�

The idea for the construction of the geodesic ray r ′ asymptotic to r is already
contained in the paper [62] by Hadamard.

10.2 The visual boundary

Let X be a metric space and for each p in X, let Rp(X) be the set of geodesic rays
starting at p, equipped with the topology of uniform convergence on compact sets.

Definition 10.2.1 (Visual boundary). Let p be a point in X. The visual boundary at
p ofX, denoted by ∂pX, is the set of equivalence classes of asymptotic geodesic rays
starting at p. The space ∂pX is equipped with the quotient of the topology of uniform
convergence on compact sets.

Of course, if X is a bounded space (that is, if diam(X) < ∞), then Rp(X) �
∂pX = ∅.

Example 10.2.2 (Visual boundary).

(i) Euclidean and hyperbolic space. If X = En, then for every p in X, the visual
boundary ∂pX coincides with the space of geodesic rays Rp(X) and is homeomorphic
to the sphere Sn−1. The same holds in the case where X = Hn (this is best visualized
in the conformal model Bn). More generally, for complete metric spaces satisfying
the existence and uniqueness of prolongation of geodesics at each point, the visual
boundary at any point is homeomorphic to a metric sphere around that point.

(ii) Homogeneous tree. If X is a homogeneous simplicial metric tree of degree
n ≥ 2, then for each p in X, we have Rp(X) � ∂pX and this space is totally
disconnected. For all n ≥ 3, it is a Cantor set.

(iii) Euclidean cone. Let X be a singular two-dimensional Euclidean plane, with
the singular set reduced to a single point s that is a cone point of angle α ∈]0,∞[. (To
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avoid taking subcases, we also include the case α = 2π , where X is non-singular.)
More precisely, let us consider the following:

• for α < 2π , the space X is obtained from the Euclidean plane X = E2 by
starting with the region Vα ⊂ E2 defined in polar coordinates by

Vα = {(r, θ)|r ∈ [0,∞[ and 0 ≤ θ ≤ α},
gluing the two boundary rays {θ = 0} and {θ = α} by a Euclidean isometry and taking
the length metric on the resulting quotient space;

• for α = 2π , the space X is the Euclidean plane;

• for α > 2π , the space X is obtained by gluing as many regions of the form
Vα′ (defined as above for α′ < 2π ) as needed, in the way we did it in the description
before Proposition 9.1.4 where we defined the local model for a Euclidean cone point
of angle α > 2π , and taking again the length metric on the resulting space.

It is easy to see that for any α ∈]0,∞[, the visual boundary ∂sX at the singular
point s is homeomorphic to a circle. However, for a point p distinct from s, a quick
analysis of the behaviour of the geodesic rays starting at p shows that there are two
cases:

• for α ≥ 2π , Rp(X) � ∂pX is homeomorphic to a circle;

• for α < 2π , Rp(X) � ∂pX is homeomorphic to an open interval.

One can see the property stated for α < 2π by looking at Figure 10.2: there is no
geodesic ray starting at the point p and whose tangent vector at p is directed upwards.

Figure 10.2. There is no geodesic ray based at the vector drawn if the vector direction is upwards
(Example 10.2.2 (iii)).

Thus, in particular, we have here an example of a complete geodesic metric space
X in which the spaces ∂pX and ∂sX are not homeomorphic for some p and s in X.
However, in the case whereX is a Busemann space (for instance, in the case whereX
is the Euclidean cone considered above with cone angle ≥ 2π ), the visual boundaries
∂pX for various p ∈ X are pairwise homeomorphic (see [65]).

(iv) Euclidean cylindre. If X = S1 × R is a Euclidean cylindre, then for each
point p, ∂pX consists in two points (cf. Example 10.1.3 (ii)).
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(v) Funnel-cusp. Let X be a “funnel-cusp” in hyperbolic two-space, that is, the
surface homeomorphic to a cylindre that is obtained as the quotient of the upper
half-space model H 2 of hyperbolic plane H2 by a map of the form z �→ z + c with
c ∈ R (Figure 10.3). Then, for any x in X, we have ∂pX � Rp, and this space is
disconnected. It consists in the union of a point (corresponding to the unique geodesic
ray starting at x and that tends to the cusp) with an open interval (corresponding to
geodesics that converge to points on the boundary of the funnel.)

Figure 10.3. A funnel-cusp. At each point, there is one geodesic ray starting there and converging
to the cusp, and a continuum of geodesic rays converging to points on the boundary of the funnel
(Example 10.2.2 (v)).

(vi) Forn ≥ 2, letX = En or Hn, letp be a point inX and letX′ = X\{p} equipped
with the subspace metric (which is also the intrinsic metric of the subspace). Then,
the visual boundary at any point of X′ is homeomorphic to an (n − 1)-dimensional
sphere with a point removed.

Proposition 10.2.3. Let X be a proper Busemann space. Then, the visual boundary
at any point is compact and for all p and q in X, there exists a natural one-to-one
correspondence �p,q : ∂pX → ∂qX.

Proof. The compactness of the visual boundary follows from Ascoli’s Theorem (The-
orem 1.4.9). Of course, �p,q is the map provided by Proposition 10.1.7, which
assigns to each geodesic ray r : [0,∞[→ X starting at p the unique geodesic ray
r ′ : [0,∞[→ X starting at q and satisfying dH (r, r

′) < ∞. This map is bijective
since it has an inverse map, which is the map �q,p : ∂qX → ∂pX 
�

We recall that ifX is a Busemann space, then, for eachp inX, the space ∂pX � Rp

is equipped with the topology of uniform convergence on compact sets. This means
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that a sequence of geodesic rays (rn) in X converges to a geodesic ray r if and only if
for every compact subset K of [0,∞[, the restriction of rn to K converges uniformly
to the restriction of r to K .

For each point p in a Busemann space X, we now describe a natural topology on
the union Xp = X ∪ ∂pX.

Consider first the setXp of maps r : [0,∞[→ X such that there exists tr ∈ [0,∞[
satisfying the following two properties:

• the restriction r|[0,tr ] is a geodesic path starting at p

and

• r|[tr ,∞] is a constant map.

The map Xp → X which sends each element r : [0,∞[→ X of Xp to the point
r(tr ) is one-to-one. (This follows from the fact that X is uniquely geodesic.)

We now define the spaceXp to be the set of maps r : [0,∞[→ X which are either
elements of Xp, or geodesic rays starting at p. We equip Xp with the topology of
uniform convergence on compact sets.

Proposition 10.2.4 (Topology on the union X ∪ ∂pX). Let X be a proper Busemann
space. Then, the space Xp = X ∪ ∂pX, equipped with the topology of uniform
convergence on compact sets, is compact. This topology on the unionXp = X∪ ∂pX
is obtained by putting a point in ∂pX as an endpoint to each geodesic ray r in X
starting at p; this endpoint is the ray r itself.

Proof. Compactness follows from Ascoli’s Theorem. The two natural inclusions
X � Xp ⊂ Xp and ∂pX ⊂ Xp are homeomorphisms onto their images, and therefore
the spaceXp has a topology that is compatible with the topologies of its two constituent
subspaces. It is clear from the definition of this topology that for every geodesic ray
r : [0,∞[→ X starting at x, the point r ∈ ∂pX is the limit of the family of points r(t)
as t → ∞. 
�

If f : X → X is an isometry, then f sends any geodesic ray starting at a point p in
X to a geodesic ray starting at f (p). Therefore, there is a well-defined induced map

∂fp : ∂pX → ∂f (p)X.

Likewise, f induces a well-defined map Xp → Xf(p), and an extension

fp : Xp → Xf(p),

which is bijective.
Let us recall a few facts about the topology of uniform convergence on compact sets

and its relation to other topologies. For the details, we refer the reader to Munkres’s
book [114], §46. To avoid unnecessary notations, we limit ourselves to spaces of maps
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from [0,∞[ to a metric space X instead of considering maps between two arbitrary
spaces.

Rather than on the set ∂pX itself, the topology of uniform convergence on compact
sets is initially defined on the setX[0,∞[ of all maps from [0,∞[ toX. A basis for this
topology consists of the family {B(K, ε, f )}, whereK is an arbitrary compact subset
of [0,∞[, ε an arbitrary positive real number and f : [0,∞[→ X an arbitrary map,
and where

B(K, ε, f ) = {g : [0,∞[→ X such that sup
x∈K

|f (x)− g(x)| < ε}.

The topology of uniform convergence of compact sets on ∂pX is the restriction of
the topology of X[0,∞[ to the subset ∂pX ⊂ X[0,∞[.

We now recall another useful topology, the compact-open topology, which is de-
fined on the set of all maps between two topological spaces (no metric is involved).
Again, to save notations, we restrict the exposition to the space of maps from [0,∞[
to X rather than to maps between arbitrary spaces.

For each compact subset K of [0,∞[ and for each open subset U of X, we set

N(K,U) = {r : [0,∞[→ X such that r(K) ⊂ U}.
The family {N(K,U)}, where K varies over the set of compact subsets of [0,∞[

and U varies over the set of open subsets of X, is a sub-basis for the compact-open
topology on the set of maps X[0,∞[.

Again, the compact-open topology on ∂pX is the restriction to this subspace of the
compact-open topology on the space X[0,∞[.

There is a general result which says that the topology of uniform convergence
on compact sets and the compact-open topology have the same restriction on the set
C([0,∞[, X) of continuous maps from [0,∞[ to X. We refer the reader to [114],
Theorem 4.6.8, p. 285. Since ∂pX is a subspace of C([0,∞[, X), the two topologies
that we consider here on ∂pX coincide. We record this fact as a proposition:

Proposition 10.2.5. The topology of uniform convergence on compact sets on ∂pX
coincides with the compact-open topology on this space.

In the paper [65], P. Hotchkiss proves that for any proper Busemann space X
and for any p and q in X, the map �p,q : ∂pX → ∂qX of Proposition 10.2.4 is a
homeomorphism.

Notes on Chapter 10

Asymptotic geodesic rays. Asymptoticity relations on the sets of geodesic lines
and of geodesic rays in metric spaces are studied by Busemann in [28], §23. We
already mentioned that such ideas can be traced back to work by Hadamard, who
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studied asymptotic geodesic lines in surfaces of nonpositive curvature. Elie Cartan, in
[36], Note III, studied asymptotic geodesics in Riemannian manifolds of nonpositive
curvature, using the fact that in such spaces, the distance function from a variable point
on the image of a geodesic to the image of another geodesic is convex. Asymptoticity
is studied extensively in the paper [45] by Eberlein and O’Neill.

Visual boundary. The definition of the visual boundary can be made in the setting of
an arbitrary geodesic metric space. The first general such definition is due to Eberlein
and O’Neill (cf. [45]). One can define versions of that boundary for non-geodesic
metric spaces by studying discrete geodesics.

The visual boundary of Teichmüller space. In [84], Kerckhoff showed that a com-
pactification of the Teichmüller space Tg (equipped with the Teichmüller metric) of
a closed surface of genus g ≥ 2 by a visual boundary, obtained by choosing a point
p in Tg and attaching to each geodesic ray starting at p its endpoint, depends on the
choice of the point p. More precisely, Kerckhoff proved that the natural map which
one obtains between the compactified spaces Tg ∪∂pX and Tg ∪∂qX is discontinuous
for certain points p and q in Tg . The study of the visual boundary of Teichmüller
space is a fascinating subject. In the paper [96], J. McCarthy and the author proved
that for any g ≥ 2 and for any p in Tg , the visual boundary ∂pTg is a non-Hausdorff
space. In genus one, Teichmüller space is isometric to Hyperbolic space H2 and the
compactification of H2 by the visual boundary does not depend on the choice of the
basepoint.



Chapter 11

Isometries

Introduction

Let X be a metric space and let f : X → X be a map. The minimal displacement of
f is defined as

λ(f ) = inf
x∈X |x − f (x)|,

and the minimal set of f is defined as

Min(f ) = {x ∈ X, |x − f (x)| = λ(f )}.
From these definitions, we see that if the fixed point set Fix(f ) is not empty, then
Min(f ) = Fix(f ). Thus, in some sense, information on the minimal set is comple-
mentary to that provided by the fixed point set.

The minimal displacement and the minimal set of an isometry are basic tools for
analyzing its global behaviour. In particular, they are used in the classification of
isometries f : X → X into the following three types:

• f is parabolic if Min(f ) = ∅,

• f is elliptic if Min(f ) 	= ∅ and λ(f ) = 0

• f is hyperbolic if Min(f ) 	= ∅ and λ(f ) > 0.

This classification has been used by now by several authors (see for instance the
paper [134] by Thurston and the books [8] by Ballmann, Gromov and Schroeder and
[20] by Bridson and Haefliger), and it generalizes the well-known classification of
isometries of hyperbolic space H2 that was carried on in the 19th century by F. Klein
in his study of surfaces equipped with metrics of constant curvature (see [88]).

An important sub-class of the class of hyperbolic isometries is the class of axial
isometries. An isometry f : X → X is axial if f has no fixed point and if there
exists a geodesic line whose image is setwise invariant by f . Axial isometries were
studied extensively by Busemann in [28]. In the case where X is a Busemann space,
an isometry of X is axial if and only if it is hyperbolic.

The study of axial isometries and of their minimal displacements provides infor-
mation about periodic geodesics. For instance, if X̃ → X is the universal covering
map of a metric spaceX, then a deck transformation of this covering is axial if and only
if the corresponding element of the fundamental group of X contains in its free ho-
motopy class a periodic geodesic and, in this case, the length of the periodic geodesic
is equal to the minimal displacement of f .
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The outline of this chapter is the following.
In Section 1, we introduce the minimal displacement and the minimal set of a

self-map of a metric space X and we study the classification of isometries of X into
three types: parabolic, hyperbolic and elliptic.

In Section 2, we introduce the axial isometries of X and we study the relation
between axial and hyperbolic isometries and between axes and minimal sets.

In Section 3, we study some relations between the periodic geodesics in a length
space (in particular, in a Busemann space) and the axial isometries of its universal
cover.

In Section 4, we specialize to the case of Busemann spaces. We prove that for any
isometry of such a space, its minimal set is a convex subset. We prove also that an
isometry of a Busemann space is hyperbolic if and only if it is axial.

In Section 5, we study the notions of parallel geodesic lines (or, equivalently,
parallel straight lines) in metric spaces. We prove that two oriented axes of the same
axial isometry are parallel. Again, in this context, there are more precise statements
in the case of Busemann spaces.

11.1 Minimal displacement, minimal sets
and the isometry types

Definition 11.1.1 (Minimal displacement and minimal set). Let X be a metric space
and let f : X → X be a map. The minimal displacement of f , denoted by λ(f ), is
the greatest lower bound of the displacement function of f (Definition 3.1.3).

In symbols, we have
λ(f ) = inf

x∈X |x − f (x)|.
The minimal set of f , denoted by Min(f ), is the subset of X defined as

Min(f ) = {x ∈ X, |x − f (x)| = λ(f )}.
We start with some examples of minimal displacements and minimal sets of self-

maps of some familiar spaces.

Examples 11.1.2 (Minimal displacements and minimal sets).

(i) If H 2 is the upper-half plane model of hyperbolic plane, and if f : H 2 → H 2

is the map of defined by z �→ z+ 1, then λ(f ) = 0 and Min(f ) = ∅.

(ii) If f : En → En is the map x �→ −x, then λ(f ) = 0 and Min(f ) = {0}.
(iii) If f : Sn → Sn is defined by x �→ −x, then λ(f ) = 2 (the diameter of Sn)

and Min(f ) = Sn.

(iv) If f : En → En is a translation, then λ(f ) is the norm of the translation vector
and Min(f ) = En.
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It follows from Definition 11.1.1 that if Fix(f ) 	= ∅, then λ(f ) = 0 and Min(f ) =
Fix(f ). Thus, one can think of the minimal displacement of a map as a kind of measure
for how far the map is from having a fixed point (although in general λ(f ) = 0 does
not imply that f has a fixed point: consider again the map z �→ z+1 of the upper-half
space model of H2). For instance, it is clear that if X is compact, then λ(f ) = 0 if
and only if f has a fixed point.

Proposition 11.1.3. For any metric space X and for any maps f : X → X and
g : X → X, we have λ(g � f ) ≤ λ(f ) + λ(g). In particular, λ(f n) ≤ nλ(f ) for
every integer n.

Proof. For all x in X, we have

dg�f (x) = |x − g � f (x)|
≤ |x − f (x)| + |f (x)− g � f (x)|.

Taking the infimum over all x in X, we obtain λ(g � f ) ≤ λ(f ) + λ(g). The rest of
the proposition follows easily. 
�

Proposition 11.1.4. Let X be a metric space, let f : X → X be a map and let
g : X → X be an isometry. Then,1

(i) λ(gfg−1) = λ(f ) and Min(gfg−1) = g
(

Min(f )
)
;

(ii) if f commutes with g, λ(f ) = λ(g) and Min(f ) = Min(g).

Proof. Let us first prove (i). Since g is an isometry, we have

λ(gfg−1) = inf
x∈X |x − gfg−1(x)| = inf

x∈X |g−1(x)− fg−1(x)|.

Letting y denote the point g−1(x), we obtain

λ(gfg−1) = inf
y∈X |y − f (y)|,

which shows that λ(gfg−1) = λ(f ).
Let x be a point in X. Then,

x ∈ Min(gfg−1) ⇐⇒ |x − gfg−1(x)| = inf
y∈X |y − gfg−1(y)|

⇐⇒ |g−1(x)− fg−1(x)| = inf
y∈X |g−1(y)− fg−1(y)|

⇐⇒ |g−1(x)− fg−1(x)| = inf
z∈X |z− f (z)|

⇐⇒ g−1(x) ∈ Min(f )

⇐⇒ x ∈ g(Min(f )).

1A remark about notation: when writing the composition of three or more maps, we delete the compo-
sition sign �.
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This proves that Min(gfg−1) = g
(

Min(f )
)
, which completes the proof of (i). Prop-

erty (ii) follows easily from (i) and from Proposition 11.1.2 (i). 
�

Most of the results that we prove in the rest of this section about maps f : X → X

concern the case where f is an isometry.

Proposition 11.1.5. LetX be a metric space and let f : X → X be an isometry. Then

(i) λ(f ) = λ(f−1) and Min(f ) = Min(f−1);

(ii) Min(f ) and Fix(f ) are closed invariant subsets of X.

Proof. Let us first prove (i). Using the fact that f is an isometry, we can write

λ(f−1) = inf
x∈X |x − f−1(x)| = inf

x∈X |f (x)− x| = λ(f ).

Furthermore, a point x in X is in Min(f−1) if and only if

|x − f−1(x)| = λ(f−1) = λ(f ).

Since f is an isometry, this is equivalent to |f (x)−x| = λ(f ), that is, to x ∈ Min(f ).
Thus, we have Min(f−1) = Min(f ). This proves (i).

We prove the statement in (ii) about Min(f ). The result for Fix(f ) will follow
automatically since either Fix(f ) = ∅ or Fix(f ) = Min(f ).

The fact that Min(f ) is closed follows from the continuity of f . We show invari-
ance. Let x be in Min(f ). Then, since f is an isometry, we have

|f (x)− f 2(x)| = |x − f (x)| = λ(f ).

This shows that f (x) is in Min(f ). The same kind of argument shows that f−1(x) is
in Min(f ). We conclude that f

(
Min(f )

) = Min(f ), which completes the proof of
Proposition 11.1.5. 
�

We note that the f -invariance of Min(f ) does not imply that Min(f ) = Min(f 2).
For instance, if f : En → En is the involution x �→ −x, then Min(f ) consists of the
origin of En, whereas f 2 is the identity and therefore Min(f 2) = En.

We have the following general classification of isometries of a metric space X in
terms of the invariants λ(f ) and Min(f ).

Definition 11.1.6 (The three isometry types). LetX be a metric space and letf : X →
X be an isometry. Then f is said to be

(i) Parabolic if Min(f ) = ∅.

(ii) Elliptic if Min(f ) 	= ∅ and λ(f ) = 0. (Thus, f is elliptic if and only if
Fix(f ) 	= ∅).

(iii) Hyperbolic if Min(f ) 	= ∅ and λ(f ) > 0.
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The adjectives parabolic, elliptic and hyperbolic were used by F. Klein in his
classification of isometries of the hyperbolic plane (see [88]).

We recall that two isometries f and g ofX are said to be conjugate if there exists an
isometry h : X → X such that g = hf h−1. It is plain that conjugacy is an equivalence
relation on the set of isometries.

Example 11.1.7. The following is a family of examples which shows in some sense
that one can pass continuously from one isometry type to another. LetBr be the closed
ball in n-dimensional Euclidean space En centered at the origin and of radius r > 0

and let
�
Br be its interior. Then, the map x �→ −x, if it is defined on En \ Br , is

parabolic; if it is defined on En \ �
Br , it is hyperbolic, and if it is defined on En, it is

elliptic.

Proposition 11.1.8 (Classification of isometries). For any metric space X, the isom-
etry classes described in Definition 11.1.6 are pairwise disjoint. Furthermore, the
inverse of any isometry is an isometry of the same type and two conjugate isometries
have the same type.

Proof. The fact that the three isometry classes are pairwise disjoint is clear from the
definition, and the fact that an isometry and its inverse have the same type follows
from Proposition 11.1.5. Now let f : X → X and g : X → X be two isometries that
are conjugate, and let h : X → X be an isometry satisfying g = hf h−1. Then, by
Proposition 11.1.4 (i), we have λ(f ) = λ(g) and Min(f ) = h(Min(g)). The last
inequality shows that Min(f ) is non-empty if and only if Min(g) is non-empty. This
implies that f and g have the same type. 
�

It is clear that if f is elliptic, then f n is elliptic for every integer n. However, it
is not true in general that for f non-elliptic, f n (for n 	= 0) is of the same type as f .
To see this, we again take f to be the involution x �→ −x of the sphere Sn; then f is
hyperbolic whereas f 2 is the identity map and therefore elliptic. We shall see that if
X is a Busemann space and if f is hyperbolic, then f n is hyperbolic for every n 	= 0
(cf. Corollary 11.4.3 and 11.2.7 below).

Examples 11.1.9 (Classification of isometries). The first two examples are elemen-
tary and well-known. They are basic examples because in these cases each isometry
class can be completely described up to conjugacy.

(i) Isometries of the Euclidean plane. We know from elementary plane Euclidean
geometry that an orientation-preserving isometry of the Euclidean plane E2 is of one
of the following two types:

• a rotation, and in this case the isometry is elliptic;

• a translation by a nonzero vector, and in this case it is hyperbolic.
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We also recall that an orientation-reversing isometry of E2 can be decomposed into
a translation followed by a symmetry with respect to a straight line that is parallel to
the translation vector. Thus, an orientation-reversing isometry f of E2 is again either
hyperbolic (this is the case where the translation vector is nonzero) or elliptic (and in
this case Fix(f ) is a straight line).

(ii) Isometries of Hn. LetBn be the conformal ball model of Hn and let f : Bn →
Bn be an orientation-preserving isometry. It is well-known thatf extends continuously
to a homeomorpism of the closed ball Bn = Bn ∪ Sn−1. This can be deduced from
the fact that any isometry of Bn is a Möbius transformation, that is, a composition
of restrictions to the ball Bn of a finite number of inversions in Euclidean spheres or
reflections in extended hyperplanes of the compactified space En ∪ {∞}. Therefore,
by the Brouwer fixed point theorem, the extension f̄ : Bn → Bn of f has a fixed
point. Then:

• f is parabolic if and only if f̄ has no fixed point in Bn and has exactly one fixed
point in Sn−1;

• f is elliptic if and only if f̄ has a fixed point in Bn;

• f is hyperbolic if and only if f̄ has no fixed point in Bn and has exactly two
fixed points in Sn−1.

There are particularly simple descriptions of the actions of isometries of the hy-
perbolic plane H2, up to conjugacy. For instance:

• in the upper-half plane modelH 2, a parabolic isometry is conjugate to a Euclidean
translation that preserves this plane, that is, to a map of the form (x1, x2) �→ (x1, x2+c)
with c a nonzero real number;

• in the conformal disk model B2, an elliptic isometry is conjugate to a Euclidean
rotation about the Euclidean center of the disk;

• in the upper-half plane model H 2, a hyperbolic isometry is conjugate to a Eu-
clidean homothety, that is, to a map of the form (x1, x2) �→ λ(x1, x2) with λ 	= 1.

There exist descriptions of the same kind as well as algebraic characterizations of
each isometry type for hyperbolic spaces of any dimension. For dimensions 2 and
3, we refer the reader to Thurston’s analyses in Chapter 2 of [137] and Chapter 5
of [134]. The examples above were certainly the main motivation for the work on
the classification of isometries of other spaces of various kinds (nonpositively curved
spaces, Teichmüller spaces, symmetric spaces, Gromov-hyperbolic spaces and so on).

(iii) Isometries of an R-tree. An isometry of an R-tree is either elliptic or hyper-
bolic. This is proved by Morgan and Shalen in [112] in the setting of �-trees (which
are objects more general than R-trees). For a proof in the special case of R-trees, we
refer to the paper [42] by Culler and Shalen. In fact, in Section 1.3 of that paper, Culler
and Shalen prove that given any isometry f of an R-tree T , its minimal set Min(f )
is a closed nonempty invariant subtree of T , and that either λ(f ) = 0 and in that case
Min(f ) = Fix(g), or λ(f ) > 0 and in that case Min(f ) is isometric to a real line
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and the action of f on Min(f ) is conjugate to a translation of R by the factor λ(f ).
Furthermore, in the last case, for any point p in T , its image f (p) satisfies

|p − f (p)| = λ(f )+ 2d(p,Min(f )).

In Figure 11.1, p′ and p′′ denote respectively the projections of p and f (p) on the
axis of f , and pp′p′′f (p) is the geodesic segment joining p to f (p).

In the special case of simplicial trees, this classification is contained in Serre’s
book [128], Chapter I, Proposition 2.4.

p

p′

f (p)

p′′

Figure 11.1. The horizontal line is the axis of f (Example 11.1.9 (iii)).

(iv) Isometries of the Teichmüller metric. Consider again the Teichmüller space
Tg of a closed oriented surface Sg of genus g ≥ 2. By a theorem of H. L. Royden
(see [125]), the isometry group of Tg equipped with the Teichmüller metric is the
modular group (also called the mapping class group) Mg of Sg , that is, the group of
isotopy classes of self-homeomorphisms of Sg . Such an isotopy class is usually called
a mapping class. In the paper [13], L. Bers worked out a classification of the elements
of Mg in terms of their action on Tg equipped with the Teichmüller metric. Again,
this classification is done in terms of the minimal set and the displacement function of
mapping classes acting by isometries on Tg . Bers’s definitions of an elliptic and of a
hyperbolic element of Mg are the same as those in Definition 11.1.6 above. However,
in the case where the minimal set of a mapping class f is empty, Bers distinguishes
two cases:

• the parabolic case, which (in Bers’s definition) corresponds to Min(f ) = ∅ and
λ(f ) = 0;

• the pseudo-hyperbolic case, which corresponds to Min(f ) = ∅ and λ(f ) = 0.

Bers’s classification of mapping classes is related to Thurston’s famous classifi-
cation (and, in fact, Bers’s classification is based on Thurston’s). We recall that in
Thurston’s theory of surfaces and their diffeomorphisms (see [136]), mapping classes
are classified into three types:

• finite order, which is the case where the mapping class can be represented by a
periodic homeomorphism;

• reducible, which is the case where the mapping class has a representative which
preserves a collection of disjoint simple loops (such a collection is called a “reducing
curve system”) which are not homotopic to a point and which are pairwise non-
homotopic;



248 11 Isometries

• pseudo-Anosov, which is the case where the mapping class has a representative
which preserves two transverse measured foliations, multiplying the transverse mea-
sure of one of these foliations by a factor λ 	= 1 and the transverse measure of the
other foliation by the factor 1/λ.

The relation between Bers’s and Thurston’s classification is as follows. A mapping
class is of finite order if and only if it is elliptic, and it is pseudo-Anosov if and only if
it is hyperbolic. A reducible non-finite order mapping class can be either parabolic or
pseudo-hyperbolic in the sense of Bers, depending on the action of the reducible map
on the components of the surface cut-off along a reducing curve system.

In the case of a closed surface of genus 1 (that is, the case of the two-torus), the
Teichmüller space, equipped with its Teichmüller metric, is isometric to the hyperbolic
plane H2 and the mapping class group is simply the group GL(2,Z) acting on H2

(realized as the upper half-plane model of hyperbolic 2-space) by fractional linear
transformations.

(v) Isometries of the Weil–Petersson metric. H. Masur and M. Wolf proved in
the paper [100] that the isometry group of Teichmüller space equipped with the Weil–
Petersson metric is, like in the case of the Teichmüller metric, the mapping class group.
In the paper [43], G. Daskalopoulos and R. Wentworth worked out a classification of
isometries of Teichmüller space, equipped with the Weil–Petersson metric, in terms
of the minimal displacement of such an isometry. This classification parallels Bers’s
classification in the case of the Teichmüller metric. Daskalopoulos and Wentworth
introduced the following terminology.

• A mapping class is pseudo-periodic if it is either of finite order or reducible and
finite order on its components (that is, on the surface cut-off along a reducing curve
system).

• A mapping class is strictly pseudo-periodic if it is pseudo-periodic but not peri-
odic.

Daskalopoulos and Wentworth proved the following:

•A mapping class is semi-simple if and only if it is periodic or pseudo-Anosov. The
periodic (respectively pseudo-Anosov) case occurs when the minimal displacement is
zero (respectively nonzero).

• A mapping class is not semi-simple if and only if it is strictly pseudo-periodic
or reducible but not pseudo-periodic. The strictly pseudo-periodic (respectively re-
ducible but not pseudo-periodic) case occurs when the minimal displacement is zero
(respectively nonzero).

The arguments in the paper [43] are based on the existence of invariant geodesics for
the action of pseudo-Anosov mapping classes (that is, the authors prove that pseudo-
Anosov mapping classes are axial isometries for the Weil–Petersson metric), and on
the fact that if γ and γ ′ are axes of independent pseudo-Anosov mapping classes, then
these axes diverge in the sense that the map (t, s) �→ d(γ (t), γ ′(t)) is proper.
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The union of classes (ii) and (iii) in Definition 11.1.6 is the class of isometries whose
displacement function assumes a minimum. Such isometries appear for instance as
deck transformations of covering spaces. This class of isometries is also particularly
interesting in the study of group actions on metric spaces. For instance, any element
of a group acting by isometries properly discontinuously and cocompactly belongs to
this class. In fact, the elements in this class have a special name, and we record the
following definition:

Definition 11.1.10 (Semi-simple isometry). Let X be a metric space. We say that an
isometry f : X → X is semi-simple if Min(f ) 	= ∅, or, equivalently, if f is either
elliptic or hyperbolic.

As we noted in Example 11.1.9 (iii), every isometry of an R-tree is semi-simple.
Now we turn to isometries of Busemann spaces. We have the following

Proposition 11.1.11 (Min(f ) and Fix(f ) are convex). Let X be a Busemann space
and let f : X → X be an isometry. Then Fix(f ) and Min(f ) are invariant closed
convex subsets of X.

Proof. The fact that Fix(f ) and Min(f ) are closed and invariant is contained in
Proposition 11.1.5. Let us prove that Min(f ) is convex. Again, the result for Fix(f )
will follow from the result for Min(f ) since if Fix(f ) is not the empty set, then it is
equal to Min(f ).

Let x and y be two points in Min(f ) and let γ : [a, b] → X be a geodesic path
joining them. We have df � γ (a) = df � γ (b) = λ(f ) and it follows from the
definition of the map df that for any t in [a, b], we have df � γ (t) ≥ λ(f ). We saw
in Example 8.4.5 (iv) that the map df � γ : [a, b] → R is convex and therefore, by
Proposition 6.2.14, df � γ (t) = λ(f ) for every t in [a, b]. Thus, the image of γ is
contained in Min(f ), which proves that Min(f ) is convex. This completes the proof
of Proposition 11.1.11. 
�

We note that the convexity of Fix(f ) in a general uniquely geodesic metric space
also follows from Corollary 3.2.6.

11.2 Axial isometries

Most of the results of this section are due to Busemann (cf. [28], §6), although he
presents them under slightly different hypotheses.

Definition 11.2.1 (Axial isometry). Let X be a metric space and let f : X → X be
an isometry. Then f is said to be axial if f has no fixed point and if there exists a
straight line, which is called an axis of f , that is setwise invariant by f .
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It is clear from this definition that if an isometry f : X → X is axial then its
inverse is also axial, and that f and its inverse have the same axes.

The simplest example of an axial isometry is a non-trivial translation of R. More
generally, if X is any metric space, then any self-map of X × R (equipped with a
product metric) that is the identity on the first factor and a non-trivial translation on
the second factor is axial. Any hyperbolic isometry of hyperbolic space Hn is axial.
We also saw that any hyperbolic isometry of an R-tree is axial (see Example 11.1.9
(iii) above).

In some cases, the axis of an axial isometry is unique. This holds for instance
in the case of a hyperbolic isometry of Hn, or of a hyperbolic isometry of an R-tree
(Example 11.1.9 (iii)). But there are cases where the axis is not unique, like the case
of a non-trivial translation of En, where every straight line which is parallel to the
translation vector is an axis.

Proposition 11.2.2. LetX be a metric space, let f : X → X be an axial isometry and
let � be an axis of f . Then, for every x and x′ on �, we have |x−f (x)| = |x′ −f (x′)|.
Furthermore, the elements of the sequence (f n(x))n∈Z are pairwise distinct, and they
follow each other on the line � according to the order induced by the index n ∈ Z.
Finally, the orientation of � for which a point on this axis is translated in the positive
direction does not depend on the choice of this point.

Proof. The axis �, equipped with the metric induced from that of X, is isometric to
the real line R equipped with its usual metric, and the map induced on this axis is
conjugate to a translation of R. Since f has no fixed point, this translation of R is
non-trivial and consequently it (and therefore f ) satisfies all the required properties.


�

Using Proposition 11.2.2, we can make the following definition:

Definition 11.2.3 (The canonical orientation of an axis). LetX be a metric space, let
f : X → X be an axial isometry and let � be an axis of f . Then the canonical
orientation of � is the orientation provided by Proposition 11.2.2, that is, the one for
which any point on � is translated in the positive direction under the action of f .

It is clear that �, equipped with its anti-canonical orientation, is an axis for f−1

equipped with its canonical orientation with respect to the map f−1.

Proposition 11.2.4. Let X be a metric space, let f : X → X be an isometry and
suppose that there exists a straight line � on which the induced action of f is a non-
trivial translation. Then for every x on � and for every integer n, we have

|x − f n(x)| = |n| .|x − f (x)|.

Proof. This also follows from the fact that the action induced by f on � is conjugate
to a non-trivial translation of R. 
�
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Proposition 11.2.5. Let X be a metric space and let f : X → X be an isometry.
Suppose that there exists a straight line � on which the induced action of f is a non-
trivial translation. (In other words, suppose that this induced action is conjugate to
a non-trivial translation of R.) Then for every x in X, we have |x − f n(x)| → ∞ as
n → ∞.

Proof. By Proposition 11.2.4, for any x on �, we have |x − f n(x)| → ∞ as n → ∞.
Now if y is an arbitrary point in X, we choose a point x on � and we write, using the
triangle inequality,

|y − f n(y)| ≥ −|y − x| + |x − f n(x)| − |f n(x)− f n(y)|
= |x − f n(x)| − 2|y − x|,

which shows that |y − f n(y)| → ∞ as n → ∞. 
�

Corollary 11.2.6. Let X be a metric space and let f : X → X be an isometry. Then,
the following two properties are equivalent:

(i) f is axial;

(ii) there exists a straight line � on which the induced action of f is a non-trivial
translation.

Proof. We have (i) ⇒ (ii) by Proposition 11.2.2 and its proof. Conversely, if (ii) is
satisfied, then, by Proposition 12.2.5, f has no fixed point, which shows that f is
axial. 
�

Corollary 11.2.7. If f : X → X is an axial isometry, then, for every nonzero integer
n, the isometry f n is axial.

Proof. This follows from the characterization of axial isometries in Corollary 11.2.6 (ii).

�

It is easy to see that if f is axial, then for every n 	= 0, any axis of f is an axis
of f n. But the converse is not true, that is, there may be axes of f n that are not axes
of f , as one can see by taking f : E2 → E2 to be a translation by a non-zero vector
v followed by a reflection along a straight line � that is parallel to v. In this case, � is
the only axis of f , whereas f 2 is a translation of E2 of vector 2v, which implies that
each straight line parallel to v is an axis of f 2.

Proposition 11.2.8 (Axes are contained in the minimal set). LetX be a metric space
and let f : X → X be an axial isometry. Then every axis of f is contained in Min(f ).
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Proof. Let � be an axis of f and let n be an integer ≥ 2. By Proposition 11.2.4, we
have, for every x ∈ �, |x − f n(x)| = n|x − f (x)|. If z is an arbitrary point in X, we
have |f i(z)− f i+1(z)| = |z− f (z)| for all i ∈ Z. We deduce that

n|x − f (x)| = |x − f n(x)|
≤ |x − z| + |z− f (z)| + |f (z)− f 2(z)|

+ · · · + |f n−1(z)− f n(z)| + |f n(z)− f n(x)|
= 2|x − z| + n|z− f (z)|.

Dividing by n, we get |x − f (x)| ≤ |z − f (z)| + (2/n)|x − z|. Letting n → ∞,
we obtain |x − f (x)| ≤ |z− f (z)| for all z in X, which implies |x − f (x)| = λ(f ).
Thus, x is in Min(f ). This proves Proposition 11.2.8. 
�

Corollary 11.2.9 (Axial implies hyperbolic). LetX beametric spaceand letf : X →
X be an axial isometry. Then f is of hyperbolic type.

Proof. By Proposition 11.2.8, the minimal set of f is not empty, which implies
that f is not parabolic. Since f has no fixed point, it is not elliptic. Therefore, by
Proposition 11.1.8, f is hyperbolic. 
�

Thus, an axial isometry has a nonempty minimal set.

Proposition 11.2.10. Let X be a metric space, let f : X → X be an axial isometry
with axis � and let γ : R → X be a geodesic line whose image is � and such that the
canonical orientation of � as an axis of f coincides with the positive orientation of
R (transported by the map γ ). Then, for every t ∈ R, we have f � γ (t) = γ (t + α)

with α = λ(f ). Furthermore, λ(f ) is the smallest value of α for which the equation
f � γ (t) = γ (t + α) holds.

Proof. Again, this follows from the fact that the action induced by f on the axis �
(equipped with the metric induced from that of X) is conjugate to a translation of R

by some constant α. Since � is contained in Min(f ) (Proposition 11.2.8), we obtain
α = λ(f ), and the proposition follows easily from this fact. 
�

Proposition 11.2.11. Let X be a metric space, let f : X → X be an axial isometry
with axis � and let g : X → X be an arbitrary isometry. Then gfg−1 is an axial
isometry having g(�) as an axis and λ(f ) as minimal displacement.

Proof. Suppose that gfg−1(x) had some fixed point x. Then gfg−1(x) = x, which
implies fg−1(x) = g−1(x). Therefore g−1(x) would be a fixed point of f . Since f
has no fixed point, we conclude that gfg−1 has no fixed point. Furthermore, we have
gfg−1(g(�)) = g(f (�)) = g(�), which implies that gfg−1 is axial and that g(�) is
an axis for this isometry. Finally, to find the minimal displacement of gfg−1, we take
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an arbitrary point x on g(�). By Proposition 11.2.8, g(�) is contained in the minimal
set of gfg−1, therefore we have

λ(gfg−1) = |x − gfg−1(x)| = |g−1(x)− fg−1(x)|.

Sinceg−1(x) is on �, we have |g−1(x)−fg−1(x)| = λ(f ), which impliesλ(gfg−1) =
λ(f ). This proves Proposition 11.2.11. 
�

Proposition 11.2.12. Let X be a uniquely geodesic metric space and let f : X → X

be a fixed-point free isometry. Suppose that there exists a point x in X and a straight
line � in X such that for every n in Z, the point f n(x) lies on �. Then f is an axial
isometry and � is an axis of f .

Proof. Since the space X is uniquely geodesic, for every x and y in X, f sends
the unique geodesic segment joining x and y to the unique geodesic segment joining
f (x) and f (y). Suppose that the sequence

(
f n(x)

)
n∈Z

lies on a straight line �. Then
the restriction of f to � is conjugate to a translation of R, and there exists a positive
constant c such that for any integer n, the point f n(x) is situated at distance |n|c
from x. Since for every integer n, the map f sends the segment [f n(x), f n+1(x)] to
the segment [f n+1(x), f n+2(x)], we deduce that f preserves �. Thus, f is an axial
isometry and � is an axis of f . 
�

11.3 Periodic geodesics

Definition 11.3.1 (Periodic geodesic). Let X be a metric space. A periodic geodesic
in X is a map c : R → X that is periodic and locally distance-preserving. In other
words, c is a periodic geodesic if there exists α > 0 (called a period of c) such that
c(t + α) = c(t) for all t in R and if for any such t , there is a closed interval I (t) ⊂ R

containing t in its interior such that the restriction of c to I (t) is a geodesic path. We
shall call a periodic geodesic of period α a pair (c, α) where c : R → X is a periodic
geodesic and α a period of the map c. (Note that we do not assume in this definition
that α is the smallest period of c). The length of a periodic geodesic of period α is
then the length of the restriction of c to the interval [0, α].

We recall that a loop in a topological space is a path whose two endpoints coincide,
and that the free homotopy class of a loop is, by definition, its homotopy class with
no basepoint fixed.

We call the homotopy class of a periodic geodesic c of period α the free homotopy
class of the loop c|[0,α].

We now give a criterion for a loop in a proper length space to be geodesic, which is
analogous to the criterion for geodesic paths in homotopy classes with fixed endpoints
that we saw in Chapter 2 (proof of Proposition 2.4.11):
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Proposition 11.3.2. Let X be a proper length space in which each point is the center
of a simply connected ball of positive radius, and let γ be a loop inX whose length α is
smallest in its free homotopy class. Then there exists a periodic geodesic c : R → X

whose length is equal to α and such that the map c|[0,α] coincides with γ , up to a
reparametrization of this loop γ .

Proof. We omit the proof since it is a straightforward adaptation of the proof of
Proposition 2.4.11. 
�

Example 11.3.3 (Funnel-cusp). A standard example in classical hyperbolic geometry
of a space X with a non-trivial free homotopy class of loops containing no periodic
geodesic is the cylinder obtained as a quotient of hyperbolic space H2 by a parabolic
isometry. In the upper half-plane model H 2, this cylinder (which we called a funnel-
cusp) is the quotient ofH 2 by a map of the form z �→ z+ ζ (ζ > 0). If two points x1
and x2 are on the same horizontal line in this space, situated at (Euclidean) distance y
above the x-axis and whose Euclidean mutual distance is a, then the hyperbolic length
of the Euclidean segment [x1, x2] is equal to a/y. Letting y tend to infinity, the family
of images of the segments [x1, x2] in the cylinder gives a family of loops in the same
non-trivial homotopy class whose lengths are unbounded from below.

It should be noted, in relation to Proposition 11.3.2, that the fact that the length
of a loop is smallest in its free homotopy class is not a necessary condition for that
loop to be a periodic geodesic. In fact, we know that on the contrary, on a sphere, the
geodesics are the circles of largest radius. We can also give examples of non-simply
connected surfaces; in the example described in Figure 11.2 which represents a surface
homeomorphic to a cylinder that is embedded in R3, the two circles that have small
radii are periodic geodesics, but the central circle of large radius is also a periodic
geodesic.

Figure 11.2. The circles drawn on the surface are geodesics.
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Proposition 11.3.4. Let p : X̃ → X be a covering map between length spaces, with
p being a local isometry, let f : X̃ → X̃ be a deck transformation that is axial and
let γ : R → X̃ be a geodesic line whose image is an axis � of f . Then p � γ is a
periodic geodesic inX and the minimal displacement λ(f ) is a period for this periodic
geodesic.

Proof. By Proposition 3.4.8,p�γ is a local geodesic. Since f is a deck transformation,
we havep�γ (t) = p�f (γ (t)) for every t in R and by Proposition 11.2.10, f (γ (t)) =
γ (t +α)where α = λ(f ). This implies that the map p �γ is a periodic geodesic with
period λ(f ). 
�

In the case where X is a locally convex space, we have the following converse:

Proposition 11.3.5. Let X be a locally convex space, let c : R → X be a periodic
geodesic of length α > 0 and let p : X̃ → X be the universal covering equipped with
the pull-back length metric. Then, there exists a deck transformation f : X̃ → X̃

that is an axial isometry with minimal displacement λ(f ) = α, and a geodesic line
� : R → X̃ whose image is an axis of f and such that p � γ = c.

Proof. Let us set x = c(0), let x̃ be a point in the fibre p−1(x) and let cα : [0, α] → X

be the restriction of c to [0, α]. Then cα is a local geodesic and by Proposition 3.4.11,
we can lift it to a local geodesic c̃α : [0, α] → X̃ starting at x̃. The point c̃α(α) is in the
fibre p−1(x) and it is distinct from x̃, since X̃, being the universal cover of a locally
convex space, is a Busemann space and since in such a space there is a unique local
geodesic joining any two points (in particular, if the two points coincide, then this
local geodesic is the constant map). By the classical theory of covering spaces, there
is a deck transformation f : X̃ → X̃ that sends x̃ to c̃α(α). The image of the segment
[x̃, c̃α(α)] by f is the lift of c̃α starting at c̃α(α). Let us call c̃′α(α) : [0, α] → X̃ this
lift. Since c : R → X is a local geodesic, the concatenation c̃α ∗ c̃′α : [0, 2α] → X̃ is a
local geodesic in X̃. The composed map p � (c̃α ∗ c̃′α) winds twice around the image
of c̃α in X. Since X̃ is a Busemann space, the map c̃α ∗ c̃′α , being a local geodesic
in X̃, is a geodesic. By an easy induction using the same construction, we obtain, by
concatenating bi-infinitely many lifts of cα , a geodesic line c̃ : R → X̃ whose image is
invariant by f , on which f acts as a translation by the factor α and satisfyingp� c̃ = c.
This completes the proof of Proposition 11.3.5. 
�

A periodic geodesic c : R → X of period α, equipped with an orientation (in
general, we shall take the orientation induced from the positive orientation of R)
defines an oriented loop in X and therefore a conjugacy class in the fundamental
group π1(X).

Regarding Proposition 11.3.5, it is worthwhile to note that the deck transformation
f that is obtained from the periodic geodesic c equipped with the orientation induced
from the positive orientation of R, is the deck transformation which by the general
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theory of coverings is associated to a loop based at the basepoint of X, and that
this deck transformation represents an element of the fundamental group of X, via
the canonical isomorphism between π1(X) and the group of deck transformations
of the universal covering. Of course, in order to have a well-defined isomorphism
between the fundamental group and the group of deck transformations, one has to
make the choice of a basepoint. Still, without such a choice, the free conjugacy class
of an oriented loop determines a well-defined conjugacy class of deck transformations.
Using this remark, from Propositions 11.3.4 and 11.3.5 we deduce the following:

Proposition 11.3.6. Let X be a locally convex space, let p : X̃ → X be its universal
covering, with X̃ equipped with the pull-back length metric, and let η be a free homo-
topy class of loops inX. Then, the conjugacy class of deck transformations determined
by η is axial if and only if there exists a periodic geodesic in the free homotopy class η.

Proof. By Proposition 11.3.5, the deck transformation associated to a periodic geodesic
is axial, and by Proposition 11.3.4, an axial transformation determines a periodic
geodesic in the corresponding free homotopy class in the fundamental group. This
proves Proposition 11.3.6. 
�

11.4 Axial isometries of Busemann spaces

We begin this section with a useful lemma:

Lemma 11.4.1. Let X be a Busemann space, let f : X → X be an isometry without
fixed point and suppose that there exists a point x in X satisfying |x − f (x)| = λ(f ).
Then the point f (x) lies between x and f 2(x).

Proof. Let z be the midpoint of the segment [x, f (x)]. Since f is an isometry, f (z)
is the midpoint of the segment [f (x), f 2(x)]. We claim that

(11.4.1.1) |z− f (x)| + |f (x)− f (z)| = |z− f (z)|.
Indeed, if not, then we would have

|z− f (x)| + |f (x)− f (z)| > |z− f (z)|
≥ |x − f (x)|
= |z− f (x)| + |z− x|
= |z− f (x)| + |f (x)− f (z)|,

which is a contradiction. This proves (11.4.1.1), which implies that f (x) lies between
z and f (z). Since z lies between x and f (x), since f (x) lies between z and f (z) and
since X is a Busemann space, Proposition 8.2.4 implies that f (x) lies between x and
f (z). By the same proposition, since f (x) lies between x and f (z) and since f (z)
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lies between f (x) and f 2(x), we conclude that f (x) lies between x and f 2(x). This
proves Lemma 11.4.1. 
�

Proposition 11.4.2. Let X be a Busemann space and let f : X → X be a hyperbolic
isometry. Then f is axial and for every x in Min(f ), all the elements of the sequence(
f n(x)

)
n∈Z

lie on an axis of f .

Proof. By Lemma 11.4.1, the point f (x) belongs to [x, f 2(x)], the unique geodesic
segment joining x to f 2(x), and this segment is the union of geodesic segments
[x, f (x)] ∪ [f (x), f 2(x)]. Since x is in Min(f ), we have

|x − f (x)| = |f (x)− f 2(x)|
= inf
z∈X |z− f (z)|

= inf
f (z)∈X |f (z)− f 2(z)|

= λ(f ).

By Lemma 11.4.1 applied to the point f (x), we conclude that f 2(x) lies between f (x)
and f 3(x). By the existence of geodesics and by the uniqueness of local geodesics
joining two arbitrary points in the Busemann spaceX, the union of geodesic segments

[x, f (x)] ∪ [f (x), f 2(x)] ∪ [f 2(x), f 3(x)],
which is the image of a local geodesic (and therefore of a geodesic), is a geodesic
segment. The four points x, f (x), f 2(x), f 3(x) are contained in that order on that
geodesic segment. By an induction that uses the same reasoning, we obtain that the
union

⋃
n∈Z

[x, f (x)] is a straight line � inX which contains the point f n(x) for every
n ∈ Z. By Proposition 11.2.12, f is an axial isometry and � is an axis of f . 
�

Corollary 11.4.3 (In a Busemann space, axial is equivalent to hyperbolic). Let X be
a Busemann space and let f : X → X be an isometry. Then f is axial if and only if
it is hyperbolic.

Proof. This follows from Corollary 11.2.9 and Proposition 11.4.2. 
�

Corollary 11.4.4. Let f : X → X be a hyperbolic isometry of a Busemann space X.
Then, for any nonzero integer n, the isometry f n is hyperbolic.

Proof. The proof follows from Corollary 11.4.3 and Corollary 11.2.7. 
�

We already noted that the conclusion of Corollary 11.4.4 is not true in a geodesic
metric space without further assumptions. For instance, the isometry of the sphere
Sn defined by x �→ −x is hyperbolic, but its square is the identity map, which is not
hyperbolic.
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Proposition 11.4.5 (Axes are disjoint). LetX be a Busemann space and let f : X →
X be an axial isometry. Then, the axes of f are disjoint

Proof. The proof of Proposition 11.4.2 implies that for any point x on an axis of f ,
the orbit of f completely determines the axis containing x. Thus, if a point belongs
to two axes, these two axes coincide. 
�

Proposition 11.4.6. Let X be Busemann space and let : X → X be an axial (or,
equivalently, a hyperbolic) isometry. Then Min(f ) is the disjoint union of the axes of
f , and f acts on Min(f ) as a translation by the quantity λ(f ).

Proof. The second part of Proposition 11.4.2 implies that Min(f ) is contained in the
union of the axes of f , Proposition 11.2.8 says that any axis of f is contained in
Min(f ) and Proposition 11.4.5 says that the axes of f are disjoint. 
�

11.5 Parallel lines

We now introduce a parallelism relation between geodesic lines that is analogous to
the asymptoticity relation between geodesic rays that we introduced in Chapter 10.

Definition 11.5.1 (Parallel geodesic lines). Let X be a metric space and let γ : R →
X and γ ′ : R → X be two geodesic lines. Then γ is said to be parallel to γ ′ if there
exists a real number α such that |γ (t)− γ ′(t)| ≤ α for every t in R.

It is clear that this defines an equivalence relation between geodesic lines in X.
It is also clear that if a geodesic line γ ′ : R → X is obtained from a geodesic line
γ : R → X by a change of parameter, that is, if there exists a real number c satisfying
γ ′(t) = γ (c + t) for all t ∈ R, then γ and γ ′ are parallel.

Examples 11.5.2 (Parallel geodesic lines).

(i) Euclidean space. In n-dimensional Euclidean space En, two geodesic lines are
parallel if and only if their images are contained in a 2-dimensional plane and if in
this plane the two images are parallel in the usual sense of Euclidean plane geometry
and the orientations induced from the positive orientations of R coincide.

(ii) Hyperbolic space. In n-dimensional hyperbolic space Hn, two geodesic lines
γ : R → Hn and γ ′ : R → Hn are parallel if and only if γ ′ is obtained from γ by
a change of parameter. This amounts to saying that the images of γ and γ ′ coincide
and that the orientations of these images that are induced by the positive orientation
of R coincide.

(iii) R-tree. Likewise, in an R-tree, two geodesic lines are parallel if and only if
their images, equipped with the orientations induced by the positive orientations of R,
coincide.
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For any geodesic line γ : R → X, we define the geodesic line opposite to γ as the
geodesic line γ : [0,∞[→ X defined by γ (t) = γ (−t) for every t in R.

The following relation between parallelism of geodesic lines and asymptoticity
of geodesic rays that we considered in Chapter 10 follows immediately from the
definitions:

Proposition 11.5.3. Let X be a metric space, let γ : R → X and γ ′ : R → X be
two geodesic lines in X and let γ : [0,∞[→ X and γ ′ : [0,∞[→ X be the geodesic
lines that are opposite respectively to γ and γ ′. Then the geodesic lines γ and γ ′ are
parallel if and only if the geodesic rays γ|[0,∞[ and γ ′|[0,+∞[ are asymptotic and the
geodesic rays γ |[0,+∞[ and γ ′|[0,+∞[ are asymptotic. 
�

An oriented straight line in a metric X is a straight line that is equipped with an
orientation (This makes sense since a straight line is an embedded image of R). If
�+ denotes a straight line equipped with an orientation, then �− will denote the same
straight line equipped with the opposite orientation.

We note that the image of any geodesic ray, being an embedded image of [0,∞[, is
equipped with a natural orientation, which is the one induced by the positive orientation
of [0,∞[.

Finally, we make the following definition:

Definition 11.5.4 (Parallel oriented straight lines). Two oriented straight lines �+1 and
�+2 in a metric space X are said to be parallel if given two geodesic lines g1 : R → X

and g2 : R → X whose images are respectively �+1 and �+2 , with the orientations on
�+1 and �+2 induced by the positive orientation of R via g1 and g2, the geodesic lines
g1 and g2 are parallel.

From the remark following Definition 11.5.1, we can see that this definition does
not depend on the choice of the geodesic lines g1 and g2 that parametrize �1 and �2.
Furthermore, it is clear that �+1 and �+2 are parallel if and only if �−1 and �−2 are parallel.

Proposition 11.5.5. LetX be a metric space, let f : X → X be an axial isometry and
let �+1 and �+2 be two axes of f that are equipped with their canonical orientations.
Then �+1 and �+2 are parallel.

Proof. Let γ1 : R → X and γ2 : R → X be two geodesic lines whose images are the
axes �1 and �2 respectively, such that the orientations on �+1 and �+2 are induced by
the positive orientation of R. Let us set c = λ(f ). For any x1 on �1 and x2 on �2, we
have, by Propositions 11.2.4 and 11.2.8, for every integer n,

|x1 − f n(x1)| = c|n| = |x2 − f n(x2)| = λ(f n).

Since f n(γ1(0)) = γ1(nc) and f n(γ2(0)) = γ2(nc), we obtain

|γ1(nc)− γ2(nc)| = |f n(γ1(0))− f n(γ2(0))| = |γ1(0)− γ2(0)|.
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Therefore, for every integer n and for every t in [nc, (n+ 1)c], we have

|γ1(t)− γ2(t)| ≤ |γ1(t)− γ1(nc)|
+ |γ1(nc)− γ2(nc)| + |γ2(nc)− γ2(t)|

= |γ1(0)− γ2(0)| + 2(t − nc)

≤ |γ1(0)− γ2(0)| + 2c,

which shows that the geodesic lines γ1 and γ2 are parallel. Therefore the oriented axes
�+1 and �+2 are parallel. 
�

Proposition 11.5.6. LetX be a Busemann space and let γ : R → X and γ ′ : R → X

be two parallel geodesic lines. Then the map t �→ |γ (t) − γ ′(t)|, defined on R, is
constant.

Proof. The map t �→ |γ (t) − γ ′(t)| is locally convex and therefore convex (cf.
Theorem 6.2.16). A map defined on R that is convex and bounded is constant (Propo-
sition 6.2.3). 
�

Notes on Chapter 11

The classification of isometries of Riemannian manifolds of nonpositive curva-
ture. One version of the classification of isometries of Riemannian manifolds of
nonpositive sectional curvature, involving the minimal set and the displacement func-
tion, is contained in the paper [17] by Bishop and O’Neill. More precisely, the authors
prove the following (Proposition 4.2 p. 13 of [17]): Let M be a complete simply
connected manifold of nonpositive curvature, let f : M → M be an isometry and let
d2
f : M → R be the square of the displacement function:

d2
f (x) = |x − f (x)|2.

(We recall that in the Riemannian case, the square of the displacement function is
smooth and therefore it is often more useful than the displacement function itself
which in general is not smooth.) Then, d2

f is convex, and exactly one of the following
holds:

• f has a fixed point (that is, f is elliptic) and in this case the fixed point set of f
is a closed convex submanifold of M;

• f is axial and in this case the minimal set of f is the union of the axes of f ;

• the minimal set of f is empty (that is, f is parabolic).



Chapter 12

Busemann functions, co-rays and horospheres

Introduction

The three notions that are in the title of this chapter were introduced by Busemann.
Let us briefly review the definitions. If X is a metric space and if r : [0,∞[→ X

is a geodesic ray in X, then the Busemann function associated to r is the function
Br : X → R defined for x in X by

Br(x) = lim
t→∞(|x − r(t)| − t).

A horosphere is a level set of a Busemann function.
Finally, given a geodesic ray r : [0,∞[→ X and a point x in X, a co-ray to r

starting at x is a geodesic ray that is the limit of a sequence of geodesic paths (γn)n≥0,
such that for all n ≥ 0, γn joins xn to r(tn), where (xn) is a sequence of points in X
converging to x and (tn) is a sequence of nonnegative numbers tending to infinity.

Thus, in some sense, saying that a geodesic ray r ′ starting at x is a co-ray to r is a
way of saying that r ′ joins x to the point at infinity of r .

We shall limit ourselves to some elementary aspects of that theory, but we warn the
reader that there are interesting results concerning co-rays that take place in spaces that
admit the uniqueness of prolongation of geodesics. In fact, unlike the other notions
introduced in this book, in order to treat efficiently the notion of co-rays, one has to
do it in the setting of Busemann G-spaces (see the notes at the end of this chapter).

The plan of this chapter is the following.
In Section 1 we introduce Busemann functions and we study their basic properties.
Section 2 is a brief introduction to Busemann’s theory of co-rays.
Section 3 concerns horospheres. We shall see that co-rays are in some sense or-

thogonal trajectories to horospheres. We end this chapter with a short list of problems.

12.1 Busemann functions

We wish to introduce the Busemann function associated to a geodesic ray, and we start
with the following

Lemma 12.1.1. Let X be a metric space and let r : [0,∞[→ X be a geodesic ray in
X. Then, for every point x in X, the map t �→ (|x − r(t)| − t) is nonincreasing and
bounded from below.
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Proof. Using the triangle inequality, we have, for every t in R,

|x − r(t)| − t = |x − r(t)| − |r(0)− r(t)| ≥ −|r(0)− x|.
Thus, the map t �→ (|x − r(t)| − t) is bounded from below. Now if t1 and t2 are two
real numbers satisfying 0 ≤ t1 ≤ t2, we have

|x − r(t1)| ≥ |r(t1)− r(t2)| − |x − r(t2)|,
which implies

|x − r(t1)| − t1 ≥ |x − r(t2)| − t1 − |r(t1)− r(t2)|
= |x − r(t2)| − t1 − (t2 − t1)

= |x − r(t2)| − t2.

This completes the proof of Lemma 12.1.1 
�

From Lemma 12.1.1, we deduce the following

Corollary 12.1.2. Let X be a metric space and let r : [0,∞[→ X be a geodesic ray
in X. Then, for every x in X, limt→∞(|x − r(t)| − t) exists and is finite. 
�

Now we can make the following

Definition 12.1.3 (Busemann function). LetX be a metric space and let r : [0,∞[→
X be a geodesic ray. The Busemann function associated to r is the map Br : X → R

defined for x in X by
Br(x) = lim

t→∞(|x − r(t)| − t).

Proposition 12.1.4. For any metric spaceX and for any geodesic ray r : [0,∞[→ X,
the associated Busemann function Br : X → R satisfies the following properties:

(i) for every t ∈ [0,∞[, we have Br(r(t)) = −t;
(ii) for every x and y in X, we have

Br(x)− Br(y) = lim
t→∞(|x − r(t)| − |y − r(t)|);

(iii) Br is 1-Lipschitz.

Proof. For every t ≥ 0 and for every t ′ ≥ t , we have

Br(r(t)) = lim
t ′→∞

(|r(t)− r(t ′)| − t ′) = lim
t ′→∞

(t ′ − t − t ′) = −t,

which proves (i).
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For every x and y in X, we have

Br(x)− Br(y) = lim
t→∞

(
(|x − r(t)| − t)− (|y − r(t)| + t)

)
= lim
t→∞(|x − r(t)| − |y − r(t)|),

which proves (ii).
For every t ≥ 0, we have |x − r(t)| − |y − r(t)| ≤ |x − y|. Therefore, we obtain,

using (ii), Br(x) − Br(y) ≤ |x − y|. By symmetry, we also have Br(y) − Br(x) ≤
|x−y|, which shows that |Br(y)−Br(x)| ≤ |x−y|. This proves (iii), which completes
the proof of Proposition 12.1.3. 
�

Proposition 12.1.5 (Convexity of Busemann functions). LetX beaBusemann space.
For any geodesic ray r : [0,∞[→ X, the associated Busemann function Br : X → R

is convex.

Proof. In a Busemann space, for all t ∈ [0,∞[, the function x �→ |x−r(t)| is convex.
Therefore, the function x �→ (|x − r(t)| − t) is also convex and by passing to the
limit, the function x �→ Br(x) = limt→∞(|x − r(t)| − t) is convex. 
�

The Busemann function associated to a geodesic ray r and to a subray of r are
equal up to an additive constant. More precisely, we have the following:

Proposition 12.1.6. If r0 is a subray of r and if r0(0) = r(t0), then, for all x ∈ X,
we have Br0(x) = Br(x)+ t0.

Proof. We have

Br0(x) = lim
t→∞(|x − r0(t)| − t)

= lim
t→∞

(|x − r(t + t0)| − t
)

= lim
t→∞(|x − r(t + t0)| − (t + t0))+ t0

= Br(x)+ t0. 
�

Definition 12.1.7 (Distance at infinity between geodesic rays). Let X be a metric
space and let r : [0,∞[→ X and r ′ : [0,∞[→ X be two geodesic rays. Then, the
distance at infinity between r and r ′ is the element in [0,∞[∪{∞} defined as

δ∞(r, r ′) = lim inf
t,t ′→∞

|r(t)− r ′(t)|.

In particular, the distance at infinity between two asymptotic rays is finite. We note
however that the fact that δ∞(r, r ′) = 0 does not imply that r and r ′ are asymptotic,
as we can see from the following example.
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Example 12.1.8. Let � be the graph of a positive function f : [0,∞[→ R having
infinitely many minima, at points tn (n ≥ 0), with f (tn) decreasing and tending to 0
as n → ∞, and infinitely many maxima, at points t ′n (n ≥ 0), with f (t ′n) increasing
and tending to ∞ as n → ∞ (Figure 12.1). Let S be the surface in R3 obtained by
rotating � around the horizontal axis of Figure 12.1. For any real number θ , if �θ
denotes the image of the curve � by a rotation of angle θ around the horizontal axis,
then � and �θ are images of geodesic rays that are not asymptotic but whose distance
at infinity equals zero.

Figure 12.1. The graph � of Example 12.8.1.

Proposition 12.1.9. LetX be a metric space, let r : [0,∞[→ X and r ′ : [0,∞[→ X

be two geodesic rays and let x and x′ be two points in X. Then, we have

|Br(x)+ Br ′(x
′)− Br(x

′)− Br ′(x)| ≤ 2δ∞(r, r ′).

Proof. Let us take two sequences of real numbers (tn) and (t ′n) that tend to ∞ as
n → ∞ and such that

δ∞(r, r ′) = lim
n→∞ |r(tn)− r ′(t ′n)|.

We have, for all n ≥ 0,

|x − r(tn)| − |x − r ′(t ′n)| ≤ |r(tn)− r ′(t ′n)|
and

|x′ − r(tn)| − |x′ − r ′(t ′n)| ≤ |r(tn)− r ′(t ′n)|,
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which implies

∣∣|x − r(tn)| − |x − r ′(t ′n)| − (|x′ − r(tn)| − |x′ − r ′(t ′n)|)
∣∣ ≤ 2|r(tn)− r ′(t ′n)|.

As n → ∞, the left hand side converges to |Br(x)+ Br ′(x′)− Br(x
′)− Br ′(x)|

while the right hand side converges to 2δ∞(r, r ′). This proves Proposition 12.1.9. 
�

Corollary 12.1.10. LetX be a metric space and r : [0,∞[→ X and r ′ : [0,∞[→ X

be two geodesic rays in X. If δ∞(r, r ′) = 0, then Br − Br ′ is a constant map.

Proof. If δ∞(r, r ′) = 0, then, Proposition 12.1.9 shows that for all x and x′ in X, we
have

Br(x)− Br ′(x) = Br(x
′)− Br ′(x

′),

which shows that the map Br − Br ′ is constant. 
�

12.2 Co-rays

Definition 12.2.1 (Geodesic paths converging to a geodesic ray). Let X be a metric
space. For any nonnegative integer n, let γn : [0, an] → X be a geodesic path. We
say that γn converges to a geodesic ray r : [0,∞[→ X if an → ∞ as n → ∞ and
if for every T ∈ [0,∞[ the sequence of maps (γn|[0,T ]), which is defined for n large
enough, converges uniformly to the map r|[0,T ].

For example, the sequence (γn) of geodesics that we defined in Proposition 10.1.7
above converges to the geodesic ray r .

Proposition 12.2.2. Let X be a metric space, let r : [0,∞[→ X be a geodesic ray
and let γn : [0, an] → X (n ≥ 0) be a sequence of geodesic paths in X. Then, the
following two properties are equivalent:

(i) the sequence γn converges to r as n → ∞;

(ii) for every n ≥ 0, if γ ′
n : [0,∞[→ X be the map defined for n ≥ 0 by

γ ′
n =

{
γn(t) if 0 ≤ t ≤ an,

an if t ≥ an,

then the sequence (γ ′
n) converges to r with respect to the topology of uniform

convergence on compact sets of [0,∞[.

Proof. The result follows easily from the definitions. 
�
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Definition 12.2.3 (Co-ray). LetX be a metric space, let r : [0,∞[→ X be a geodesic
ray and let x be a point in X. A geodesic ray r ′ : [0,∞[→ X is said to be a co-
ray to r starting at x if there exists a sequence of real numbers (tn)n≥0 tending to
infinity as n → ∞, and for each n ≥ 0, a geodesic path γn : [0, an] → X satisfying
γn(an) = r(tn), such that γn(0) → x and such that the sequence (γn) of geodesic
paths converges to the geodesic ray r ′ as n → ∞

It is clear from this definition that any geodesic ray r is a co-ray to itself. We shall
see below that if r ′ is a co-ray to r , then any subray r0 of r ′ is a co-ray to r starting at
r0(0).

It is also not true that a co-ray to a given ray r is determined by its initial point, as
is shown in Example 12.2.6 (i) below. Likewise, it is not true in the general case that
being a co-ray is a symmetric relation; see Example 12.2.6 (iv) below.

Proposition 12.2.4. Let X be a complete geodesic metric space. Then, for every
geodesic ray r : [0,∞[→ X and for every point x in X, there exists a co-ray to r
starting at x.

Proof. We take any sequence (tn)n≥0 of real numbers that tends to infinity, and for
each n ≥ 0 a geodesic γn joining x to r(tn). By the proof of Proposition 10.1.7, the
sequence γn converges to a geodesic ray r ′, which, by definition, is a co-ray to r . 
�

Proposition 12.2.5. Let X be a metric space, let r : [0,∞[→ X be a geodesic ray
and let r ′ : [0,∞[→ X be a co-ray to r . Then, any subray of r ′ is a co-ray to r .

Proof. Let r0 be a subray of r ′ and let r0(0) = r(T ). Let (xn) be a sequence of points
converging to r ′(0), let (tn) be a sequence of nonnegative real numbers tending to
infinity and for each n ≥ 0 let γn : [0, |xn− r(tn)|[→ X be a geodesic path joining xn
to r(tn) such that the sequence (γn) converges to r ′ as n → ∞.

The point x′
n = γn(T ) is defined for n large enough, and since γn converges to r ′,

the sequence (x′
n) converges to r ′(T ) = r0(0) as n → ∞. This implies that the

sequence of geodesic paths γ ′
n : [0, |x′

n − r(tn)|[→ X, defined for n large enough by

γ ′
n(t) = γn(|xn − x′

n| + t),

converges to the geodesic ray r0, which shows that r0 is a co-ray to r . 
�

Examples 12.2.6 (Co-rays).

(i) Non-uniqueness of co-rays. It is possible to have more than one co-ray to
a geodesic ray starting at a given point; it is easy to construct such examples in
non-uniquely geodesic spaces. For instance, in the simplicial graph represented in
Figure 12.2 (the “bi-infinite horizontal ladder”), if r is a geodesic ray whose image
is entirely contained in the upper level, then, for any point x on the lower level, any
geodesic ray starting at x whose image coincides with the image of r except for
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Figure 12.2. A space in which there are several co-rays to the same ray that start at the same
point (Example 12.2.6 (i)).

a compact subsegment is a co-ray to r starting at x. Thus, it is clear that there are
infinitely many such co-rays starting at x. One can construct in the same way examples
of different co-rays starting at the same point in the space Rn equipped with the �1

norm.

(ii) Co-rays in En. It is easy to see, from Euclidean geometry, that if r : [0,∞[→
En is an geodesic ray and if x is a point in En, then there is a unique co-ray to r
starting at x. In the case where x is on the image of the Euclidean line spanned by r ,
this co-ray is the Euclidean geodesic ray that starts at x and whose image eventually
coincides with the image of r . In the case where x is not on the Euclidean line spanned
by r , then the co-ray is the unique geodesic ray starting at x whose image is in the
plane spanned by x and the image of r , that is parallel to r in the usual sense of plane
Euclidean geometry and that has the same direction as r .

(iii) Co-rays in Hn. Let X = Hn. Then, for each geodesic ray r : [0,∞[→ Hn

and for each point x in Hn, there is a unique co-ray to r starting at x. This co-ray is the
unique geodesic ray starting at x and converging to the same point on the boundary
sphere of Hn. (Again, this is best visualized in the conformal ball model Bn of Hn;
see Example 2.4.3 (i) of Chapter 2).

(iv) Non-symmetry of the co-ray relation. Let us show that the relation “r1 is a
co-ray to r2” is not symmetric. Let X be the planar square grid (Figure 12.3), that is,
the homogeneous simplicial graph of degree 4, equipped with the length metric for
which each edge has length one. Let x, y and z be three successive vertices on the same
horizontal, as in Figure 12.3, let r1 : [0,∞[→ X be a vertical geodesic, starting at x
and pointing upwards (we use the drawing in Figure 12.3) and let r2 : [0,∞[→ X be
the geodesic ray starting at y and obtained by concatenating the geodesic path joining
the adjacent vertices y and z with the vertical ray pointing upwards and starting at z
(again, we use Figure 12.3). It is clear that r1 is a co-ray to r2, but r2 is not a co-ray
to r1.

The following proposition establishes a relation between co-rays and Busemann
functions:

Proposition 12.2.7. Let X be a metric space, let r1 : [0,∞[→ X be a geodesic ray
and let r2 : [0,∞[→ X be a co-ray to r1. Then, for all t ′ and t ′′ in [0,∞[, we have

Br1(r2(t
′′))− Br1(r2(t

′)) = t ′ − t ′′.
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r1 r2

x y z

Figure 12.3. r1 is the vertical geodesic starting at x, r2 starts at y, passes through z and continues
vertically. r2 is a co-ray to r1 but r1 is not a co-ray to r2 (Example 12.2.6 (iv)).

Proof. Without loss of generality, we can assume that t ′′ < t ′. Let us take, as in
Definition 12.2.3, two sequences (tn) and (an) of nonnegative real numbers and a
sequence γn : [0, an] → X (n = 0, 1, . . . ) of geodesic paths satisfying the following:

• γn(0) → r2(0) as n → ∞;

• γn(an) = r1(tn) for all n ≥ 0;

• r2(t) = limn→∞ γn(t) for all t ≥ 0.

By the triangle inequality, we have, for all n large enough,

|γn(t ′)− r2(t
′)| ≥ |γn(t ′)− r1(tn)| − |r2(t ′)− r1(tn)|

and
|γn(t ′′)− r2(t

′′)| ≥ |r2(t ′′)− r1(tn)| − |γn(t ′′)− r1(tn)|.
Adding the two inequalities, we obtain

|γn(t ′)− r2(t
′)| + |γn(t ′′)− r2(t

′′)| ≥ |r2(t ′′)− r1(tn)| − |r2(t ′)− r1(tn)|
+ (|γn(t ′)− r1(tn)| − |γn(t ′′)− r1(tn)|

)
= |r2(t ′′)− r1(tn)| − |r2(t ′)− r1(tn)|

− (t ′ − t ′′).

In the same way, using the triangle inequality, we can show that

|γn(t ′)− r2(t
′)| + |γn(t ′′)− r2(t

′′)|
≤ (t ′ − t ′′)− |r2(t ′′)− r1(tn)| − |r2(t ′)− r1(tn)|.
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Thus, we obtain

|γn(t ′)− r2(t
′)| + |γn(t ′′)− r2(t

′′)|
≤ ∣∣|r2(t ′′)− r1(tn)| − |r2(t ′)− r1(tn)| − (t ′ − t ′′)

∣∣.
As n → ∞, we have |γn(t ′) − r2(t

′)| → 0 and |γn(t ′′) − r2(t
′′)| → 0. By

Proposition 12.1.4 (ii), we have

lim
n→∞(|r2(t

′′)− r1(tn)| − |r2(t ′)− r1(tn)|) = Br1(r2(t
′′))− Br1(r2(t

′)).

This proves that

Br1(r2(t
′′))− Br1(r2(t

′)) = t ′ − t ′′,

which is the desired equality. 
�

12.3 Horospheres

Definition 12.3.1 (Horosphere). Let X be a metric space, let r : [0,∞[→ X be a
geodesic ray and let Br be the associated Busemann function. A horosphere with
central ray r is a level set of the function Br .1

If p is an arbitrary point in X, we denote by S∞(r, p) the horosphere with central
ray r that contains p. Thus, we have

S∞(r, p) = {x ∈ X such that Br(x) = Br(p)}.

We start with a few elementary properties of horospheres.

Proposition 12.3.2. If r and r ′ are two geodesic rays in a metric space satisfying
δ∞(r, r ′) = 0, then these two rays have the same associated horospheres.

Proof. By Corollary 12.1.10, if δ∞(r, r ′) = 0, then Br −Br ′ is a constant function. 
�

Proposition 12.3.3. Let X be a metric space. Then, the following properties hold:

(i) Horosphere are closed subsets of X.

(ii) Let r : [0,∞[→ X be a geodesic ray and let x be a point in X. If r0 is a subray
of r , then the two functions Br and Br0 have the same level sets. More precisely,
we have, for all x in X, S∞(r0, x) = S∞(r, x).

1For horospheres, Busemann uses the terminology “limit spheres”. This is because under appropriate
hypotheses on the ambient space, horospheres are indeed limits of spheres.
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Proof. The fact that a horosphere is closed follows from the continuity of the func-
tion Br : X → R (Proposition 12.1.4 (iii)). To prove (ii), we recall that by Propo-
sition 12.1.6, for each x in X, we have Br0(x) = Br(x) + t0. Thus, the maps
Br and Br0 have the same level sets, and furthermore, for all y in X, we have
Br(y) = Br(x) ⇐⇒ Br0(y) = Br0(x). Therefore, S∞(r0, x) = S∞(r, x). This
proves Proposition 12.3.3. 
�

To state the next results, we need the following notation:
For x and y in a metric space X, S(x, y) be the sphere of center x and passing

by y. In other words,

S(x, y) = {z ∈ X such that |z− x| = |z− y|.}
Proposition 12.3.4 (Upper limit of spheres contained in horosphere). LetX beamet-
ric space, let r : [0,∞[→ X be a geodesic ray and let x be a point in X. Let (tn)n≥0
be a sequence of nonnegative real numbers and (xn)n≥0 a sequence of points in X
such that tn → ∞ and xn → x as n → ∞. Then,

lim sup S
(
r(tn), xn

) ⊂ S∞(r, x).

Proof. If y is in lim sup S
(
r(tn), xn

)
, then, up to replacing the sequence (r(tn), xn)n≥0

by a subsequence, we can find, for each n ≥ 0, a point yn in S
(
r(tn), xn

)
such that

yn → y as n → ∞. By Proposition 12.1.4 (ii), we have

|Br(x)− Br(y)| = lim
tn→∞

∣∣|x − r(tn)| − |y − r(tn)|
∣∣.

From the triangle inequality, we obtain

|x − r(tn)| − |y − r(tn)| ≤ (|xn − r(tn)| − |yn − r(tn)|
)+ |x − xn| + |y − yn|.

Since yn ∈ S(r(tn), xn), we have |xn − r(tn)| = |yn − r(tn)|. Therefore,

lim
tn→∞

(|x − r(tn)| − |y − r(tn)|
) ≤ lim

tn→∞(|x − xn| + |y − yn|) = 0.

This implies that y is in S∞(r, x), which proves Proposition 12.3.4. 
�

Following Busemann, we make the following definition:

Definition 12.3.5 (Open horoball). Let X be a metric space, let r : [0,∞[→ X be a
geodesic ray and let x be a point in X. We call the subset of X defined as

B∞(r, x) = {y ∈ X such that Br(y) < Br(x)}
the open horoball bounded by the horosphere S∞(r, x). Of course, this is in analogy
with the notion of the interior of a sphere S(x, y) of center x and passing by y, which
is the open ball B(x, |x − y|) of center x and radius |x − y|.
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Proposition 12.3.6. Let r : [0,∞[→ X be a geodesic ray in X. Then, for every
t1 ≥ 0, the open ball B

(
r(t1), t1)

)
is contained in the open horoball B∞

(
r, r(0)

)
.

Proof. By Proposition 12.1.4 (ii), we have, for all x in X,

Br(r(0))− Br(x) = lim
t→∞(|r(0)− r(t)| − |x − r(t)|)

= lim
t→∞(t1 − |x − r(t)|).

Since the map t �→ t − |x − r(t)| is non-decreasing (Lemma 12.1.1), we obtain,
taking t ≥ t1,

Br(r(0))− Br(x) ≥ t − |x − r(t)|
≥ t1 − |x − r(t1)|.

Now for x ∈ B(r(t1), t1)), we have t1 > |x−r(t1)|, which impliesBr(r(0)) > Br(x),
that is, x ∈ B∞

(
r, r(0)

)
. 
�

Lemma 12.3.7. Let r : [0,∞[→ X be a geodesic ray and let t1 and t2 be two real
numbers satisfying 0 ≤ t1 ≤ t2. Then, B(r(t1), t1) ⊂ B(r(t2), t2).

Proof. By the triangle inequality, we have, for all x in B(r(t1), t1),

|x − r(t2)| ≤ |x − r(t1)| + r(t1)− r(t2)|
= t1 + t2 − t1 = t2,

that is, x ∈ B(r(t2), t2). 
�

Corollary 12.3.8. Let r : [0,∞[→ X be a geodesic ray and let (tn)n≥0 be a sequence
of nonnegative real numbers tending to infinity. Then, the closed limit of the sequenceof
subspacesB

(
r(tn), tn)

)
, n ≥ 0, exists, and it is contained in the horoballB∞(r, r(0)).

Proof. The closed limit exists since, by Lemma 12.3.7, the sequence of subsets
B
(
r(tn), tn)

)
, n ≥ 0, is increasing. By Proposition 12.3.6, this closed limit is contained

in B∞(r, r(0)). 
�

Proposition 12.3.9. Let r be a geodesic ray in X and let p and q be two points in X.
Then, the following two properties are equivalent:

(i) Br(p)− Br(q) = |p − q| > 0;

(ii) q ∈ B∞(r, p) and q is a projection of p on the horosphere S∞(r, q).

Proof. Suppose that Br(p) − Br(q) = |p − q| > 0. From the definition of an open
horoball, since Br(p) > Br(q), we have q ∈ B∞(r, p). Let us show that q is a
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projection of p on S∞(r, q). Let x be in S∞(r, q). Then, we have Br(x) = Br(q).
Since Br is 1-Lipschitz, we have

Br(p)− Br(q) = Br(p)− Br(x) ≤ |p − x|.
Therefore, we have |p − q| ≤ |p − x|. This shows that q is a projection of p on
S∞(r, q). This proves (i) ⇒ (ii).

Let us now prove (ii) ⇒ (i). Suppose that q is a projection of p on S∞(r, q) and
that q ∈ B∞(r, p). Let t0 = Br(p)−Br(q). We have t0 > 0 since q ∈ B∞(r, p). By
Proposition 12.2.4, there exists a co-ray s : [0,∞[→ X from p to r . Let m = s(t0).
By Proposition 12.2.7, we have

Br(p)− Br(s(t0)) = Br(s(0))− Br(s(t0)) = t0.

Therefore, Br(s(t0)) = Br(q), which implies s(t0) ∈ S∞(r, q). Now since q is a
projection of p on S∞(r, q), we have

t0 = |s(0)− s(t0)| = |p − s(t0))| ≥ |p − q|.
On the other hand, by Proposition 12.1.4 (iii), we have t0 = Br(p)−Br(q) ≤ |p−q|.
Summing up, we have t0 = |p − q|. This completes the proof of Proposition 12.3.9.


�

Corollary 12.3.10. Let r be a geodesic ray in X and let s be a co-ray to r . Then, for
any t > 0, the point s(t) is a projection of r(0) on S∞(r, s(t)).

Proof. By Proposition 12.2.7, we have

Br(s(0))− Br(s(t)) = s(t)− s(0) = t > 0.

Thus, the conclusion follows from Proposition 12.3.9. 
�

In conclusion, let us mention a few problems.
It would be most interesting to develop the theory of co-rays and limit spheres

in Teichmüller space, equipped with its various metrics: the Teichmüller metric, the
Weil–Petersson metric and Thurston’s “stretch metric”,. The last metric is not as much
popular as the other two; it has been introduced by Thurston in the preprint [135]. Let
us briefly recall its definition. Given two hyperbolic metrics g1 and g2 on the surface
S, one first defines their “distance” as

λ(g1, g2) = inf
f

log {lip(f )} ,

where the infimum is taken over all Lipschitz maps f : (S, g1) → (S, g2) that are
isotopic to the identity and where

lip(f ) = sup
x,y∈S, x 	=y

{
dg2(f (x), f (y))

dg1(x, y)

}
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is the Lipschitz constant of the map f . It is easy to see that the map λ induces a
map defined on pairs of isotopy classes of metrics, that is, a map on Tg × Tg . This
“stretch metric” on Tg is not symmetric, and it is interesting to note here that precisely,
Busemann developed his theory (for instance in his paper [25]) for non-symmetric
metrics. Particularly interesting points to study would be the following:

• the visual boundary of Teichmüller space equipped with Thurston’s stretch met-
ric;2

• the relation between horospheres and the symplectic (Weil–Petersson) geometry
of Teichmüller space;

• the relation of co-rays and horospheres with measured foliations and Thurston’s
boundary of Teichmüller space;

• the relation between Thurston’s earthquake paths and horospheres.

The last questions is interesting for all three metrics on Teichmüller space. In
fact, the whole Busemann geometry of Teichmüller space is still to be explored. We
already mentioned the works of Kravetz, Masur and Kerckhoff in [93], [84] and [99]
that concern the Teichmüller metric. Other related material is contained in the paper
[95] by J. McCarthy and the author.

Notes on Chapter 12

The theories of co-rays, Busemann functions and horospheres in G-spaces are devel-
oped by Busemann in [24], Chapter III, [25], Chapter III and [28], §22. In their earliest
version (see [25]), Busemann functions were called λ-functions, and in later versions,
Busemann calls them α-functions.

There are important results on co-rays and horospheres in metric spaces that use
Busemann’s hypothesis on the uniqueness of prolongation of geodesics, a hypothesis
that we did not make in this book. For instance, in a G-space in the sense of Busemann
(see the definition in the Notes to Chapter 2), the converse of Proposition 12.2.7 is
also true. In other words, the equality

Br1(r2(t
′′))− Br1(r2(t

′)) = t ′ − t ′′

holds for all t ′ and t ′′ in [0,∞[ if and only if r2 is a co-ray to r1. This is proved by
Busemann in [28], pp. 134 and 136. Another interesting result is the fact that if X is
a G-space in which every geodesic path can be extended to a geodesic line, then the
inclusion

lim sup S
(
r(tn), xn

) ⊂ S∞(r, x)

2In the papers [116] and [117], there is some information on the visual boundary of Teichmüller space
with respect to the stretch metric. In these papers, we describe the limits of certain stretch geodesics as
points on Thurston’s boundary of Teichmüller space.
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in Proposition 12.3.4 above becomes an equality, with the limit sup being an honest
limit:

lim S
(
r(tn), xn

) = S∞(r, x).

(see [28], Corollary 22.5).
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arclength
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asymptotic geodesic rays, 231
axial isometry, 249
axis, 249

barycenter, 202
barycenter of a measure, 205
Beltrami differential, 208
Bers’s type of a mapping class, 247
betweenness, 55
boundary

Floyd, 125
visual, 235

Brunn number, 69, 137
Busemann function, 262
Busemann neighborhood, 211
Busemann space, 187
Busemann–Hausdorff metric, 110

canonical orientation of an axis, 250
capsule, 142, 224
Carathéodory pseudo-metric, 40
Cayley graph, 37
change of parameter, 14
closed convex hull, 135
closed limit, 113
co-ray, 266
commensurable, 112
compact-open topology, 239

comparison configuration, 4
comparison map, 4
concatenation, 18
cone angle, 212
conformal structure, 59
conical point, 212
conjugate, 245
contraction, 85
convergence of geodesic paths, 265
convex body, 145
convex function, 160, 199
convex hull, 133

closed, 135
convex kernel, 136
cross ratio, 148
curvature

negative (Busemann), 204
nonpositive (Alexandrov), 8
nonpositive (Busemann), 6
one-dimensional, 5
surface, 5
Wald, 5
zero (Busemann), 204

curve
Hilbert, 32
Koch, 16
Peano, 32

deck transformation, 97
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dilatation, 60
displacement function, 81
distance

Busemann–Hausdorff, 110
Hausdorff, 107

distance at infinity, 263
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elliptic, 244
epigraph, 164

strict, 165
Euclidean cone, 212
exponential map, 224
extreme point, 184

Fenchel–Nielsen twist, 206
Finsler metric, 40
Floyd boundary, 125
Floyd completion, 125
free homotopy class, 253
frontier, 144
function

Busemann, 262
convex, 160, 199
displacement, 81
Minkowski, 145
peakless, 173
strictly convex, 160, 199
strictly peakless, 173
sublevel-convex, 169

funnel, 2
funnel-cusp, 237

G-space, 77
geodesic, 50

affine, 140
affinely reparametrized, 53
affinely reparametrized local, 63
local, 63
periodic, 253
Teichmüller, 60

geodesic convex hull, 68
geodesic length function, 206
geodesic line, 50
geodesic path, 50
geodesic ray, 50
geodesic segment, 50

length of a, 52
grafting, 43
graph

metric simplicial, 37
abstract simplicial, 37

Hausdorff distance, 107
Hilbert curve, 32
horoball (open), 270
horosphere, 269
hyperbolic, 244
hyperbolic space, 38
hyperbolic structure, 59

isometry, 119
axial, 249
axis of an, 249
elliptic, 244
hyperbolic isometry, 244
parabolic, 244
semi-simple, 249

Jensen’s inequality, 176

Kobayashi pseudo-metric, 41
Koch curve, 16

length of a path, 11
length pseudo-metric, 36
length space, 35
limit

closed, 113
lower closed, 112
upper closed, 112
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locally convex space, 211
loop, 253
lower closed limit, 112

map
K-Lipschitz, 80
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α-locally contractive, 101
comparison, 4
covering, 96
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distance-non-expanding, 82
exponential, 224
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mapping class, 247
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Daskalopoulos–Wentworth type,

248
finite order, 247
pseudo-Anosov, 248
pseudo-periodic, 248
reducible, 247
strictly pseudo-periodic, 248
Thurston’s type, 247

mapping class group, 247
measured foliation, 60
Menger convex, 5
metric

associated length, 45
Busemann–Hausdorff, 110
Finsler, 40
Hilbert, 151
intrinsic, 47
length, 35
Poincaré, 39
product, 74
pseudo-Finsler, 41
pull-back length, 91
Riemannian, 37
singular flat, 212
Thurston’s stretch, 272
uniform convergence, 225
Weil–Petersson, 207
word, 37

minimal displacement, 242
minimal set, 242
Minkowski function, 145
Minkowski space, 138
Minkowski sum, 131
Minkowski’s inequality, 74, 185
model

Klein, 158

model of hyperbolic space
conformal ball, 38
Poincaré, 38
upper half-space, 39

modular group, 247

Nielsen realization problem, 206

open horoball, 270
oriented straight line, 259

parabolic, 244
parallel geodesic lines, 258
parallel oriented straight lines, 258
path, 11

affine, 12
earthquake, 206
geodesic, 50
Jordan, 30
length of a, 11
lift of a, 94
rectifiable, 11

path of minimal length, 30
peakless, 173
Peano curve, 32
periodic geodesic, 253

length of a, 253
perspectivity, 149
polytope, 133
projection, 162
pseudo-hyperbolic, 247
pseudo-metric, 36

Carathéodory, 40
Kobayashi, 41
length, 36
Thurston, 42

pull-back length metric, 93

quadratic differential, 207

reducing curve system, 247
Riemann surface, 60
Riemannian metric, 37
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segment
affine, 127
geodesic, 50

semi-simple, 249
set

minimal, 242
strict sublevel, 168
sublevel, 168

simplicial graph, 37
simplicial tree, 65
singular flat metric, 212
space

Busemann, 187
connected by rectifiable paths, 35
covering, 96
G-, 77
geodesic, 58
hyperbolic, 38
length, 35
locally convex, 211
locally uniquely locally geodesic,

99
Menger convex, 69
nonpositively curved (Alexandrov),

8
nonpositively curved (Busemann),

6
precompact, 48
proper, 27
separable, 28
straight, 64
tangent, 224
Teichmüller, 59
uniquely geodesic, 64

standard co-cube, 130
standard cube, 130
star-shaped, 136
straight line, 50

oriented, 259
straight metric space, 64
strict epigraph, 165
strict sublevel set, 168
strictly convex function, 160, 199

strictly convex normed vector space,
179

strictly peakless, 173
subdivision, 11

length of a, 11
modulus of a, 14
total variation of a, 11
vertex of a, 11

sublevel set, 168
sublevel-convex function, 169
subray, 231
subset

affinely convex, 128
convex, 128

subspace
geodesically convex, 67
star-shaped, 136
strictly geodesically convex, 69

tangent space, 224
Teichmüller geodesic, 60
Teichmüller metric, 60
Teichmüller space, 59
Theorem

Bolzano–Weierstrass, 35
Brunn, 136
Carathéodory, 134
Cartan, 202, 203
Cartan–Hadamard, 228
Freudenthal–Hurewicz, 89
Generalized Cartan–Hadamard,

210
Gromov, 226
Gromov–Alexander–Bishop, 225
Hopf–Rinow, 48, 62

Thurston pseudo-metric, 42
Thurston’s stretch metric, 272
Thurston’s type of a mapping class,

247
topological group, 119
tree

R, 65
homogeneous simplicial, 65
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simplicial, 65
triangle, 6
tripod, 192

universal covering, 96
upper angle, 7

upper closed limit, 112

visual boundary, 235
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